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❆ ✈❡❝,❡✉1 ❞❡ ❙,♦❦❡8
❆ ❢♦♥❝,✐♦♥ <✉✐ ♣❡1♠❡, ❞❡ 8✉♣♣1✐♠❡1 ❧❡8 ♣>❧❡8 ❞✉ ✜❧,1❡ ❞✉ ❋❆ ❏❚❈
❇ ,1❛♥8❢♦1♠#❡ ❞❡ ❋♦✉1✐❡1 ❞✉ ❜1✉✐,
❇ ❝♦♥8,❛♥,❡ ♦✉ ❢♦♥❝,✐♦♥ ♣❡1♠❡,,❛♥, ❞✬♦❜,❡♥✐1 ✉♥ ❣❛✐♥ 8✉♣#1✐❡✉1 F ✶
♣♦✉1 ❧❡ ❋❆ ❏❚❈
❈ ♣❧❛♥ ❞❡ ❝♦11#❧❛,✐♦♥
❉■ ✐♥❞❡① ❞❡ ❞✐1❡❝,✐✈✐,# ❞✉ 1#❝❡♣,❡✉1✱ ❞❛♥8 ❧✬#<✉❛,✐♦♥ ❞✉ 8♦♥❛1
❉❚ 8❡✉✐❧ ❞❡ ❞#,❡❝,✐♦♥ ❞❛♥8 ❧✬#<✉❛,✐♦♥ ❞✉ 8♦♥❛1 ❛❝,✐❢
❊ ❝♦✉❧❡✉1 ❞❡ ❧✬❡❛✉
❋ 8♣❡❝,1❡ ❥♦✐♥, ❞✉ ♣❧❛♥ ❞✬❡♥,1#❡ ❞❛♥8 ❧✬❛1❝❤✐,❡❝,✉1❡ ❏❚❈
❍ ✜❧,1❡ ❞❡ ❝♦11#❧❛,✐♦♥ ✭❞❛♥8 ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❋♦✉1✐❡1✮
❍ ✜❧,1❡ ❞✉ ❋❆ ❏❚❈
■ ✐♠❛❣❡ ♦✉ ✐♥,❡♥8✐,# ❬❝❞]
■
❞
✐♠❛❣❡ ♦❜,❡♥✉❡ ❛♣1M8 ❧✬♦♣#1❛,✐♦♥ ❞❡ ❞✐✈✐8✐♦♥
■
▲"
✐♠❛❣❡ ■ ✜❧,1#❡ ♣❛1 ✉♥ ✜❧,1❡ ♣❛88❡✲❜❛8 ❣❛✉88✐❡♥
■
#
✐♠❛❣❡ ♦❜,❡♥✉❡ ❛♣1M8 ❧✬♦♣#1❛,✐♦♥ ❞❡ 8♦✉8,1❛❝,✐♦♥
→
L ✈❡❝,❡✉1 ❝♦11❡8♣♦♥❞❛♥, F ❧❛ ❞✐1❡❝,✐♦♥ 8♦✉1❝❡ ❧✉♠✐♥❡✉8❡ ✲ 8✉1❢❛❝❡
▲
❙
◆
1❛♣♣♦1, 8✐❣♥❛❧ F ❜1✉✐, ❞❡ ❧✬#<✉❛,✐♦♥ ❞✉ 8♦♥❛1 ❬❞❇❪
▼ ♠❛,1✐❝❡ ❞❡ ▼✉❡❧❧❡1
▼ ❝♦✉❧❡✉1 ❞❡ ❧❛ ♠✐♥❡
◆✱ ▼ ,❛✐❧❧❡ ❞✉ ♣❧❛♥ ❞❡ ❝♦11#❧❛,✐♦♥
◆ ❛①❡ ♥♦1♠❛❧ F ✉♥❡ 8✉1❢❛❝❡
◆▲ ♥✐✈❡❛✉ ❞❡ ❜1✉✐,✱ ❞❛♥8 ❧✬#<✉❛,✐♦♥ ❞✉ 8♦♥❛1
❖ ,1❛♥8❢♦1♠#❡ ❞❡ ❋♦✉1✐❡1 ❞❡ ❧✬♦❜❥❡,
→
O ✈❡❝,❡✉1 ❝♦11❡8♣♦♥❞❛♥, F ❧❛ ❞✐1❡❝,✐♦♥ 8✉1❢❛❝❡✲♦❜8❡1✈❛,❡✉1
◗✱ ❯ ❡3
❱
✐♥,❡♥8✐,# ❞❛♥8 ❧❡8 ♠♦❞❡8 ❞❡ ♣♦❧❛1✐8❛,✐♦♥ ❤♦1✐③♦♥,❛❧✱ ✈❡1,✐❝❛❧✱ F ✰✹✺✝✱
F ✲✹✺✝✱ ❡, ❝✐1❝✉❧❛✐1❡8 ❣❛✉❝❤❡ ❡, ❞1♦✐,❡
→
R ✈❡❝,❡✉1 1❡♣1#8❡♥,❛♥, ❧❡ 1❛②♦♥ ❧✉♠✐♥❡✉① 1#✢#❝❤✐
❙ ,1❛♥8❢♦1♠#❡ ❞❡ ❋♦✉1✐❡1 ❞✉ 8✐❣♥❛❧
❙ 1❛♣♣♦1, ❞❡8 ❣1❛❞✐❡♥,8 ✉,✐❧✐8# ♣♦✉1 ❧❡ 1❡❤❛✉88❡♠❡♥, ❞❡ ❝♦♥,♦✉18
❙▲ ✐♥,❡♥8✐,# ❞❡ ❧❛ 8♦✉1❝❡✱ ❞❛♥8 ❧✬#<✉❛,✐♦♥ ❞✉ 8♦♥❛1
❚▲ ♣❡1,❡8 ❞❡ ,1❛♥8♠✐88✐♦♥✱ ❞❛♥8 ❧✬#<✉❛,✐♦♥ ❞✉ 8♦♥❛1
❚❙ 1#✢❡❝,✐✈✐,# ❞❡ ❧❛ ❝✐❜❧❡✱ ❞❛♥8 ❧✬#<✉❛,✐♦♥ ❞✉ 8♦♥❛1 ❛❝,✐❢
▲❡""#❡$ ♠✐♥✉$❝✉❧❡$
❛ ❝♦❡✣❝✐❡♥, ❞✬❛❜8♦1♣,✐♦♥ ❞❛♥8 ❧❛ ❧♦✐ ❞❡ ❇❡❡1✲▲❛♠❜❡1, ❬♠
✲✶
❪
❜ ❜1✉✐,
❝ ❝♦❡✣❝✐❡♥, ❞✬❛,,#♥✉❛,✐♦♥ ❞❛♥8 ❧❛ ❧♦✐ ❞❡ ❇❡❡1✲▲❛♠❜❡1, ❬♠
✲✶
❪
❞ ❝♦❡✣❝✐❡♥, ❞❡ ❞✐✛✉8✐♦♥ ❞❛♥8 ❧❛ ❧♦✐ ❞❡ ❇❡❡1✲▲❛♠❜❡1, ❬♠
✲✶
❪
❢ ❢1#<✉❡♥❝❡ ❬❍③❪
①①✈✐ ●▲❖❙❙❆■❘❊✱ ❆❈❘❖◆❨▼❊❙✱ ◆❖❚❆❚■❖◆❙
❤ ✜❧%&❡ ❞❡ ❝♦&&+❧❛%✐♦♥✱ ♦✉ ❢♦♥❝%✐♦♥ ❞✬✐❧❧✉♠✐♥❛%✐♦♥ ❧♦❝❛❧❡
✐ ✐♠❛❣❡ ❝✐❜❧❡
✐✱❥ ✐♥❞✐❝❡5 ❞❡5 ♣✐①❡❧5 ❞✬✉♥❡ ✐♠❛❣❡
❦ ❞❡❣&+ ❞❡ ♥♦♥ ❧✐♥+❛&✐%+ ❞✉ ◆▲ ❏❚❈
❧ ❧♦♥❣✉❡✉& ❞❡ ❧✬❛♥%❡♥♥❡ ❝♦♥5✐❞+&+❡
♦ ♦❜❥❡% = &❡❝♦♥♥❛✐%&❡
' ✐♠❛❣❡ &+❢+&❡♥❝❡
( 5✐❣♥❛❧ ♦✉ 5❝>♥❡ = ❛♥❛❧②5❡&
x0✱ y0 ♣♦5✐%✐♦♥ ❞✉ ♣✐❝ ❞❡ ❝♦&&+❧❛%✐♦♥
①✱ ② ♣♦5✐%✐♦♥ ❞❛♥5 ✉♥ ♣❧❛♥
③ ❞✐5%❛♥❝❡ ❡♥%&❡ ❧✬♦❜5❡&✈❛%❡✉& ❡% ❧✬♦❜❥❡% ❬♠❪
▲❡""#❡$ ❣#❡❝'✉❡$
α ❜&✐❧❧❛♥❝❡ ❞✉ ♠❛%+&✐❛✉
α ❢❛❝%❡✉& ❞❡ ♣♦♥❞+&❛%✐♦♥ ❞✉ ◆▲ ❏❚❈
Γ ❞❡♥5✐%+ 5♣❡❝%&❛❧❡ ❞✉ ❜&✉✐%
η ❡✣❝❛❝✐%+ ♦♣%✐C✉❡
λ ❧♦♥❣✉❡✉& ❞✬♦♥❞❡ ❬♠❪
µ, ν ✐♥❞✐❝❡5 ❞❡5 ♣✐①❡❧5 ❞❛♥5 ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❋♦✉&✐❡&
θ ❞+5✐❣♥❡ ❧❛ ♣❤❛5❡ ❞✬✉♥ 5✐❣♥❛❧ ❞❛♥5 ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❋♦✉&✐❡&
θs ❛♥❣❧❡ ❢♦&♠+ ❡♥%&❡ ❧❛ ♥♦&♠❛❧❡ = ❧❛ 5✉&❢❛❝❡ ♦❜5❡&✈+❡ ◆ ❡% ❧❡ 5♦❧❡✐❧ ❬&❛❞❪
ρ ❞+5✐❣♥❡ ❧✬❛♠♣❧✐%✉❞❡ ❞✬✉♥ 5✐❣♥❛❧ ❞❛♥5 ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❋♦✉&✐❡&
σ +❝❛&%✲%②♣❡
Ω ❛♥❣❧❡ ❢♦&♠+ ❡♥%&❡ ❧❛ &+✢❡①✐♦♥ ❞❡ ❧❛ 5♦✉&❝❡ ❞❡ ❧✉♠✐>&❡ ❡% ❧✬♦❜5❡&✈❛%❡✉& ❬&❛❞❪
ω ♣✉❧5❛%✐♦♥ ❬&❛❞✴5❪
▲❡$ $②♠❜♦❧❡$
∗ ♦♣+&❛%✐♦♥ ❞❡ ❝♦♥✈♦❧✉%✐♦♥
∗c ♦♣+&❛%✐♦♥ ❞❡ ❝♦&&+❧❛%✐♦♥
→
N ✈❡❝%❡✉&
h¯ ♦✉ h∗ ❝♦♠♣❧❡①❡ ❝♦♥❥✉❣✉+
■♥"#♦❞✉❝"✐♦♥
 ❡♥❞❛♥% ❧❛ ♣(❡♠✐+(❡ ❣✉❡((❡ ♠♦♥❞✐❛❧❡✱ ❧❡0 ❆❧❧✐20 ♦♥% ✈♦✉❧✉ ❛00✐2❣❡( ■0%❛♥❜✉❧ ❛✜♥ ❞❡ ❝♦♥%(8❧❡(
❧❡ ❇♦0♣❤♦(❡✳ ▲❡0 ♥❛✈✐(❡0 ❛❧❧✐20 0❡ 0♦♥% ❛❧♦(0 ❡♥❣❛❣20 ❞❛♥0 ❧❡ ❞2%(♦✐% ❞❡0 ❉❛(❞❛♥❡❧❧❡0✳ ▲❡ ❞2%(♦✐%
2%❛♥% ♠✐♥2✱ ❞❡0 ♦♣2(❛%✐♦♥0 ❞❡ ❞2♠✐♥❛❣❡ ♦♥% 2%2 ♥2❝❡00❛✐(❡0✳ ❆✉ ❝♦✉(0 ❞❡ ❧❛ ❜❛%❛✐❧❧❡✱ ❛✉ ✈✉ ❞❡ ❧❛
(✐♣♦0%❡ %✉(>✉❡✱ ❧✬♦(❞(❡ ❞❡ ❜❛%%(❡ ❡♥ (❡%(❛✐%❡ ❛ 2%2 ❞♦♥♥2✳  ❡✉ ❞❡ %❡♠♣0 ❛♣(+0 ❧❡ ❝✉✐(❛002 ❇♦✉✈❡%
❤❡✉(%❛ ✉♥❡ ♠✐♥❡ ♥♦♥ ❞2%❡❝%2❡✳ ▲❛ ✈♦✐❡ ❞✬❡❛✉ ♣(♦✈♦>✉2❡ ♣❛( ❧✬❡①♣❧♦0✐♦♥ ✜% (❛♣✐❞❡♠❡♥% ❝♦✉❧❡( ❧❡
❜❛%❡❛✉✳  (+0 ❞❡ ✻✺✵ ♠❛(✐♥0 ♦♥% %(♦✉✈2 ❧❛ ♠♦(% ❞❛♥0 ❝❡%%❡ %(❛❣2❞✐❡✳ ▲✬■((❡0✐0%✐❜❧❡ ❞❡ ❧❛ ❘♦②❛❧
◆❛✈② ❝♦♥♥✉% ❧❡ ♠G♠❡ 0♦(%✳
❈❡ ❢❛✐% ❤✐0%♦(✐>✉❡ ♠♦♥%(❡ >✉❡ ❧❡0 ♠✐♥❡0 0♦✉0 ♠❛(✐♥❡0 (❡♣(20❡♥%❡♥% ✉♥❡ ♠❡♥❛❝❡ (❡❞♦✉%❛❜❧❡✱
♠❛❧❤❡✉(❡✉0❡♠❡♥% %♦✉❥♦✉(0 ❞✬❛❝%✉❛❧✐%2✳ ❊❧❧❡0 ♣❡(♠❡%%❡♥% ❞❡ ♣(♦%2❣❡( ❧❡0 ❧✐%%♦(❛✉① ❡% ❞✬❡♠♣G❝❤❡( ❧❡
♣❛00❛❣❡ ❞❡ ❜❛%❡❛✉① ❡♥♥❡♠✐0✳ ❈❡♣❡♥❞❛♥%✱ ❧❡0 ♠✐♥❡0 ♥♦♥ ❞2%❡❝%2❡0 (❡0%❡♥% ✉♥❡ ♠❡♥❛❝❡ ❡♥ %❡♠♣0 ❞❡
♣❛✐①✳ ▲❡0 ❞2❣L%0 ✐♥✢✐❣20 ♣❡✉✈❡♥% G%(❡ ❝♦♥0✐❞2(❛❜❧❡0✳ ▲❛ ♠❡♥❛❝❡ ❡0% ❞♦♥❝ ✐♠♣♦(%❛♥%❡ N ♣(❡♥❞(❡ ❡♥
❝♦♠♣%❡✳ ▲❡0 ♠❛(✐♥❡0 0✬2>✉✐♣❡♥% ❞♦♥❝ ❞❡ ♠♦②❡♥0 ❞❡ ❧✉%%❡ ❛♥%✐✲♠✐♥❡ 0♦✉0 ♠❛(✐♥❡✳ ❆❝%✉❡❧❧❡♠❡♥%✱
❧❡0 0②0%+♠❡0 ♣(♦♣♦020 0♦♥% ♣(✐♥❝✐♣❛❧❡♠❡♥% ❜❛020 0✉( ❧❛ %❡❝❤♥♦❧♦❣✐❡ 0♦♥❛(✳ ▲❛ ❞2❝✐0✐♦♥ 0✉( ❧❛
❞❛♥❣❡(♦0✐%2 ❞❡ ❧✬♦❜❥❡% ❡0% ♣(✐0❡ ♣❛( ✉♥ ♦♣2(❛%❡✉(✳ ▲♦(0>✉✬✉♥ ❞(♦♥❡ ❡✛❡❝%✉❡ ❧❛ ❞2%❡❝%✐♦♥ ❞✬♦❜❥❡%0✱
❧❛ ❝♦♠♠✉♥✐❝❛%✐♦♥ ❡♥%(❡ ❝❡ ❞(♦♥❡ ❡% ❧✬♦♣2(❛%❡✉( ♣❡✉% G%(❡ ✉♥❡ ❧✐❛✐0♦♥ ❛❝♦✉0%✐>✉❡ ✭❛✈❡❝ ❞2❜✐% ❞❡
%(❛♥0♠✐00✐♦♥ ❞❡ ❞♦♥♥2❡0 ❢❛✐❜❧❡✮ ♦✉ ✜❧❛✐(❡ ✭❧❡ ♣2(✐♠+%(❡ ❡①♣❧♦(2 ❡0% ❛❧♦(0 ❧✐♠✐%2 ♣❛( ❝❡%%❡ ❧✐❛✐0♦♥✮✳
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♣❛3 ❛♠❛❣♥'-✐B✉❡3✱ B✉✐ ♥✬♦♥- ♣❛3 ❞❡ ❝♦B✉❡3 ♣❛*-✐❝✉❧✐J*❡♠❡♥- '-✉❞✐'❡3 ♣♦✉* *'3✐3-❡* ❛✉① ❡①♣❧♦✲
3✐♦♥3✮✱ ❞❡ ❧❡3 '❧♦✐❣♥❡* ❞❡3 ❝]-❡3 ✭♣♦✉* ♣❧✉3 ❞❡ ❞✐3❝*'-✐♦♥✮ ❡- ❞❡ ❧✐♠✐-❡* ❧✬✐♥-❡*✈❡♥-✐♦♥ ❞✬♦♣'*❛-❡✉*3


✶✳✺✳ ❙❖▲❯❚■❖◆ *❘❖*❖❙➱❊ ✷✸
✶✳✺✳✶✳✷ ▲❡ ♣'♦❥❡* ❚♦♣✈✐.✐♦♥
▲❡ ♣%♦❥❡( ❚♦♣✈✐,✐♦♥ ✭❚❡,(, ❖01%❛(✐♦♥♥❡❧, ❞❡ ❱■❞1♦, ❙♦✉,✲♠❛%✐♥❡, ♣♦✉% ❧✬■❞❡♥(✐✜❝❛(✐♦♥ ❞✬❖❜✲
❥❡(, ◆✉✐,✐❜❧❡,✮ ❡,( ✉♥ ♣%♦❥❡( ♦%❣❛♥✐,1 ♣❛% ❧❡ ♠✐♥✐,(B%❡ ❞❡ ❧❛ %❡❝❤❡%❝❤❡ ❡( ♣❛% ❧❡ ♠✐♥✐,(B%❡ ❞❡ ❧❛
❞1❢❡♥,❡✳ ❈❡ ♣%♦❥❡( ❛ 1(1 ❞1❧1❣✉1 ❛✉ ●❊❙▼❆ ✭●%♦✉♣❡ ❞✬➱(✉❞❡, ,♦✉, ♠❛%✐♥❡, ❞❡ ❧✬❆(❧❛♥(✐L✉❡✮ ❡(
❝♦♦%❞♦♥♥1 ♣❛% ❚❯❙✳ ❈❡ ♣%♦❥❡( ❛ 1(1 %1❛❧✐,1 ❡♥(%❡ ✷✵✵✺ ❡( ✷✵✵✼✳
▲❡ ❜✉( ❞✉ ♣%♦❥❡( ❚♦♣✈✐,✐♦♥ 1(❛✐( ❞❡ %❡❣%♦✉♣❡% ❞❡, ❧❛❜♦%❛(♦✐%❡, ❝✐✈✐❧, ✭❧❛❜♦%❛(♦✐%❡, ❞✬1❝♦❧❡,
❞✬✐♥❣1♥✐❡✉%, ❡( ❞✬✉♥✐✈❡%,✐(1,✱ ❞❡, ✐♥,(✐(✉(, ❡( ❞❡, ❧❛❜♦%❛(♦✐%❡, ❞❡ %❡❝❤❡%❝❤❡✮✳ ▲❡, %❡❝❤❡%❝❤❡, ❞❡✲
✈❛✐❡♥( ♣♦%(❡% ,✉% ❧✬1✈❛❧✉❛(✐♦♥ ❞✬❛❧❣♦%✐(❤♠❡, ❞❡ ❞1(❡❝(✐♦♥✱ ❞❡ ❧♦❝❛❧✐,❛(✐♦♥✱ ❞❡ ❝❛%❛❝(1%✐,❛(✐♦♥ ❡(
❞✬✐❞❡♥(✐✜❝❛(✐♦♥ ❛✉(♦♠❛(✐L✉❡ ❞✬♦❜❥❡(, ,♦✉, ♠❛%✐♥, ♥✉✐,✐❜❧❡,✳ ❈❡%(❛✐♥❡, ❞❡ ❝❡, %❡❝❤❡%❝❤❡, ♦♥( ❢❛✐(
❧✬♦❜❥❡( ❞❡ ♣✉❜❧✐❝❛(✐♦♥, ❡( ,❡%♦♥( ♣%1,❡♥(1❡, ❞❛♥, ❧❛ ♣❛%(✐❡ ,✉% ❧✬1(❛( ❞❡ ❧✬❛%( ✭♣❛%(✐❡ ✸✮✳
▲❡, ✐♠❛❣❡, ✐,,✉❡, ❞❡ ❝❡ ♣%♦❥❡( ❡( ✉(✐❧✐,1❡, ❞❛♥, ❝❡((❡ (❤B,❡ ,♦♥( ❛♣♣❡❧1❡, ♣❛% ❧❛ ,✉✐(❡ ✐♠❛❣❡,
❚♦♣✈✐,✐♦♥✳ ❊❧❧❡, ❝♦♥(✐❡♥♥❡♥( ❧❡, ✐♥❢♦%♠❛(✐♦♥, ❞❡ ♥❛✈✐❣❛(✐♦♥ ✐♥,❝%✐(❡, ❡♥ ❤❛✉( ❡( ❡♥ ❜❛, ❞❡ ❧✬✐♠❛❣❡✳
▲❡✉% (❛✐❧❧❡ ❡,( ❞❡ 720× 540 ♣✐①❡❧,✳ ❯♥ ❡①❡♠♣❧❡ ❡,( ♣%1,❡♥(1 ,✉% ❧❛ ✜❣✉%❡ ❇✳✶✱ ♣✳ ✶✻✼✳
✶✳✺✳✶✳✸ ▲❡ ♣'♦❥❡* ❱❆▼❆
▲❡ ♣%♦❥❡( ✐♥(✐(✉❧1 ❱❆▼❆ ❡,( ✉♥ ♣%♦❥❡( ✐♥(❡%♥❛(✐♦♥❛❧ L✉✐ ❝♦♥,✐,(❛✐( V 1(✉❞✐❡% ❧❡ ❢♦♥❝(✐♦♥♥❡♠❡♥(
❞✬✉♥ ❞%♦♥❡ ❛♥(✐✲♠✐♥❡, ❛✉(♦♥♦♠❡ L✉✐ ❝♦♥(✐❡♥( ❞✐✛1%❡♥(, ❝❛♣(❡✉%, ❞♦♥( ✉♥❡ ❝❛♠1%❛ ✈✐❞1♦ ♣♦✉%
❝♦♥✜%♠❡% ❧❛ ❝❧❛,,✐✜❝❛(✐♦♥ ❡( ✐❞❡♥(✐✜❡% ❧✬♦❜❥❡( ❞1(❡❝(1 ❛✈❡❝ ❧❡ ,♦♥❛% ❧♦%, ❞❡, 1(❛♣❡, ❞❡ ❞1(❡❝(✐♦♥
❡( ❞❡ ❝❧❛,,✐✜❝❛(✐♦♥ ✭❝❢✳ ♣❛%(✐❡, ✶✳✸✳✶ ❡( ✶✳✸✳✷✮✳ ❈❡((❡ ❝❛♠1%❛ ,❡%( ❛✉,,✐ ❛✉ ❣✉✐❞❛❣❡ ❞✉ ❞%♦♥❡ ♣♦✉%
❧✬❛((❛L✉❡ ❡( ❧❛ ♥❡✉(%❛❧✐,❛(✐♦♥ ❞❡ ❧❛ ♠✐♥❡✳
▲❡ ❞%♦♥❡ ❡✛❡❝(✉❡ ❧✬1(❛♣❡ ❞✬✐❞❡♥(✐✜❝❛(✐♦♥ ✶✳✸✳✸✳ 0♦✉% ❝❡❧❛✱ ❧❡ ❞%♦♥❡ ❡✛❡❝(✉❡ ✉♥❡ 1(❛♣❡ ❞❡
❞1(❡❝(✐♦♥ ❛✉ ,♦♥❛%✳ ▲♦%,L✉❡ ❧❛ ♠✐♥❡ ❡,( ❞1(❡❝(1❡✱ ❧❡ ❞%♦♥❡ ,❡ ❣✉✐❞❡ ❥✉,L✉✬❛✉ ✈♦✐,✐♥❛❣❡ ❞❡ ❧✬♦❜❥❡(
❣%X❝❡ ❛✉ ,✉✐✈✐ ❞✬♦❜❥❡(,✳ ❊♥,✉✐(❡ ❧❛ ✈✐❞1♦ ❡✛❡❝(✉❡ ❧❛ ❞1(❡❝(✐♦♥ ❡( ❧✬✐❞❡♥(✐✜❝❛(✐♦♥ ❛✈❛♥( ❞❡ ❣✉✐❞❡%
❧❡ ❞%♦♥❡ ❥✉,L✉✬V ❧❛ ♠✐♥❡✳ ▲❛ ❞1(❡❝(✐♦♥ ❞✬♦❜❥❡(, ❞❛♥, ❧❡, ✐♠❛❣❡, ,❡ ❢❛✐( V ♣❛%(✐% ❞✬✉♥❡ ❡①(%❛❝(✐♦♥
❞❡ ❝♦♥(♦✉%, L✉✐ ,♦♥( ❡♥,✉✐(❡ ❝♦♠♣❛%1, V ❞❡, ❧✐❣♥❡, ❡( ❞❡, ❡❧❧✐♣,❡,✳ ▲❡, ❝♦♥(♦✉%, ❧❡, ♣❧✉, ♣%♦❝❤❡,
❞❡ ❝❡, ❢♦%♠❡, ✏♠❛♥✉❢❛❝(✉%1❡,✑ ,♦♥( %❡(❡♥✉,✳ ▲❡, ❝♦♥(♦✉%, ❞1(❡❝(1, ,♦♥( ❝♦♠♣❛%1, ❛✉① ❝♦♥(♦✉%,
❡♥%❡❣✐,(%1, ❞❛♥, ✉♥❡ ❜❛,❡ ❞❡ ❞♦♥♥1❡,✳ ❯♥❡ ❢♦✐, ❧✬♦❜❥❡( ✐❞❡♥(✐✜1✱ ❧✬1(❛♣❡ ❞❡ ,✉✐✈✐ ❝♦♥,✐,(❡✱ ♣♦✉% ❧❛
♣❛%(✐❡ (%❛✐(❡♠❡♥( ❞✬✐♠❛❣❡,✱ V ♣♦✉%,✉✐✈%❡ ❧❛ ❞1(❡❝(✐♦♥ ❞❡ ❝♦♥(♦✉%, ❞❛♥, ❧❡, ✐♠❛❣❡, ❡( V ✈1%✐✜❡% L✉❡
❧✬1✈♦❧✉(✐♦♥ ❞❡ ❧✬♦%✐❡♥(❛(✐♦♥ ❞❡ ❧❛ ♠✐♥❡ ❡,( ❝♦❤1%❡♥(❡ ❛✈❡❝ ❧❡, ❞1♣❧❛❝❡♠❡♥(, ❞✉ ❞%♦♥❡✳ ▲❡, ❞1(❛✐❧,
❞✉ ,❝1♥❛%✐♦ ,♦♥( ❞✐,♣♦♥✐❜❧❡, ❞❛♥, ❬✽❪✳
▲❛ ❞②♥❛♠✐L✉❡ ❞❡ ❧❛ ❝❛♠1%❛ ,✬❛❞❛♣(❡ V ❧❛ ❧✉♠✐♥♦,✐(1 ❛♠❜✐❛♥(❡✳ ❉❡ ♣❧✉, ❛✉(♦✉% ❞❡ ❧❛ ❝❛♠1%❛
✉♥❡ ❝♦✉%♦♥♥❡ ❞❡ ▲❊❉,✱ ✏▲✐❣❤(✲❊♠✐((✐♥❣ ❉✐♦❞❡1✑ ❛ 1(1 ❛❥♦✉(1❡ ❞❡ ❢❛`♦♥ V 1❝❧❛✐%❡% ❧❛ ,❝B♥❡ ❧♦%, ❞❡
,1L✉❡♥❝❡, ❡♥ ✜♥ ❞❡ ❥♦✉%♥1❡ ♦✉ ❞❡ ♥✉✐(✳
▲❡, ✐♠❛❣❡, ✐,,✉❡, ❞❡ ❝❡ ♣%♦❥❡( ,♦♥( ❛♣♣❡❧1❡, ♣❛% ❧❛ ,✉✐(❡ ✐♠❛❣❡, ❱❆▼❆ ❡( ♠❡,✉%❡♥( 640×480
♣✐①❡❧,✳ ❯♥ ❡①❡♠♣❧❡ ❡,( ♣%1,❡♥(1 ,✉% ❧❛ ✜❣✉%❡ ✷✳✶✻❛✱ ♣✳ ✹✶✳
✶✳✺✳✷ ▲❡& ♦❜❥❡❝+✐❢& ❞❡ ❝❡++❡ +❤0&❡
▲✬♦❜❥❡❝(✐❢ ❞❡ ❝❡((❡ (❤B,❡ ❡,( ❞✬1(✉❞✐❡% ✉♥❡ ,♦❧✉(✐♦♥ ❛❧❣♦%✐(❤♠✐L✉❡ ♣♦✉% ♦♣(✐♠✐,❡% ❧✬✐❞❡♥(✐✜❝❛✲
(✐♦♥ ♦♣(✐L✉❡ ❞✬♦❜❥❡(, ♠❛♥✉❢❛❝(✉%1, ♣%1,❡♥(, ❞❛♥, ❞❡, ✈✐❞1♦, ,♦✉, ♠❛%✐♥❡,✱ ✐❞❡♥(✐✜❝❛(✐♦♥ ❡✛❡❝(✉1❡
♣❛% ✉♥ ❞%♦♥❡ ❛✉(♦♥♦♠❡✳ ❈❡ ,✉❥❡( ❞❡ (❤B,❡ ♥♦✉, ♣❧❛❝❡ ❞❛♥, ❧✬1(❛♣❡ ❞✬✐❞❡♥(✐✜❝❛(✐♦♥ ❞✬✉♥ ,❝1♥❛✲
%✐♦ ❢✉(✉% ✭❝❢✳ ♣❛%(✐❡ ✶✳✹✳✷✮ ❛✈❡❝ ✉♥ ❞%♦♥❡ 1L✉✐♣1✱ ❡♥ ♣❧✉, ❞❡, ❝❛♣(❡✉%, ❞❡ ♣♦,✐(✐♦♥♥❡♠❡♥( ❡( ❞❡
❝♦♠♠✉♥✐❝❛(✐♦♥✱ ❞❡ ,♦♥❛%, ❡( ❞✬✉♥❡ ❝❛♠1%❛ ✈✐❞1♦ ♦♣(✐L✉❡✳ ◆♦✉, ♥♦✉, ❧✐♠✐(♦♥, V ❧❛ %❡❝❤❡%❝❤❡ ❞❡,
♠✐♥❡, ,♦✉, ♠❛%✐♥❡, ♣%1,❡♥(1❡, ✜❣✉%❡ ✶✳✶✳
0♦✉% ✈❛❧✐❞❡% ♥♦, ❛❧❣♦%✐(❤♠❡,✱ ♥♦✉, ❞✐,♣♦,♦♥, ❞✬✉♥❡ ❜❛,❡ ❞✬✐♠❛❣❡, ✐♠♣♦%(❛♥(❡ ❝♦♥,(✐(✉1❡ ❞❡,
✐♠❛❣❡, ❞✉ ♣%♦❥❡( ❚♦♣✈✐,✐♦♥ ❡( ❞❡, ✐♠❛❣❡, ❞✉ ♣%♦❥❡( ❱❆▼❆✳ ❈❡((❡ ❜❛,❡ ❞❡ ❞♦♥♥1❡, ❡,( ❝♦♥,(✐(✉1❡
❞❡ ✈✐❞1♦, ❞❡ ♠✐♥❡, ,♣❤1%✐L✉❡, V ♦%✐♥ ♦✉ ♣♦,1❡, ❛✉ ,♦❧✱ ❞❡ ♠✐♥❡, ▼❛♥(❛ ❡( ❞❡ ♠✐♥❡, ❝②❧✐♥❞%✐L✉❡,✳
0♦✉% (❡,(❡% ❧❛ %♦❜✉,(❡,,❡ ❞❡ ♥♦(%❡ ❛❧❣♦%✐(❤♠❡✱ ♥♦✉, ♣♦,,1❞♦♥, ❛✉,,✐ ❞❡, ✈✐❞1♦, ❞✬♦❜❥❡(, (❡❧, L✉❡
❞❡, ❜♦✉(, ❡( ❞❡, ❜❛%✐❧, ❞❡ ♣1(%♦❧❡✳ ❈❡%(❛✐♥❡, ✈✐❞1♦, ♥❡ ❝♦♥(✐❡♥♥❡♥( ♣❛, ❞✬♦❜❥❡(,✳
▲❡ ,②,(B♠❡ ❛②❛♥( ✈♦❝❛(✐♦♥ V b(%❡ ✉(✐❧✐,1 ❞❛♥, ✉♥ ❞%♦♥❡ ❛✉(♦♥♦♠❡✱ ❧✬❛❧❣♦%✐(❤♠❡ ❞♦✐( b(%❡
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❞3❝♦♥✈♦❧✉'✐♦♥✳ ▲❛ ❞3❝♦♥✈♦❧✉'✐♦♥ ❡*' ✉♥❡ ♠3'❤♦❞❡ *❡♥*✐❜❧❡ ❛✉ ❜)✉✐'✳ ▼❛✐* ❧❡ ♣)✐♥❝✐♣❛❧ ✐♥❝♦♥✈3♥✐❡♥'
❡*' 0✉❡ ❝❡''❡ ♠3'❤♦❞❡ ♥❡ ❝♦))✐❣❡ 0✉❡ ❧❡ '❡)♠❡ ❞❡ ❞✐✛✉*✐♦♥ ❛✈❛♥'✱ 0✉✐ ♥❡ )❡♣)3*❡♥'❡ 0✉✬✉♥❡
❢❛✐❜❧❡ ♣❛)'✐❡ ❞❡* ❡✛❡'* ❞❡ ❧✬❡❛✉ *✉) ❧✬✐♥'❡♥*✐'3 ❬✺✶❪✳ ❈❡''❡ ♠3'❤♦❞❡ ♥❡ ♣❡)♠❡'')❛ ♣❛* ❞❡ ❝♦))✐❣❡)
❡♥'✐;)❡♠❡♥' ♥♦* ✐♠❛❣❡*✳ ◆♦✉* ♥✬❛✈♦♥* ❞♦♥❝ ♣❛* ✉'✐❧✐*3 ❝❡''❡ ♠3'❤♦❞❡✳
✷✳✶✳ ➱❚❆❚ ❉❊ ▲✬❆❘❚ ✷✾
✷✳✶✳✶✳✷ ▲❛ ❝♦''❡❝)✐♦♥ ❝♦❧♦'✐♠.)'✐/✉❡
◆♦✉% ❛✈♦♥% ✈✉ ❞❛♥% ❧❛ ♣❛,-✐❡ ✶✳✷✳✶ 2✉❡ ❧❡% ❝♦✉❧❡✉,% %♦♥- ❛--4♥✉4❡%✳ ❆✐♥%✐ ❧❡% ✐♠❛❣❡% %♦✉%
♠❛,✐♥❡% %♦♥- %♦✉✈❡♥- ❞❛♥% ❧❡% -♦♥% ❜❧❡✉✲✈❡,-✳ ❈✬❡%- ❧❡ ❝❛% ❞❡% ✐♠❛❣❡% ❚♦♣✈✐%✐♦♥✳ ◆♦✉% ♥♦✉%
%♦♠♠❡% ,❡♥%❡✐❣♥4% %✉, ❧❡% ♠4-❤♦❞❡% -,❛✐-❛♥- ❧❛ ❝♦✉❧❡✉, ❞❡% ✐♠❛❣❡%✳
>❧✉%✐❡✉,% 4-✉❞❡% ♦♥- 4-4 ♠❡♥4❡% ♣♦✉, ,❡%-❛✉,❡, ❧❡% ❝♦✉❧❡✉,% ❞❛♥% ❧❡% ✐♠❛❣❡% %♦✉% ♠❛,✐♥❡%✳
❈❡,-❛✐♥❡% %♦♥- ❜❛%4❡% %✉, ❧❛ ❧♦✐ ❞❡ ❇❡❡,✲▲❛♠❜❡,-✳ ❉✬❛✉-,❡% 4❣❛❧✐%❡♥- ❧✬❤✐%-♦❣,❛♠♠❡ ❞❡% ❝❛♥❛✉①
❝♦❧♦,✐♠4-,✐2✉❡%✱ ❞❛♥% ❧❡% ❞♦♠❛✐♥❡ ❘●❇ ✏❘❡❞✱ ●&❡❡♥✱ ❇❧✉❡✑✱ ❍❙■ ✏❍✉❡✱ ❙❛/✉&❛/✐♦♥✱ ■♥/❡♥3✐/②✑✳
❍❡❧❛♥ ❡/ ❛❧✳ ❬✹✼❪ ❝❤❡,❝❤❡♥- M ❝♦,,✐❣❡, ❧❡% ❝♦✉❧❡✉,% ♣,4%❡♥-❡% ❞❛♥% ❧❡% ✐♠❛❣❡% M ♣❛,-✐, ❞✉
❝♦❡✣❝✐❡♥- ❞✬❛--4♥✉❛-✐♦♥ ♣,4%❡♥- ❞❛♥% ❧❛ ❢♦,♠✉❧❡ ❞❡ ❇❡❡,✲▲❛♠❜❡,- ✭❝❢✳ 42✉❛-✐♦♥ ✷✳✸✮✳ ■❧% ❡%-✐♠❡♥-
❧❡% ❝♦❡✣❝✐❡♥-% ❞✬❛❜%♦,♣-✐♦♥ ♣♦✉, ❧❡ ,♦✉❣❡✱ ❧❡ ✈❡,- ❡- ❧❡ ❜❧❡✉✳ ■❧% ❝♦,,✐❣❡♥- ❛✐♥%✐ ❝❤❛2✉❡ ❝♦✉❧❡✉,✳
I(z) = I(0)e−a(λ)z ✭✷✳✸✮
♦S ■ ❡%- ❧✬✐♥-❡♥%✐-4 ❡♥ ✵ ❡- M ✉♥❡ ❞✐%-❛♥❝❡ ❞❡ ③ ✭❡♥ ♠✮ ❡- ❛ ❡%- ❧❡ ❝♦❡✣❝✐❡♥- ❞✬❛❜%♦,♣-✐♦♥ ✭❡♥
♠
✲✶
✮ 2✉✐ ❞4♣❡♥❞ ❞❡ ❧❛ ❧♦♥❣✉❡✉, ❞✬♦♥❞❡ λ ✭❡♥ ♠✮✳
▲❛ ♠4-❤♦❞❡ ❘❡-✐♥❡① ❝♦♥%✐%-❡ M ❝❛❧❝✉❧❡, ❧❛ ❝❧❛,-4 ,❡❧❛-✐✈❡ ❧❡ ❧♦♥❣ ❞✬✉♥ ❝❤❡♠✐♥✱ ❡♥ ❝❛❧❝✉❧❛♥-
❧❡ ,❛-✐♦ ❞❡% ,4♣♦♥%❡% ✈✐%✉❡❧❧❡% ❡♥-,❡ ❧❡% ♣♦✐♥-% x ❡- x + 1 ✭❞❡✉① ♣♦✐♥-% %✉❝❝❡%%✐❢% ❞✉ ❝❤❡♠✐♥ %✉,
❧❡2✉❡❧ ❡%- ❝❛❧❝✉❧4❡ ❧❛ ❝❧❛,-4 ,❡❧❛-✐✈❡✮ ❬✺✷❪✳ ❆ ❧✬❛✐❞❡ ❞❡ ❝❡--❡ ❝❧❛,-4 ,❡❧❛-✐✈❡✱ ❧❡% ♥♦✉✈❡❧❧❡% ✐♥-❡♥%✐-4%
❞❡% ❝❛♥❛✉① ❘✱ ● ♦✉ ❇ %♦♥- ❝❛❧❝✉❧4❡% ❝♦♠♠❡ 4-❛♥- ❧❛ ♠♦②❡♥♥❡ ❞❡% ❝❧❛,-4% %✉, ♣❧✉%✐❡✉,% ❝❤❡♠✐♥%✳
▲❛ ♠4-❤♦❞❡ ❆❈❊✱ ✏❛✉/♦♠❛/✐❝ ❝♦❧♦& ❡9✉❛❧✐③❛/✐♦♥✑ ❝♦,,✐❣❡ ❛✉%%✐ ❧❡% ✈❛❧❡✉,% ❞❡% ❝❛♥❛✉① ❘✱ ● ❡-
❇ ❬✺✷❪✳ ▲❛ ❞✐✛4,❡♥❝❡ ❞✬✐♥-❡♥%✐-4 ❡♥-,❡ ❧✬✐♥-❡♥%✐-4 ❛✉ ♣✐①❡❧ ♣ ❡- ❛✉ ♣✐①❡❧ ❥ ❡%- ❝❛❧❝✉❧4❡✱ ❡- %❡,- M
❝❛❧❝✉❧❡, ❧❛ ✈❛❧❡✉, ❞❡ ❧❛ ❢♦♥❝-✐♦♥ ,❡♣,4%❡♥-❛♥- ❧❛ ❝❧❛,-4 ,❡❧❛-✐✈❡✳ ❈❡--❡ ✈❛❧❡✉, ❡%- ♣♦♥❞4,4❡ ♣❛, ✉♥❡
❞✐%-❛♥❝❡ ,❡♣,4%❡♥-❛♥- ❧❛ ❝♦♥-,✐❜✉-✐♦♥ ❞❡% ❞❡✉① ♣✐①❡❧%✳ ❈❡% ❞❡✉① ♠4-❤♦❞❡%✱ ❝♦♠♣❛,4❡% ❞❛♥% ❬✺✷❪✱
♣,4%❡♥-❡♥- ❞❡% ,4%✉❧-❛-% ♣,♦❝❤❡%✳ ▲❛ ♠4-❤♦❞❡ ❆❈❊ ❛ 4-4 -❡%-4❡ ♣♦✉, ❧❛ ,❡❝♦♥♥❛✐%%❛♥❝❡ ❞❡% ♣♦✐%%♦♥%
M ❧✬❛2✉❛,✐✉♠ ❞❡ ▲❛ ❘♦❝❤❡❧❧❡ ❡- %❡♠❜❧❡ ❞♦♥♥❡, ❞❡ ❜♦♥% ,4%✉❧-❛-% ❬✺✸❪✳
❚♦,,❡%✲▼❡♥❞❡③ ❡/ ❛❧✳ ❬✺✹❪ ✉-✐❧✐%❡♥- ✉♥ ❥❡✉ ❞✬✐♠❛❣❡% ❞✬❛♣♣,❡♥-✐%%❛❣❡ ❞4❝♦✉♣4 ❡♥ ✐♠❛❣❡--❡%✱ ❞♦♥-
❧❡% ❝♦✉❧❡✉,% %♦♥- ❝♦,,❡❝-❡%✳ ■❧% ❞4❝♦✉♣❡♥- ❧✬✐♠❛❣❡ ,❡\✉❡ ❡♥ ♣❡-✐-❡% ✐♠❛❣❡--❡%✳ ❆ ❧✬❛✐❞❡ ❞✬✉♥ ,4%❡❛✉
❞❡ ▼❛,❦♦✈✱ ✐❧% ❡%%❛✐❡♥- ❞✬❛%%♦❝✐❡, ❞❡% ✐♠❛❣❡--❡% ❛♣♣,✐%❡% ❛✈❡❝ ❧❡% ✐♠❛❣❡--❡% ✐%%✉❡% ❞❡ ❧✬✐♠❛❣❡ ❝✐❜❧❡✳
❊♥ ❝❛% ❞❡ ❝♦♥✈❡,❣❡♥❝❡✱ ✐❧% ,❡♠♣❧❛❝❡♥- ❧❛ ❝♦✉❧❡✉, ❞❡ ❧✬✐♠❛❣❡--❡ ,❡\✉❡ ♣❛, ❧❛ ❝♦✉❧❡✉, ❞❡ ❧✬✐♠❛❣❡--❡
❛♣♣,✐%❡✳
■2❜❛❧ ❡/ ❛❧✳ ❬✺✺❪ 4❣❛❧✐%❡♥- ❧❡ ❝♦♥-,❛%-❡ ❞❡ ❧✬✐♠❛❣❡ ❘●❇✱ ❡♥ ♠♦❞✐✜❛♥- ❧❡% ❤✐%-♦❣,❛♠♠❡% ❞❡% ❝❛✲
♥❛✉① ,♦✉❣❡ ❡- ✈❡,- ❛✜♥ 2✉✬✐❧% %♦✐❡♥- ♣,♦❝❤❡% ❞❡ ❧✬❤✐%-♦❣,❛♠♠❡ ❞✉ ❝❛♥❛❧ ❜❧❡✉✳ ❊♥%✉✐-❡ ✐❧% ❝❤❛♥❣❡♥-
❞✬❡%♣❛❝❡ ❞❡ ❝♦✉❧❡✉, ♣♦✉, -,❛✈❛✐❧❧❡, ❞❛♥% ❧❡ ,❡♣_,❡ ❍❙■ ♦S ✐❧% ♠♦❞✐✜❡♥- ❧❛ %❛-✉,❛-✐♦♥ ❡- ❧✬✐♥-❡♥%✐-4
❞❡ ❧✬✐♠❛❣❡✳
❈❡% ♠4-❤♦❞❡% %❡♠❜❧❡♥- ❞♦♥♥❡, ❞❡ ❜♦♥% ,4%✉❧-❛-% ❞✬❛♣,_% ❧❛ ❧✐--4,❛-✉,❡✳ ❈❡♣❡♥❞❛♥-✱ ❞❛♥% ♥♦%
✈✐❞4♦%✱ ❧❛ ❝❛♠4,❛ ♣❡✉- %❡ %✐-✉❡, ❧♦✐♥ ❞❡ ❧❛ ♠✐♥❡ ❡- ❡♥,❡❣✐%-,❡, ❞❡% ✐♠❛❣❡% ❞✉ ✈♦❧✉♠❡ ❞✬❡❛✉ ❝♦♠♠❡
❡❧❧❡ ♣❡✉- %❡ %✐-✉❡, -,_% ♣,_% ❞✉ %♦❧ ❡- ❞❡ ❧❛ ♠✐♥❡ ❡- ❡♥,❡❣✐%-,❡, ❞❡% ✐♠❛❣❡% ❞✬♦❜❥❡-%✳ >♦✉, ✉-✐❧✐%❡,
❝❡% ♠4-❤♦❞❡%✱ ✐❧ ❢❛✉❞,❛✐- ❛✈♦✐, M ❞✐%♣♦%✐-✐♦♥ ✉♥ ❣,❛♥❞ ❝❤♦✐① ❞✬✐♠❛❣❡% ❞✬❛♣♣,❡♥-✐%%❛❣❡ ♣♦✉, ❝,4❡,
❞❡% ✐♠❛❣❡--❡% ❝♦,,❡%♣♦♥❞❛♥- M -♦✉-❡% ❧❡% %✐-✉❛-✐♦♥% ❡- ♣♦✉, ❡%-✐♠❡, ❧❡% ♣❛,❛♠_-,❡% ♣♦✉, ❝♦,,✐❣❡,
❧❛ ❧♦✐ ❞❡ ❇❡❡,✲▲❛♠❜❡,- ♦✉ ❧❡% ❤✐%-♦❣,❛♠♠❡%✳ ❉❡ ♣❧✉% ♥♦✉% ❛✐♠❡,✐♦♥% ♦❜-❡♥✐, ✉♥ ❛❧❣♦,✐-❤♠❡ 2✉✐
❢♦♥❝-✐♦♥♥❡ ❛✉%%✐ ❜✐❡♥ %✉, ❧❡% ✐♠❛❣❡% ❚♦♣✈✐%✐♦♥ ✭❡♥ ❝♦✉❧❡✉,%✮ ❡- %✉, ❧❡% ✐♠❛❣❡% ❱❆▼❆ ✭❡♥ ♥✐✈❡❛✉①
❞❡ ❣,✐%✮
✷✳✶✳✶✳✸ ▲❛ ♣♦❧❛'✐3❛)✐♦♥
▲❛ ♣♦❧❛,✐%❛-✐♦♥ ❡%- ✉♥❡ ♠4-❤♦❞❡ ✉-✐❧✐%4❡ ❞❛♥% ❧❡ ♠✐❧✐❡✉ %♦✉% ♠❛,✐♥ ♣♦✉, ❛❝2✉4,✐, ❞❡% ✐♠❛❣❡%
❞❡♣✉✐% ❧❡% ❛♥♥4❡% ✶✾✻✵✳ ▲❡ ♠✐❧✐❡✉ %♦✉% ♠❛,✐♥ ❡%- ✉♥ ♠✐❧✐❡✉ 2✉✐ ❞✐✛✉%❡ ❡- ❛--4♥✉❡ ❧❛ ❧✉♠✐_,❡✳ ❯♥❡
4-✉❞❡ ❛ ♠♦♥-,4 2✉❡ ❧✬✉-✐❧✐%❛-✐♦♥ ❞❡ ❧❛ ♣♦❧❛,✐%❛-✐♦♥ ❝✐,❝✉❧❛✐,❡ ♣❡,♠❡- ❞✬❛✉❣♠❡♥-❡, ❧❡ ❝♦♥-,❛%-❡ ❡- ❧❛
❞✐%-❛♥❝❡ ❞❡ ✈✐%✐❜✐❧✐-4 ❞❡ ❧❛ ❝✐❜❧❡ ❬✺✻❪✳ ❈❡% ,4%✉❧-❛-% ♦♥- 4-4 ❝♦♥✜,♠4% ♣❛, ▲❡✇✐% ❡/ ❛❧✳ ❬✺✼❪✱ 2✉✐ ♦♥-
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
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▲✬9%❛% ❞❡ ♣♦❧❛'✐,❛%✐♦♥ ❞❡ ❧❛ ❧✉♠✐K'❡ ❛♣'K, ♣❛,,❛❣❡ ❞❛♥, ❧❡ ♠✐❧✐❡✉ ,❡ ❝❛❧❝✉❧❡ ❞❡ ❧❛ ❢❛L♦♥ ,✉✐✈❛♥%❡
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❉❛♥% ♥♦'(❡ ❝❛%✱ ♥♦✉% ❛✈♦♥% .'✉❞✐. ♣❧✉%✐❡✉(% ✈✐❞.♦% ❛✜♥ ❞❡ ❞.✜♥✐( ✉♥❡ ✈❛❧❡✉( ♣♦✉( ❧❡ ❝♦❡✣❝✐❡♥'
❞✬❛❜%♦(♣'✐♦♥ c✳ 8♦✉( ❝❡❧❛✱ ♥♦✉% ❛✈♦♥% ♣(✐% ❝♦♠♠❡ (.❢.(❡♥❝❡ ✉♥❡ ♠✐♥❡ ❞✬✉♥❡ ❝♦✉❧❡✉( ✐♥❝♦♥♥✉❡ M ✳
▲✬.<✉❛'✐♦♥ ❞✬❛❜%♦(♣'✐♦♥ ✷✳✶✻ ❡%' ❛❧♦(% ♠♦❞✐✜.❡ ❞❡ ❧❛ ❢❛@♦♥ %✉✐✈❛♥'❡ ✿
■
 ❡"✉❡
= E + (M − E)e−c.z ✭✷✳✶✼✮
▲♦(%<✉❡ ♥♦✉% %♦♠♠❡% ❝♦♥'(❡ ❧✬♦❜❥❡'✱ ❧❛ ❞✐%'❛♥❝❡ ③ ❡%' ♥✉❧❧❡✱ ❧✬✐♥'❡♥%✐'. (❡@✉❡ ❡%' ❝❡❧❧❡ ♣(♦✈❡✲
♥❛♥' ❞❡ ❧❛ ♠✐♥❡✳ ▲♦(%<✉❡ ♥♦✉% %♦♠♠❡% '(H% ❧♦✐♥ ❡' <✉❡ ❧❛ ✈❛❧❡✉( ❞❡ ❧✬❡①♣♦♥❡♥'✐❡❧❧❡ ❡%' ❞❡✈❡♥✉❡
♥.❣❧✐❣❡❛❜❧❡✱ ♥♦✉% (❡❝❡✈♦♥% ✉♥✐<✉❡♠❡♥' ❧❛ ❝♦✉❧❡✉( ❞❡ ❧✬❡❛✉✳
◆♦✉% ❛✈♦♥% ❝❤❡(❝❤. ❧❛ ❞✐%'❛♥❝❡ ♦❜%❡(✈❛'❡✉(✲♦❜❥❡' M ♣❛('✐( ❞❡ ❧❛<✉❡❧❧❡✱ ♥♦✉% ♥❡ ♣♦✉✈♦♥% ♣❧✉%
❞✐%'✐♥❣✉❡( ❧❛ ♠✐♥❡✳ ❙✉( ❧❡% ✐♠❛❣❡% ❱❆▼❆✱ ❝❡''❡ ❞✐%'❛♥❝❡ ❡%' ❞❡ ✷✵ ♠✳
8♦✉( ✉♥❡ ❡①♣♦♥❡♥'✐❡❧❧❡ ❞❡ ❧❛ ❢♦(♠❡ e−
t
τ
✱ ♦♥ ❡%'✐♠❡ <✉❡ ❧✬.<✉✐❧✐❜(❡ ❡%' ❛''❡✐♥' ♣♦✉( t = 5τ ✱
%♦✐' ✉♥❡ ✈❛❧❡✉( ❞❡ ❧✬❡①♣♦♥❡♥'✐❡❧❧❡ .❣❛❧❡ M ✵✳✵✶✳ ❉❛♥% ♥♦'(❡ ❝❛%✱ ♥♦✉% ❛✈♦♥% ❛''❡✐♥' ❝❡''❡ ③♦♥❡
❞❡ ❧✬❡①♣♦♥❡♥'✐❡❧❧❡ ♣♦✉( ✉♥❡ ❞✐%'❛♥❝❡ ♦❜%❡(✈❛'❡✉(✲♦❜❥❡' ❞❡ ✷✵ ♠✳ ◆♦✉% ♣♦✉✈♦♥% ❛❧♦(% ❝❛❧❝✉❧❡( ❧❡
❝♦❡✣❝✐❡♥' ❞✬❛❜%♦(♣'✐♦♥ c ✿
z = 20 =
5
c
c = 0.25 ♠✲✶
✭✷✳✶✽✮
8♦✉( ❧❡% ✐♠❛❣❡% ❱❆▼❆✱ ♥♦✉% ❞✐%♣♦%♦♥% ♣♦✉( ❝❤❛<✉❡ ✐♠❛❣❡ ❞❡ ❧❛ ❞✐%'❛♥❝❡ ♦❜%❡(✈❛'❡✉(✲♦❜❥❡'✳
◆♦✉% ♣♦✉✈♦♥% ❛✐♥%✐ (❡❝❛❧❝✉❧❡( ❧✬✐♠❛❣❡ .♠✐%❡ M ♣❛('✐( ❞❡ ❧✬✐♠❛❣❡ (❡@✉❡ ❡' ❛''.♥✉❡( ❧✬❡✛❡' ❞❡ ❧✬❛❜✲
%♦(♣'✐♦♥ %✉( ❧✬✐♠❛❣❡✳
✷✳✷✳✹✳✸ ▲❛ &'✢❡①✐♦♥ ❞❡ ❧❛ ❧✉♠✐2&❡
▲❛ (.✢❡①✐♦♥ ❞❡ ❧❛ ❧✉♠✐H(❡ %❡ ❞.❝♦♠♣♦%❡ ❡♥ ❞❡✉① ♣❛('✐❡% ✿ ❧❛ (.✢❡①✐♦♥ %♣.❝✉❧❛✐(❡ ❡' ❧❛ (.✢❡①✐♦♥
❞✐✛✉%❡ ✭❛✉%%✐ ❛♣♣❡❧.❡ ❞✐✛✉%✐♦♥✮✳
▲❛ ❞✐✛✉%✐♦♥ ❞.%✐❣♥❡ ❧❛ (.✢❡①✐♦♥ ❞❡% (❛②♦♥% ❧✉♠✐♥❡✉① ✐♥❝✐❞❡♥'% ❞❛♥% '♦✉'❡% ❧❡% ❞✐(❡❝'✐♦♥% ❞❡
❧✬❡%♣❛❝❡✱ ♣❛( ✉♥❡ %✉(❢❛❝❡ ✐((.❣✉❧✐H(❡✳ ▲✬✐♥'❡♥%✐'. ❞❡ ❧❛ ❧✉♠✐H(❡ ❞✐✛✉%.❡ ❡%' ❧❛ ♠W♠❡ ❞❛♥% '♦✉'
❧✬❡%♣❛❝❡ ♠❛✐% ❞.♣❡♥❞ ❞✉ ❝♦%✐♥✉% ❞❡ ❧✬❛♥❣❧❡ ❢♦(♠. ❡♥'(❡ ❧❛ ♥♦(♠❛❧❡ M ❧❛ %✉(❢❛❝❡ ♦❜%❡(✈.❡ ❡' ❧❛
❞✐(❡❝'✐♦♥ ❞✬.♠✐%%✐♦♥ ❞❡ ❧❛ %♦✉(❝❡ ❧✉♠✐♥❡✉%❡ ✭❧♦✐ ❞❡ ▲❛♠❜❡('✮ ✭✐❝✐ ❛♣♣❡❧. θs✱ ❡♥ ❝♦❤.(❡♥❝❡ ❛✈❡❝ ❧❛
✜❣✉(❡ ✷✳✽✮ ✿
■
 ❡"✉❡
= cos(θs)■&♠✐)❡ ✭✷✳✶✾✮
▲❛ (.✢❡①✐♦♥ %♣.❝✉❧❛✐(❡ ❞.%✐❣♥❡ ❧❛ (.✢❡①✐♦♥ ♣❛( ✉♥❡ %✉(❢❛❝❡ ❛✈❡❝ ❞❡% ❞.❢❛✉'% '(H% ♣❡'✐'% ✭❞❡
'❛✐❧❧❡ ✐♥❢.(✐❡✉(❡ M
λ
4 ✱ λ .'❛♥' ❧❛ ❧♦♥❣✉❡✉( ❞❡ ❧✬♦♥❞❡ ❧✉♠✐♥❡✉%❡ ✐♥❝✐❞❡♥'❡✮✱ ♣❛( ❡①❡♠♣❧❡ ✉♥❡ %✉(❢❛❝❡
♠.'❛❧❧✐<✉❡✳ ▲❛ ❧✉♠✐H(❡ ❡%' (.✢.❝❤✐❡ ❞❛♥% ✉♥❡ %❡✉❧❡ ❞✐(❡❝'✐♦♥✱ %❡❧♦♥ ❧❛ ❧♦✐ ❞❡ (.✢❡①✐♦♥✳ ▲✬✐♥'❡♥%✐'.
❞❡ ❧❛ (.✢❡①✐♦♥ %♣.❝✉❧❛✐(❡ ✈✉❡ ♣❛( ❧✬♦❜%❡(✈❛'❡✉( %✉✐' ✉♥❡ ❧♦✐ ❡♥ ❝♦%✐♥✉% ♠❛✐% ❝❡ ❝♦%✐♥✉% ❡%' .❧❡✈. M
❧❛ ♣✉✐%%❛♥❝❡ α✱ ♦Y α (❡♣(.%❡♥'❡ ❧❛ ❜(✐❧❧❛♥❝❡ ❞✉ ♠❛'.(✐❛✉ ✭♥❡ ❝♦♥♥❛✐%%❛♥' M ♣(✐♦(✐ ♣❛% ❧❡ ♠❛'.(✐❛✉
❞❛♥% ❧❡<✉❡❧ ❡%' ❢❛❜(✐<✉. ❧✬♦❜❥❡' ♠❛♥✉❢❛❝'✉(.✱ ♥♦✉% ❛✈♦♥% ✜①. α M ✶✮✳ ❈❡♣❡♥❞❛♥'✱ ♦♥ ❝♦♥%✐❞H(❡
<✉❡ ❧❛ ❞✐(❡❝'✐♦♥ ♥♦(♠❛❧❡ ✭❞✐(❡❝'✐♦♥ ♦Y ❧✬✐♥'❡♥%✐'. ❡%' ❧❛ ♣❧✉% ❢♦('❡✮ ❡%' ❧❛ ❞✐(❡❝'✐♦♥ ❞❡ (.✢❡①✐♦♥ ❞❡
❧❛ ❧✉♠✐H(❡✳ ▲✬♦❜%❡(✈❛'❡✉( (❡@♦✐' ❞♦♥❝ ✿
■
 ❡"✉❡
= cosα(Ω)■
&♠✐)❡
✭✷✳✷✵✮
♦Y Ω (❡♣(.%❡♥'❡ ❧❡ ♠W♠❡ ❛♥❣❧❡ <✉❡ %✉( ❧❛ ✜❣✉(❡ ✷✳✽✳
✷✳✷✳✹✳✹ ▲❛ ♣♦4✐5✐♦♥ ❞✉ 4♦❧❡✐❧
8♦✉( (❡'(♦✉✈❡( ❧✬✐♠❛❣❡ .♠✐%❡✱ ♥♦✉% ❛✈♦♥% ❞♦♥❝ ❜❡%♦✐♥ ❞❡ ❧❛ ♣♦%✐'✐♦♥ ❞✉ %♦❧❡✐❧ ❡' ♣❧✉% ♣(.❝✐✲
%.♠❡♥' ❞❡ ❧✬❛♥❣❧❡ ③.♥✐'❤❛❧ ✭❧✬❛♥❣❧❡ ❞✉ %♦❧❡✐❧ ♣❛( (❛♣♣♦(' M ❧❛ ✈❡('✐❝❛❧❡✮✳ ■❧ ❡①✐%'❡ ✉♥ ❛❧❣♦(✐'❤♠❡
❞.✈❡❧♦♣♣. ❞❛♥% ❧✬❛('✐❝❧❡ ❞❡ ❘❡❞❛ ❡' ❆♥❞(❡❛% ❬✻✺❪ <✉✐ ♣❡(♠❡' ❞❡ (❡'(♦✉✈❡( ❧❛ ♣♦%✐'✐♦♥ ❞✉ %♦❧❡✐❧
❝♦♥♥❛✐%%❛♥' ❧❛ ❧❛'✐'✉❞❡✱ ❧❛ ❧♦♥❣✐'✉❞❡✱ ❧✬❛❧'✐'✉❞❡ ❞✉ ❧✐❡✉ ♦Y %❡ %✐'✉❡ ❧✬♦❜%❡(✈❛'✐♦♥ ❛✐♥%✐ <✉❡ ❧❛ ❞❛'❡✳
❙✉( ❧❡% ❞♦♥♥.❡% ❱❆▼❆✱ ♥♦✉% ❛✈♦♥% ❛❝❝H% M '♦✉'❡% ❝❡% ✐♥❢♦(♠❛'✐♦♥%✱ ❝❡ <✉✐ ♥♦✉% ❛ ♣❡(♠✐% ❞✬✉'✐❧✐%❡(
❝❡' ❛❧❣♦(✐'❤♠❡✳
✸✽ ❈❍❆#■❚❘❊ ✷✳ ▲❊❙ #❘➱❚❘❆■❚❊▼❊◆❚❙
▲✬❛❧❣♦(✐*❤♠❡ ❞❡♠❛♥❞❛♥* ❜❡❛✉❝♦✉♣ ❞✬4*❛♣❡5 ❞❡ ❝❛❧❝✉❧5✱ ❧❡ ❞4*❛✐❧ ♣❡✉* 7*(❡ *(♦✉✈4 ❞❛♥5 ❧✬❛(*✐❝❧❡
❬✻✺❪✳ ◆♦✉5 ✐♥❞✐?✉♦♥5 ✐❝✐ ❧❡5 ♣(✐♥❝✐♣❛❧❡5 4*❛♣❡5 ♥4❝❡55❛✐(❡ ♣♦✉( (❡*(♦✉✈❡( ❧✬❛♥❣❧❡ ③4♥✐*❤❛❧✳
❚♦✉* ❞✬❛❜♦(❞ ♥♦✉5 ❛✈♦♥5 ❜❡5♦✐♥ ❞❡ *(❛♥5❢♦(♠❡( ❧❛ ❞❛*❡ ❞❡ ♣(✐5❡ ❞❡ ✈✉❡ ❡♥ ❥♦✉(5 ❥✉❧✐❡♥5✳ ■❧
5✬❛❣✐* ❞✬✉♥ 5②5*F♠❡ ❞❡ ❞❛*❛*✐♦♥ ?✉✐ ❝♦♥5✐5*❡ G ❝♦♥5✐❞4(❡( ✉♥ ✐♥5*❛♥* ❞♦♥♥4 ❝♦♠♠❡ ✉♥❡ ❢(❛❝*✐♦♥
❞❡ ❥♦✉(5 4❝♦✉❧45 ❞❡♣✉✐5 ❧❡ 1er ❥❛♥✈✐❡( ✲✹✼✶✷ G ✶✷❤✳
❆ ♣❛(*✐( ❞❡ ❧❛ ❞❛*❡ ❥✉❧✐❡♥✱ ♥♦✉5 ❝❛❧❝✉❧♦♥5 ❧❛ ♣♦5✐*✐♦♥ ❞❡ ❧❛ ❚❡((❡ ❞❛♥5 ❧❡ (❡♣F(❡ ❤4❧✐♦❝❡♥*(✐?✉❡✳
❊♥5✉✐*❡ ♥♦✉5 ❝❤❛♥❣❡♦♥5 ❞❡ (❡♣F(❡ ♣♦✉( 5❡ ♣❧❛❝❡( ❞❛♥5 ❧❡ (❡♣F(❡ ❣4♦❝❡♥*(✐?✉❡✳ ❆ ❧✬❛✐❞❡ ❞❡ ❧❛
❧♦♥❣✐*✉❞❡ ❡* ❞❡ ❧❛ ❧❛*✐*✉❞❡ ❞❡ ❧❛ ❚❡((❡ ❞❛♥5 ❧❡ (❡♣F(❡ ❤4❧✐♦❝❡♥*(✐?✉❡✱ ♥♦✉5 ♣♦✉✈♦♥5 ❢❛❝✐❧❡♠❡♥*
❝❛❧❝✉❧❡( ❧❛ ❧♦♥❣✐*✉❞❡ ❡* ❧❛ ❧❛*✐*✉❞❡ ❞✉ 5♦❧❡✐❧ ❞❛♥5 ❧❡ (❡♣F(❡ ❣4♦❝❡♥*(✐?✉❡✳ ◆♦✉5 ♣♦✉✈♦♥5 ❛✉55✐
❝❛❧❝✉❧❡( ❧✬❛5❝❡♥5✐♦♥ ❡* ❧❡ ❞4❝❧✐♥ ❞✉ ❙♦❧❡✐❧✳
❊♥✜♥ ❧❡ ♣❛55❛❣❡ ❞✉ (❡♣F(❡ ❣4♦❝❡♥*(✐?✉❡ ❛✉ (❡♣F(❡ *♦♣♦❣(❛♣❤✐?✉❡ ♣❡(♠❡* ❞❡ ❝❛❧❝✉❧❡( ❧✬❛♥❣❧❡
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❝♦♥/♦✉1, 1❡,,♦1/❡♥/ ❞❛♥, ❧✬✐♠❛❣❡ ✐♥✐/✐❛❧❡ ✭❝❢✳ ✜❣✉1❡ ✷✳✶✺✮✳ ❈❡//❡ ♠=/❤♦❞❡ ❞❡ ❞=/❡❝/✐♦♥ ❞❡ ❝♦♥/♦✉1,
❡♥ ✈✉❡ ❞✬✉♥❡ 1❡❝♦♥♥❛✐,,❛♥❝❡ ❛ ❢❛✐/ ❧✬♦❜❥❡/ ❞✬✉♥❡ ♣✉❜❧✐❝❛/✐♦♥ ❬✻✷❪✳
❈❡♣❡♥❞❛♥/✱ ,✉1 ❧❡, ✐♠❛❣❡, ❱❆▼❆✱ ❧❡, ♦❜❥❡/, ♥❡ ,♦♥/ ♣❛, ❝♦♥/1❛,/=, ❡/ ❧❡, ❝♦✉❧❡✉1, ,♦♥/
♣1♦❝❤❡, ❞❡ ❝❡❧❧❡, ❞✉ ,♦❧ ✭❝❢✳ ✜❣✉1❡ ✷✳✶✻✮✳ ◆♦✉, ❛✈♦♥, ❞♦♥❝ ❝❤❡1❝❤= ✉♥❡ ❛✉/1❡ ,♦❧✉/✐♦♥✳ ◆♦/1❡
❝❤♦✐① ,✬❡,/ ♣♦1/= ,✉1 ❧❡, ✐♠❛❣❡, ❞❡ ❝♦♥/♦✉1, ✈✐❛ ❧✬❛♣♣1♦❝❤❡ ♠✉❧/✐✲=❝❤❡❧❧❡ ✭❝❢✳ ✜❣✉1❡ ✷✳✶✼✮✳ 9♦✉1
❝❡❧❛✱ ♥♦✉, ♥♦✉, ,♦♠♠❡, ✐♥,♣✐1=, ❞❡ ❧❛ ♠=/❤♦❞❡ ❞❡ ❈❛♥♥② ❬✻✻❪✳ ◆♦✉, ❞=/❡❝/♦♥, ❧❡, ❝♦♥/♦✉1, ,✉1 ✷
✐♠❛❣❡, ❛✉① =❝❤❡❧❧❡, 96×128 ❡/ 48×64 ♣✉✐, ♥♦✉, ❢✉,✐♦♥♥♦♥, ❧❡, 1=,✉❧/❛/, ♦❜/❡♥✉,✳ ❉❡, ❛♣♣1♦❝❤❡,
,✐♠✐❧❛✐1❡, ♦♥/ =/= ✉/✐❧✐,=❡, ❞❛♥, ❧❛ ❧✐//=1❛/✉1❡✱ ❜❛,=❡, ,✉1 ❧❡ ▲❛♣❧❛❝✐❡♥ ❬✻✽❪ ❡/ ,✉1 ❧❛ /1❛♥,❢♦1♠=❡
❡♥ ♦♥❞❡❧❡//❡ ❬✻✾❪✳
◆♦✉, ❛✈♦♥, ♣1✐, ❧✬✐♠❛❣❡ ✐,,✉❡ ❞❡ ❧❛ ✈✐❞=♦✳ ❉✬✉♥❡ ♣❛1/ ♥♦✉, ❡✛❡❝/✉♦♥, ❧❡, ♣1=/1❛✐/❡♠❡♥/,
♥=❝❡,,❛✐1❡, ❞=❝1✐/, ❞❛♥, ❝❡//❡ ♣❛1/✐❡ ✭1❡❞✐♠❡♥,✐♦♥♥❡♠❡♥/✱ ,♦✉,✲=❝❤❛♥/✐❧❧♦♥♥❛❣❡✱ 1❡❤❛✉,,❡♠❡♥/
❞❡, ❝♦♥/♦✉1,✮✳ ❊♥,✉✐/❡ ♥♦✉, ❛♣♣❧✐;✉♦♥, ✉♥ ✜❧/1❡ ❞❡ ❈❛♥♥② ❛✜♥ ❞❡ ❞=/❡❝/❡1 ❧❡, ❝♦♥/♦✉1,✳ ❉✬❛✉/1❡
♣❛1/✱ ♥♦✉, ,♦✉,✲=❝❤❛♥/✐❧❧♦♥, ❧✬✐♠❛❣❡ ♣1=/1❛✐/=❡ ♣♦✉1 ♦❜/❡♥✐1 ✉♥❡ ✐♠❛❣❡ ❞❡ /❛✐❧❧❡ ✹✽ ① ✻✹✳ ◆♦✉,
❛♣♣❧✐;✉♦♥, ✉♥ ✜❧/1❡ ❞❡ ❈❛♥♥② ,✉1 ❝❡//❡ ✐♠❛❣❡ ♣✉✐, ♥♦✉, ,✉1✲=❝❤❛♥/✐❧❧♦♥, ❞❡ ❢❛\♦♥ ] ♦❜/❡♥✐1 ✉♥❡
✐♠❛❣❡ ❞❡ /❛✐❧❧❡ ✾✻①✶✷✽✳ ▲❛ ♠✉❧/✐♣❧✐❝❛/✐♦♥ ❞❡ ❝❡, ❞❡✉① ✐♠❛❣❡, ♥♦✉, ♣❡1♠❡/ ❞❡ ♥❡ ❣❛1❞❡1 ;✉❡ ❧❡,
❝♦♥/♦✉1, ❝♦♠♠✉♥, ❛✉① ❞❡✉① ✐♠❛❣❡,✳


720 × 540 520 × 340
640× 480 620× 460
✷✳✸✳ ❘➱❙❯▲❚❆❚❙ ❊❚ ❈❖◆❈▲❯❙■❖◆ ✹✸
❋✐❣✉$❡ ✷✳✷✵ ✕ ■♠❛❣❡ ♣,-.,❛✐.-❡
❡. ❞❡ ♥❡ ♣❛2 ❝♦♥❝❧✉,❡ 7 ❧❛ ♣,-2❡♥❝❡ ❞✬✉♥ ♦❜❥❡.✳
▲❛ ✜❣✉,❡ ✷✳✷✶ ♠♦♥.,❡ ❧✬✐♠❛❣❡ ❞❡ ❝♦♥.♦✉,2 ❛✈❛♥. 2✉♣♣,❡22✐♦♥ ❞✉ ♠❛♥❝❤♦♥✱ ♦❜.❡♥✉❡ ❛✈❡❝ ❧❛
♠-.❤♦❞❡ ♣,-2❡♥.-❡ 2✉, ❧❛ ✜❣✉,❡ ✷✳✶✼✳ ▲❡ ♠❛♥❝❤♦♥ ❡2. ❞-.❡❝.- ❡. ♣❡✉. ❢❛✐,❡ ❝♦♥❝❧✉,❡ 7 ❧❛ ♣,-2❡♥❝❡
❞✬✉♥ ♦❜❥❡.✳ ❙✉, ❧❛ ✜❣✉,❡ ✷✳✷✷✱ ❧❡ ♠❛♥❝❤♦♥ ❛ -.- 2✉♣♣,✐♠- ❡. ♥✬✐♥.,♦❞✉✐. ♣❧✉2 ❞❡ ❢❛✉22❡ ❛❧❛,♠❡✳
❋✐❣✉$❡ ✷✳✷✶ ✕ ■♠❛❣❡ ❞❡ ❝♦♥.♦✉,2 ❞❡
❧✬✐♠❛❣❡ ✐♥✐.✐❛❧❡
❋✐❣✉$❡ ✷✳✷✷ ✕ ■♠❛❣❡ ❞❡ ❝♦♥.♦✉,2 2✉,
❧❛D✉❡❧❧❡ ❧❡ ♠❛♥❝❤♦♥ ❛ -.- 2✉♣♣,✐♠-
✷✳✸ ❘$%✉❧(❛(% ❡( ❝♦♥❝❧✉%✐♦♥
▲❡2 ✐♠❛❣❡2 ❚♦♣✈✐2✐♦♥ ❡. ❱❆▼❆ ♥❡ ♣,-2❡♥.❡♥. ♣❛2 ❧❡2 ♠I♠❡2 ❝❛,❛❝.-,✐2.✐D✉❡2 ❡. ❧❡2 ♠I♠❡2
♣,♦❜❧J♠❡2✳ ◆♦✉2 ❛✈♦♥2 ❞♦♥❝ ❞L ❛❞❛♣.❡, ♥♦2 ♣,-.,❛✐.❡♠❡♥.2 ❛✉① ❞✐✛-,❡♥.❡2 ✐♠❛❣❡2✳
✷✳✸✳✶ ▲❡& ✐♠❛❣❡& ❚♦♣✈✐&✐♦♥
❆✈❡❝ ❧❡2 ✐♠❛❣❡2 ❚♦♣✈✐2✐♦♥✱ ♥♦✉2 ❛✈♦♥2 ✉.✐❧✐2- ❧❛ ❝♦✉♣❡ ❞❡2 -❝,✐.✉,❡2 ♣♦✉, 2✉♣♣,✐♠❡, ❧❡ ♣,♦✲
❜❧J♠❡ ❞❡2 ❢❛✉22❡2 ❞-.❡❝.✐♦♥2 7 ❝❡2 ❡♥❞,♦✐.2 ❞❡ ❧✬✐♠❛❣❡ ✭❝❢✳ ♣❛,.✐❡ ✷✳✷✳✻✳✶✮✳ ❯♥ ♣,❡♠✐❡, ✜❧.,❛❣❡
❡. ✉♥❡ ,-❞✉❝.✐♦♥ ❞✉ .❡♠♣2 ❞❡ ❝❛❧❝✉❧ ♦♥. -.- ♦❜.❡♥✉2 ❣,T❝❡ ❛✉ 2♦✉2✲-❝❤❛♥.✐❧❧♦♥♥❛❣❡ ❞❡ ❧✬✐♠❛❣❡
✭❝❢✳ ♣❛,.✐❡ ✷✳✷✳✷✮✳ ◆♦✉2 ❛✈♦♥2 ✉.✐❧✐2- ✉♥ ✜❧.,❡ ♠-❞✐❛♥ ♣♦✉, ✜❧.,❡, ❞❛✈❛♥.❛❣❡ ❞❡ ❜,✉✐. ♣,-2❡♥.
❞❛♥2 ❧✬✐♠❛❣❡ ✭❝❢✳ ♣❛,.✐❡ ✷✳✷✳✸✮✳ ❊♥✜♥ ♥♦✉2 ❛✈♦♥2 ,❡❤❛✉22- ❧❡ ❝♦♥.,❛2.❡ ❞❡ ❢❛V♦♥ 7 ❢❛✐,❡ ,❡22♦,.✐,
❞❛✈❛♥.❛❣❡ ❧❡2 ♦❜❥❡.2 ♣,-2❡♥.2 ❞❛♥2 ❧❡2 ✐♠❛❣❡2 ✭❝❢✳ ♣❛,.✐❡ ✷✳✶✳✷✳✶✮✳ ◆♦✉2 ♥✬❛✈♦♥2 ♣❛2 ,❡♥❝♦♥.,- ❧❡
♣,♦❜❧J♠❡ ❞❡ 2❛.✉,❛.✐♦♥ ❞✉ 2♦❧❡✐❧ 2✉, ❧❡ 2♦❧ ♦✉ 2✉, ❧❡2 ♠✐♥❡2✳ ▲❡ ♠♦❞J❧❡ ❞❡ W❤♦♥❣ ♥✬❛ ❞♦♥❝ ♣❛2
-.- ✉.✐❧✐2-✳
❯♥ 2❝❤-♠❛ ❞❡ ❧✬❛❧❣♦,✐.❤♠❡ ❞❡ ♣,-.,❛✐.❡♠❡♥. ❡2. ❞♦♥♥- ✜❣✉,❡ ✷✳✷✸ ❛✈❡❝ ❞❡2 ✐♠❛❣❡2 ♠♦♥.,❛♥.
❧✬❡✛❡. ❞❡ ❝❤❛D✉❡ -.❛♣❡✳ ❈♦♠♣❛,❛.✐✈❡♠❡♥. 7 ❧✬✐♠❛❣❡ ✐22✉❡ ❞❡ ❧❛ ✈✐❞-♦✱ ✐❧ ♥✬② ❛ ♣❧✉2 ❞❡ ❝♦♥.♦✉,2 ❡.
❞❡ ❜,✉✐.2 D✉✐ ♣❡✉✈❡♥. ♣❡,.✉,❜❡, ❧❛ ❞-.❡❝.✐♦♥✳ ▲❛ ♠✐♥❡ ,❡22♦,. ♥❡..❡♠❡♥. ❞❛♥2 ❧✬✐♠❛❣❡✳ ▲❡2 ✐♠❛❣❡2
❞❡ ♣❤❛2❡ ♦♥. -.- ❛❥♦✉.-❡2 7 .✐.,❡ ✐♥❞✐❝❛.✐❢✱ ♣♦✉, ♠♦♥.,❡, ❧✬❡✛❡. ❞❡2 ♣,-.,❛✐.❡♠❡♥.2 2✉, ❧✬✐♠❛❣❡
❞❡ ♣❤❛2❡✳ ❉❛♥2 ❝❡ ❝❛2✱ ♥♦✉2 ♣♦✉✈♦♥2 ❝♦♥2.❛.❡, ✉♥❡ ❛♠-❧✐♦,❛.✐♦♥ ❞❡2 ❝♦♥.♦✉,2✳ ▲❡2 ✐♠❛❣❡2 ❞❡
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❯♥ ♣2♦❜❧R♠❡ (❡❝❤♥✐,✉❡ ♣♦0% ♣❛2 ❝❡((❡ ♠%(❤♦❞❡ ❡0( ❧❛ ♥%❝❡00✐(% ❞✬❛✈♦✐2 ❞❡0 ❞♦♥♥%❡0 ❡♥ ❝♦✉❧❡✉20 ✦
✸✳✷ ▼$%❤♦❞❡ ❜❛,$❡ ,✉. ❧❛ %.❛♥,❢♦.♠$❡ ❞❡ ❍♦✉❣❤
▲❛ (2❛♥0❢♦2♠%❡ ❞❡ ❍♦✉❣❤ ❡0( ✉♥❡ (2❛♥0❢♦2♠❛(✐♦♥ ,✉✐ ♣❡2♠❡( ❞❡ ❞%(❡❝(❡2 ❞❡0 ❧✐❣♥❡0 ❞❛♥0
✉♥❡ ✐♠❛❣❡✳ ▲❛ 2❡❧❛(✐♦♥ ❞❡ ♣❛00❛❣❡ ❡♥(2❡ ❧❡0 ❝♦♦2❞♦♥♥%❡0 ❝❛2(%0✐❡♥♥❡0 ❡( ❧❡0 ❝♦♦2❞♦♥♥%❡0 ♣♦❧❛✐2❡0
0✬%❝2✐( ✿
x = r cos θ
y = r sin θ
✭✸✳✶✮
■❧ ❡0( ❞♦♥❝ ❡①❛❝( ❞✬%❝2✐2❡ ✿
x cos θ + y sin θ = r
r cos θ cos θ + r sin θ sin θ = r
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■❧ ❡0( ❛❧♦20 ♣♦00✐❜❧❡ ❞❡ (2♦✉✈❡2 ✉♥ ❝♦✉♣❧❡ (r, θ) ,✉✐ ♣❡2♠❡((❡ ❞❡ ❞%❝2✐2❡ ❧✬%,✉❛(✐♦♥ ❝❛2(%0✐❡♥♥❡
y = ax+ b
y = −
cos θ
sin θ
x+
r
sin θ
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❞♦♥♥%❡0 (r, θ)✳
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♦❜.❡♥✉0✱ ✐❧ ❝❤❡-❝❤❡ ❝❡✉① F✉✐ ♣♦✉--❛✐❡♥. ❛♣♣❛-.❡♥✐- < ✉♥❡ ❡❧❧✐♣0❡ ✭❝♦♥.♦✉- ❞✬✉♥ ♣✐♣❡❧✐♥❡✮✳ ❊♥0✉✐.❡ ✐❧
❢❛✐. ❧❛ ❝♦--❡0♣♦♥❞❛♥❝❡ ❡♥.-❡ ❧❡0 ❡❧❧✐♣0❡0 .-♦✉✈6❡0 ❡. ❧✬6.❛. ❞✉ ❞-♦♥❡ 0♦✉0 ♠❛-✐♥ ✭0❡❧♦♥ ❧✬✐♥❝❧✐♥❛✐0♦♥
❞✉ ❞-♦♥❡✱ ❧❡ ♣✐♣❡❧✐♥❡ ♥✬❡0. ♣❛0 ✈✉ 0♦✉0 ❧❡ ♠[♠❡ ❛♥❣❧❡ ❡. ♣❛- ❝♦♥06F✉❡♥. ❧❛ ❢♦-♠❡ ❞❡ ❧✬❡❧❧✐♣0❡
❝❤❛♥❣❡✮✳
❈❡..❡ ♠6.❤♦❞❡ ❡0. ❡✣❝❛❝❡ 0✐ ❧✬♦♥ ❝♦♥♥❛✐. ❧❛ ❢♦-♠❡ < ❝❤❡-❝❤❡-✳ ■❝✐ ❧❛ 0❡❝.✐♦♥ ❞✉ ♣✐♣❡❧✐♥❡ ❛✉-❛
.♦✉❥♦✉-0 ✉♥❡ ❢♦-♠❡ ❡❧❧✐♣.✐F✉❡✳ ◆♦✉0 ❛✈♦♥0 ❝❤♦✐0✐ ❞❡ ❝❤❡-❝❤❡- F✉❛.-❡ .②♣❡0 ❞❡ ♠✐♥❡0 ❞✐✛6-❡♥.0
❞♦♥. ❧❛ ❢♦-♠❡ ♣❡✉. ❝❤❛♥❣❡- 0❡❧♦♥ ❧❡ ♣♦✐♥. ❞❡ ✈✉❡✳ P♦✉- ✉.✐❧✐0❡- ❝❡..❡ ♠6.❤♦❞❡ ✐❧ ❢❛✉❞-❛✐. .-♦✉✈❡-
✉♥❡ ❢♦-♠✉❧❡ ♠❛.❤6♠❛.✐F✉❡ ❞6❝-✐✈❛♥. .♦✉0 ❧❡0 ♣♦✐♥.0 ❞❡ ✈✉❡ ❞❡ ♥♦0 ♠✐♥❡0✳ ❈❡..❡ ♠6.❤♦❞❡ ❛ ❞❡✉①
♣-♦❜❧:♠❡0 ✿ ❧❛ ❢♦-♠❡ ❞❡0 ♠✐♥❡0 ❡. ❧❡ ♠✐❧✐❡✉ ❞✐✛✉0❛♥.✳
❯♥❡ .-♦✐0✐:♠❡ ♠6.❤♦❞❡ ♣-♦♣♦06❡ ❡. ✈❛❧✐❞6❡ ♣❛- ❍❡❧❛♥ ❡! ❛❧✳ ❬✹✼❪ ♣-✐✈✐❧6❣✐❡ ❧❛ ❞6.❡❝.✐♦♥ ❞✬♦❜✲
❥❡.0 ♣❛- ❧❡0 ❝♦♥.♦✉-0✳ ■❧0 ❞6.❡❝.❡♥. ❧❡0 ❝♦♥.♦✉-0 < ❧✬❛✐❞❡ ❞✉ ❣-❛❞✐❡♥. ❞❡ ❉✐ ❩❡♥③♦ ❬✼✺❪✳ ❯♥❡ 6.✉❞❡
❞✬❤✐0.♦❣-❛♠♠❡0 ❜❛060 0✉- ❧❛ ❝♦♥♥❡①✐.6 ❞❡0 ❝♦♥.♦✉-0 .-♦✉✈60 ♣❡-♠❡. ❞❡ ✜❧.-❡- ❧❡0 ❞6.❡❝.✐♦♥0 .-♦♣
♣❡.✐.❡0✱ ♥❡ ♣♦✉✈❛♥. ♣❛0 ❝♦--❡0♣♦♥❞-❡ < ✉♥ ♦❜❥❡. ♠❛♥✉❢❛❝.✉-6✳ ❊♥0✉✐.❡ ✐❧0 ❝❤♦✐0✐00❡♥. ❧❡0 ❝♦♥.♦✉-0
-❡❝.✐❧✐❣♥❡0 ❡♥ ❛♣♣❧✐F✉❛♥. ✉♥❡ .-❛♥0❢♦-♠6❡ ❞❡ ❍♦✉❣❤ 0✉- ❧❡0 ❝♦♥.♦✉-0 .-♦✉✈60✳ ❊♥✜♥✱ ✉♥❡ ❝♦♠♣❛✲
-❛✐0♦♥ ❝♦❧♦-✐♠6.-✐F✉❡ ♣❡-♠❡. ❞❡ ❞6.❡❝.❡- ❧❡0 ❝♦♥.♦✉-0 F✉✐ ❡♥.♦✉-❡♥. ✉♥❡ ♠[♠❡ ③♦♥❡ ❛❧♦-0 ❞6.❡❝.6❡
❝♦♠♠❡ 6.❛♥. ✉♥ ♦❜❥❡.✳
❈❡..❡ ♠6.❤♦❞❡ ♥6❝❡00✐.❡ ❧✬✉.✐❧✐0❛.✐♦♥ ❞✬✉♥ ❡♥0❡♠❜❧❡ ❞❡ ♠6.❤♦❞❡0✱ ❝❡ F✉✐ ❛❧♦✉-❞✐. ❧✬❛❧❣♦-✐.❤♠❡
❡. ❛✉❣♠❡♥.❡ ❝♦♥0✐❞6-❛❜❧❡♠❡♥. ❧❡ .❡♠♣0 ❞❡ .-❛✐.❡♠❡♥. ♥6❝❡00❛✐-❡ ♣♦✉- .-❛✐.❡- ✉♥❡ ✐♠❛❣❡✳ ▲❛
.-❛♥0❢♦-♠6❡ ❞❡ ❍♦✉❣❤ ❡. ❧✬✉.✐❧✐0❛.✐♦♥ ❞❡ ❧❛ ❝♦✉❧❡✉- ♦♥. ❞6❥< 6.6 6.✉❞✐6❡0 ❡. ♥♦.-❡ ♣♦0✐.✐♦♥ ❞♦♥♥6❡✳
✹✽ ❈❍❆#■❚❘❊ ✸✳ ❈❍❖■❳ ❉❊ ▲✬❆##❘❖❈❍❊
❖❧♠♦& ❬✹✺❪ ♣+♦♣♦&❡ ❡- ✈❛❧✐❞❡ ✉♥❡ ♠4-❤♦❞❡ ♣♦✉+ ❞✐&-✐♥❣✉❡+ ❧❡& ♦❜❥❡-& ♥❛-✉+❡❧& ❞❡& ♦❜❥❡-& ♠❛♥✉✲
❢❛❝-✉+4&✳ ❈❡--❡ ♠4-❤♦❞❡ ❝♦♥&✐&-❡ > ❡①-+❛✐+❡ ❧❡& ❝♦♥-♦✉+& ♣+4&❡♥-& ❞❛♥& ❧✬✐♠❛❣❡ ❛✈❡❝ ✉♥ ❞4-❡❝-❡✉+
❞❡ ❈❛♥♥② ❬✻✻❪✳ C♦✉+ ❝❧❛&&✐✜❡+ ❧❡& ❝♦♥-♦✉+& ❞4-❡❝-4&✱ ❡❧❧❡ ❞4✜♥✐- ❛✉ ♣+4❛❧❛❜❧❡ ❧❡& ♣+♦♣+✐4-4& ❞❡&
❝♦♥-♦✉+& ❞❡& ♦❜❥❡-& ♥❛-✉+❡❧& ❡- ❞❡& ♦❜❥❡-& ♠❛♥✉❢❛❝-✉+4& ❡♥ ❢♦♥❝-✐♦♥ ❞❡ ❧❛ ❧♦♥❣✉❡✉+ ❞❡& ❝♦♥-♦✉+&✱
❞❡ ❧❡✉+ ♥♦♠❜+❡ ❡- ❞❡ ❧❡✉+ ❝♦✉+❜✉+❡&✳ ❊♥ ♠❡&✉+❛♥- ❝❡& ❣+❛♥❞❡✉+& &✉+ ❧❡& ❝♦♥-♦✉+& ♦❜-❡♥✉& ❛✈❡❝ ❧❡
❞4-❡❝-❡✉+ ❞❡ ❈❛♥♥②✱ ❡❧❧❡ ❝❧❛&&✐✜❡ ❧❡& ♦❜❥❡-& ❞4-❡❝-4& ❡♥ ♦❜❥❡-& ♥❛-✉+❡❧& ♦✉ ♦❜❥❡-& ♠❛♥✉❢❛❝-✉+4&✳
❈❡--❡ ♠4-❤♦❞❡ ♣❡+♠❡- ✉♥✐G✉❡♠❡♥- ❞❡ ❝❧❛&&✐✜❡+ ❞❡& ❞4-❡❝-✐♦♥&✱ ♣❛& ❞✬✐❞❡♥-✐✜❡+ ✉♥ ♦❜❥❡-✳ ❉❡
♣❧✉&✱ ✉♥ ❝+✐-I+❡ ❞❡ ❝❧❛&&✐✜❝❛-✐♦♥ ❜❛&4 &✉+ ❧❛ ❧♦♥❣✉❡✉+ ❞❡& ❝♦♥-♦✉+& ❞4-❡❝-4& ❞❡♠❛♥❞❡ ✉♥❡ ❜♦♥♥❡
❞4-❡❝-✐♦♥ ❞❡& ❝♦♥-♦✉+& ❞♦♥❝ ❞❡& ✐♠❛❣❡& ❝♦♥-+❛&-4❡&✱ ❝❡ G✉✐ ♥✬❡&- ♣❛& -♦✉❥♦✉+& ❧❡ ❝❛& ❞❡ ♥♦& ✐♠❛❣❡&✳
■❧ ❡&- ♣♦&&✐❜❧❡ G✉❡ ❧❡& ❝♦♥-♦✉+& G✉❡ ♥♦✉& ♦❜-❡♥♦♥& &♦✐❡♥- -+I& ♠♦+❝❡❧4&✱ ❝❡ G✉✐ ❧✐♠✐-❡ ❧✬✐♥-4+K- ❞❡
-❡❧& ❝+✐-I+❡&✳
▲❡ ♠♦❞✉❧❡ ❞❡ ❚❤❛❧❡& ❬✽❪ ♣❡+♠❡- ❞✬❡✛❡❝-✉❡+ ❧❛ ❞4-❡❝-✐♦♥ ❡- ❧❛ +❡❝♦♥♥❛✐&&❛♥❝❡ ❞❡ ❧❛ ♠✐♥❡✳
▲✬❛❧❣♦+✐-❤♠❡ ❞❡ ❞4-❡❝-✐♦♥ ❛ 4-4 ❞4✈❡❧♦♣♣4 ❛✈❡❝ ❧✬❡♥-+❡♣+✐&❡ ❈②❜❡+♥❡-✐①✳ ❈❡- ❛❧❣♦+✐-❤♠❡ ♣+4-+❛✐-❡
❧❡& ✐♠❛❣❡& ❞❡ ❢❛O♦♥ > ♣♦✉✈♦✐+ ❧❡& &❡❣♠❡♥-❡+ ❡- ❡♥ ❡①-+❛✐+❡ ❧❡& ❝♦♥-♦✉+&✳ ❈❡& ❝♦♥-♦✉+& &♦♥- ❝♦♠♣❛+4&
> ❞❡& ❧✐❣♥❡& ❡- ❞❡& ❡❧❧✐♣&❡& G✉✐ ♣❡+♠❡--❡♥- ❞❡ ❞4❝+✐+❡ ❞❡& ♦❜❥❡-& ♠❛♥✉❢❛❝-✉+4& ❛✈❡❝ ❞❡& ❝♦♥-♦✉+&
✏❧✐&&❡&✑ ♣❛+ ♦♣♣♦&✐-✐♦♥ ❛✉① ♦❜❥❡-& ♥❛-✉+❡❧& G✉✐ ❛✉+♦♥- ❞❡& ❝♦♥-♦✉+& ❜+✉✐-4&✳ ▲❡ ❝❡♥-+❡ ❞✉ ❝♦♥-♦✉+
❞4-❡+♠✐♥❡ ❧❛ ♣♦&✐-✐♦♥ ❞❡ ❧❛ ♠✐♥❡✳ ▲✬✐❞❡♥-✐✜❝❛-✐♦♥ ❞❡ ❧❛ ♠✐♥❡ &❡ ❢❛✐- ♣❛+ ❝♦♠♣❛+❛✐&♦♥ ❛✈❡❝ ❞❡&
❝♦♥-♦✉+& ❞❡ +4❢4+❡♥❝❡✳ ❙✐ ❧✬✐❞❡♥-✐✜❝❛-✐♦♥ ♣+♦♣♦&4❡ ♣❛+ ❧❡ &②&-I♠❡ ❝♦++❡&♣♦♥❞ ❛✉ ❞4♣❧❛❝❡♠❡♥- ❞✉
✈4❤✐❝✉❧❡✱ ✐❧ ❡&- ♣♦&&✐❜❧❡ G✉✬❡❧❧❡ &♦✐- ❝♦++❡❝-❡✳ ❯♥❡ ♠❡&✉+❡ ❞❡ G✉❛❧✐-4 ❡&- ❡✛❡❝-✉4❡ ♣♦✉+ G✉❛♥-✐✜❡+
❧✬✐❞❡♥-✐✜❝❛-✐♦♥✳
❈❡--❡ ♠4-❤♦❞❡ ♣+4&❡♥-❡ ❞❡ ❜♦♥& +4&✉❧-❛-& ♠❛✐& ❝♦♠♠❡ -♦✉-❡& ❧❡& ♠4-❤♦❞❡& ❜❛&4❡& &✉+ ❧❛
❞4-❡❝-✐♦♥ ❞❡ ❝♦♥-♦✉+&✱ ❡❧❧❡ ❡&- -+✐❜✉-❛✐+❡ ❞❡ ❧❛ ❢♦+♠❡ ❞❡ ❧✬♦❜❥❡- > ❞4-❡❝-❡+ ❡- ❞❡ ❧❛ G✉❛❧✐-4 ❞❡
❧✬✐♠❛❣❡✳ ❆✐♥&✐ ❝❡& ❞❡✉① ♣❛+❛♠I-+❡& ✭❢♦+♠❡ ❡- G✉❛❧✐-4✮ ♣❡+♠❡--❡♥- ♦✉ ♥♦♥ ✉♥❡ ❜♦♥♥❡ ❞4-❡❝-✐♦♥ ❞❡
❝♦♥-♦✉+& G✉✐ ❢❛❝✐❧✐-❡ ♣❛+ ❧❛ &✉✐-❡ ❧✬✐❞❡♥-✐✜❝❛-✐♦♥✳
●❧♦❜❛❧❡♠❡♥-✱ ❧❡& ♠4-❤♦❞❡& ❜❛&4❡& &✉+ ❧❡& ❝♦♥-♦✉+& &❡♠❜❧❡♥- K-+❡ ♥♦♠❜+❡✉&❡& ❞❛♥& ❧❡ ❞♦♠❛✐♥❡
❞❡ ❧❛ ✈✐&✐♦♥ &♦✉& ♠❛+✐♥❡✳ ❊❧❧❡& ❞♦✐✈❡♥- K-+❡ ❡✣❝❛❝❡& ♣♦✉+ ❞4-❡❝-❡+ ❛✉ ♠✐❡✉① ❧❡& ❝♦♥-♦✉+& ❞❡& ♦❜❥❡-&
♣+4&❡♥-& ♦✉ ❡❧❧❡& ♥4❝❡&&✐-❡♥- ❞❡& ✐♠❛❣❡& -+I& ❝♦♥-+❛&-4❡&✳ ❉❡ ♣❧✉& ❧❡& +4&✉❧-❛-& ❞❡ ❧❛ ❞4-❡❝-✐♦♥ ❞❡
❝♦♥-♦✉+& ❞♦✐✈❡♥- K-+❡ ❛♥❛❧②&4& ❛✜♥ ❞❡ ❝❧❛&&✐✜❡+ ❡- ✐❞❡♥-✐✜❡+ ❧❡& ♦❜❥❡-&✳ ❈❡- ❡♥❝❤❛✐♥❡♠❡♥- ❞❡ ❞❡✉①
♠4-❤♦❞❡& ✭♦✉ ♣❧✉&✮ ♣❡+♠❡- ❞❡ ❞✐✛4+❡♥❝✐❡+ ❧❛ ❞4-❡❝-✐♦♥ ❞❡ ❧❛ +❡❝♦♥♥❛✐&&❛♥❝❡ ❞✬✉♥ ♦❜❥❡-✳
✸✳✸✳✷ ❯$✐❧✐'❛$✐♦♥ ❞❡' ❝♦♥$♦✉/' ❛❝$✐❢'
▲❛ ♠4-❤♦❞❡ ❞❡& ❝♦♥-♦✉+& ❛❝-✐❢& ❡&- ✉-✐❧✐&4❡ ♣❛+ ❑♦❝❛❦ ❡! ❛❧✳ ❬✼✻❪ ♣♦✉+ ❞4-❡❝-❡+ ❡- &✉✐✈+❡
❞✉ ♣❧❛♥❝-♦♥ ❜✐♦❧✉♠✐♥❡&❝❡♥-✳ ▲❡ ♣❧❛♥❝-♦♥ ❡&- &❡❣♠❡♥-4 ❛✈❡❝ ❧❡& ❝♦♥-♦✉+& ❛❝-✐❢&✳ ❈❤❛G✉❡ 4❧4♠❡♥-
-+♦✉✈4 ❡&- ❧❛❜❡❧❧✐&4 ♣✉✐& &✉✐✈✐ ❞❛♥& ❧❛ ✈✐❞4♦ ❛✜♥ ❞❡ ❝♦♠♣-❡+ ❧❡& ❞✐✛4+❡♥-& ♣❧❛♥❝-♦♥& ❞❡& ❞✐✛4+❡♥-❡&
❡&♣I❝❡& ♣+4&❡♥-& ❞❛♥& ❧❛ ✈✐❞4♦ 4-✉❞✐4❡✳
▲❛ ♠4-❤♦❞❡ ❞❡& ❝♦♥-♦✉+& ❛❝-✐❢& ❡&- ✉♥❡ ♠4-❤♦❞❡ ❡✣❝❛❝❡ ♣♦✉+ -+♦✉✈❡+ ❞❡& ❝♦♥-♦✉+& ♠❛✐& ♥4✲
❝❡&&✐-❡ ✉♥ -❡♠♣& ❞❡ ❝❛❧❝✉❧ -+I& ✐♠♣♦+-❛♥-✳ ❊♥ ❡✛❡-✱ ✉♥❡ ③♦♥❡ ❞❡ ❞4♣❛+- ❡&- ❢♦✉+♥✐❡ > ❧✬❛❧❣♦+✐-❤♠❡
❛✐♥&✐ G✉✬✉♥ ♥♦♠❜+❡ ❞✬✐-4+❛-✐♦♥&✳ ❆ ❝❤❛G✉❡ ✐-4+❛-✐♦♥✱ ❧✬❛❧❣♦+✐-❤♠❡ ❝❛❧❝✉❧❡ ❧✬4♥❡+❣✐❡ > ❧✬✐♥-4+✐❡✉+
❞✉ ❝♦♥-♦✉+ ❡- ❧✬4♥❡+❣✐❡ > ❧✬❡①-4+✐❡✉+✳ ▲❛ &♦♠♠❡ ❞❡ ❝❡& ❞❡✉① 4♥❡+❣✐❡& ❞♦✐- K-+❡ ♠✐♥✐♠✐&4❡✳ C♦✉+
❝❡+-❛✐♥& ♣♦✐♥-&✱ ❧✬❛❧❣♦+✐-❤♠❡ ✈❛ -+♦✉✈❡+ ✉♥ ♠✐♥✐♠✉♠✱ ♣♦✉+ ❞✬❛✉-+❡& ♣♦✐♥-& ❧✬❛❧❣♦+✐-❤♠❡ ✈❛ ❝❤❡+✲
❝❤❡+ ✉♥ ♠✐♥✐♠✉♠ ❥✉&G✉✬> ❧❛ ❞❡+♥✐I+❡ ✐-4+❛-✐♦♥✳ ▲❡ ❝♦♥-♦✉+ &❡ ❞4❢♦+♠❡ > ❝❤❛G✉❡ ✐-4+❛-✐♦♥ ♣♦✉+
&❡ +❛♣♣+♦❝❤❡+ ❞✉ ❝♦♥-♦✉+ ❞❡ ❧✬♦❜❥❡-✳ ▲❛ -❛✐❧❧❡ ❞❡ ❧❛ ③♦♥❡ ❞❡ ❞4♣❛+- ❡&- ✐♠♣♦+-❛♥-❡ ✿ &✐ ❧✬♦❜❥❡- >
-+♦✉✈❡+ ❡&- ❞❡ ❣+❛♥❞❡ -❛✐❧❧❡ ❡- ❧❛ ③♦♥❡ ♣❡-✐-❡✱ ✐❧ ❢❛✉❞+❛ ❜❡❛✉❝♦✉♣ ❞✬✐-4+❛-✐♦♥& ♣♦✉+ G✉❡ ❧❡ ❝♦♥-♦✉+
❛❝-✐❢ ❝♦++❡&♣♦♥❞❡ ❛✉ ❝♦♥-♦✉+ ❞❡ ❧✬♦❜❥❡-✳ C❧✉& ❧❡ ♥♦♠❜+❡ ❞✬✐-4+❛-✐♦♥& ❡&- ✐♠♣♦+-❛♥- ♣❧✉& ❧❡ -❡♠♣&
❞❡ ❝❛❧❝✉❧ ❛✉❣♠❡♥-❡✳ ❈♦♠♠❡ ♥♦✉& ♥❡ ❝♦♥♥❛✐&&♦♥& ♣❛& ❧✬♦❜❥❡- > +❡❝♦♥♥❛✐-+❡ ♥✐ &♦♥ ♦+✐❡♥-❛-✐♦♥✱ ✐❧
❡&- ❞✐✣❝✐❧❡ ❞❡ ❞4✜♥✐+ ✉♥❡ -❛✐❧❧❡ ❞❡ ③♦♥❡ ❡- ✉♥ ♥♦♠❜+❡ ❞✬✐-4+❛-✐♦♥& G✉✐ ♣❡+♠❡--❡♥- ❞❡ ❞4-❡❝-❡+
❡✣❝❛❝❡♠❡♥- ❡- +❛♣✐❞❡♠❡♥- ❧❡& ❝♦♥-♦✉+& ❞❡& ♦❜❥❡-&✳
✸✳✹✳ ▼➱❚❍❖❉❊❙ ❇❆❙➱❊❙ ❙❯❘ ▲✬❆❚❚❊◆❚■❖◆ ❱■❙❯❊▲▲❊ ✹✾
✸✳✹ ▼$%❤♦❞❡* ❜❛*$❡* *✉. ❧✬❛%%❡♥%✐♦♥ ✈✐*✉❡❧❧❡
❉❛♥% ❧❛ '(❢('❡♥❝❡ ❬✼✼❪✱ ❈✳ ❇❛'❛3 ❡3 ❘✳ 5❤❧②♣♦ ❝❤❡'❝❤❡♥3 : ❞(3❡❝3❡' ❧❡% ♦❜❥❡3% ❝♦♥3❡♥✉% ❞❛♥% ❧❡%
✐♠❛❣❡% ❚♦♣✈✐%✐♦♥✳ ■❧% ❡①3'❛✐❡♥3 ❞❡% ✐♠❛❣❡%✲❝❛'❛❝3('✐%3✐G✉❡% ❞❡ ❢❛H♦♥ : ❝'(❡' ✉♥❡ ❝❛'3❡ ❞❡ %❛✐❧❧❛♥❝❡✳
▲❡✉' ❛♣♣'♦❝❤❡ ❡%3 ❜❛%(❡ %✉' ❧✬✉3✐❧✐%❛3✐♦♥ ❞❡ ❧✬❛33❡♥3✐♦♥ ✈✐%✉❡❧❧❡ ❬✼✽❪✳ ■❧% ❝♦♠♠❡♥❝❡♥3 ♣❛' ✉♥❡ (3✉❞❡
❞❡ ❧✬✐♠❛❣❡ ❝✐❜❧❡ %✉' ♣❧✉%✐❡✉'% (❝❤❡❧❧❡%✳ ❊♥%✉✐3❡✱ ✐❧% ❡①3'❛✐❡♥3 ❞❡% ♠♦3✐❢% %❡❧♦♥ ❧❛ ❝♦✉❧❡✉'✱ ❧✬✐♥3❡♥%✐3(
❡3 ❧✬♦'✐❡♥3❛3✐♦♥✳ ▲❡% '(%✉❧3❛3% ❛✉① ❞✐✛('❡♥3❡% (❝❤❡❧❧❡% %♦♥3 ❢✉%✐♦♥♥(% ❡3 ♥♦'♠❛❧✐%(% ♣♦✉' ♦❜3❡♥✐'
✉♥❡ ❝❛'3❡ ❞❡ %❛✐❧❧❛♥❝❡✳ ❋✐♥❛❧❡♠❡♥3✱ ❧❛ ③♦♥❡ ❧❛ ♣❧✉% %❛✐❧❧❛♥3❡ ❡%3 (3✉❞✐(❡ ♣❛' ✉♥❡ ❛♥❛❧②%❡ ❧✐♥(❛✐'❡
❞✐%❝'✐♠✐♥❛♥3❡ ♣♦✉' ❞(❝✐❞❡' ❞❡ ❧❛ ♣'(%❡♥❝❡ ♦✉ ♥♦♥ ❞✬✉♥ ♦❜❥❡3✳ ❊♥ ❝❛% ❞❡ ♣'(%❡♥❝❡ ❞✬✉♥ ♦❜❥❡3✱ ✐❧%
❝❤❡'❝❤❡♥3 : ❧❡ %❡❣♠❡♥3❡' ❡♥ ✉3✐❧✐%❛♥3 ❧❛ ♠(3❤♦❞❡ ❞❡% ❝♦♥3♦✉'% ❛❝3✐❢% ❬✼✾❪ G✉✬✐❧% ✐♥✐3✐❛❧✐%❡♥3 ❛✈❡❝
❧❛ '(❣✐♦♥ ❧❛ ♣❧✉% %❛✐❧❧❛♥3❡✳
❈♦''❡✐❛ ❡! ❛❧✳ ❬✽✵❪ ♣'♦♣♦%❡♥3 ✉♥❡ ❛✉3'❡ ♠(3❤♦❞❡ ❜❛%(❡ %✉' ❧✬❛33❡♥3✐♦♥ ✈✐%✉❡❧❧❡ ❞❛♥% ❧❡ ❜✉3 ❞❡
❝♦♠♣3❡' ❧❡% ❤♦♠❛'❞%✳ ■❧% ❝❛❧❝✉❧❡♥3 ♣♦✉' ❝❤❛G✉❡ ✐♠❛❣❡ ✉♥❡ ❝❛'3❡ ❞✬✐♥3❡♥%✐3(✱ ✉♥❡ ❝❛'3❡ ❞❡ ❝♦♥3♦✉'%
✭❜❛%(❡ %✉' ✉♥ ❞(3❡❝3❡✉' ❞❡ ❙♦❜❡❧✮ ❡3 ✉♥❡ ❝❛'3❡ ❞❡ ❞(♣❧❛❝❡♠❡♥3✳ ❊♥%✉✐3❡ ❧❡% ❝❛'3❡% %♦♥3 ❢✉%✐♦♥♥(❡%
❞❡ ❢❛H♦♥ : ❝'(❡' ✉♥❡ ❝❛'3❡ ❞❡ %❛✐❧❧❛♥❝❡ ❞❛♥% ❧❛G✉❡❧❧❡ ❧❡% ❤♦♠❛'❞% %♦♥3 '❡♣'(%❡♥3(% ♣❛' ❧❡% ③♦♥❡%
%❛✐❧❧❛♥3❡%✳
❈❡33❡ ♠(3❤♦❞❡ ♣❡'♠❡3 ❞❡ '❡♥❢♦'❝❡' ❧❛ ♣'✐%❡ ❞❡ ❞(❝✐%✐♦♥ ❡♥ ❝♦♠❜✐♥❛♥3 ❧❡% '(%✉❧3❛3% ❞❡ ♣❧✉%✐❡✉'%
♠(3❤♦❞❡%✳ ❈❡♣❡♥❞❛♥3✱ ❝♦♠♠❡ ❞❛♥% ❧✬❛♣♣'♦❝❤❡ ❞❡ ❈✳ ❇❛'❛3 ❡3 ❘✳ 5❤❧②♣♦ ❬✼✼❪✱ ✐❧ ❡%3 ♥(❝❡%%❛✐'❡
❞✬(3✉❞✐❡' ❧✬✐♠❛❣❡ : ♣❧✉%✐❡✉'% (❝❤❡❧❧❡% ❡3 ❛♣♣❧✐G✉❡' %✉' 3♦✉3❡% ❝❡% ✐♠❛❣❡%✲(❝❤❡❧❧❡ ❧❡% 3'♦✐% ♠(3❤♦❞❡%
✭❞❛♥% ❧❡% (3✉❞❡% ♣'(%❡♥3(❡% ✐❝✐✮ ✉3✐❧✐%(❡% ♣♦✉' ❞(3❡❝3❡' ❞❡% ♦❜❥❡3%✳ ❈♦''❡✐❛ ❡! ❛❧✳ ❬✽✵❪ ❝♦♥%✐❞T'❡♥3
G✉❡ ❧❡% ③♦♥❡% ❞(3❡❝3(❡% %♦♥3 ❧❡% ❤♦♠❛'❞% G✉✬✐❧% ❝❤❡'❝❤❡♥3 ♠❛✐% ✐❧ ♣❡✉3 U3'❡ ♥(❝❡%%❛✐'❡✱ ❝♦♠♠❡
❞❛♥% ❧❡ ❝❛% ❞❡ ❈✳ ❇❛'❛3 ❡3 ❘✳ 5❤❧②♣♦ ❬✼✼❪ ❞✬❛♥❛❧②%❡' ♦✉ ❞❡ '❡❝♦♥♥❛✐3'❡ ❧❡% ③♦♥❡% ❞(3❡❝3(❡%✳
✸✳✺ ▼$%❤♦❞❡* ❜❛*$❡* *✉. ❧❛ *$♣❛.❛%✐♦♥ ♣.❡♠✐❡. ♣❧❛♥ ❛..✐7.❡ ♣❧❛♥
❯♥❡ ❛✉3'❡ ♣♦%%✐❜✐❧✐3( ♣♦✉' ❞(3❡❝3❡' ✉♥ ♦❜❥❡3 ❡%3 ❞❡ ❞(♣✐%3❡' ❡3 ❞✬✉3✐❧✐%❡' ❧❡% ❝❤❛♥❣❡♠❡♥3% ❞❛♥%
❧❡ ❢♦♥❞ ♦✉ ❧✬❛''✐T'❡ ♣❧❛♥ ❞❡ ❧❛ %❝T♥❡ : (3✉❞✐❡'✳
❚✳❨✳❈✳ ❱❛♥ ❱❛❧❦❡♥❜✉'❣ ✲ ❱❛♥ ❍❛❛'%3 ❡3 ❑✳❆✳ ❙❝❤♦❧3❡ ❬✽✶❪ %❡ ❜❛%❡♥3 ♣♦✉' ♣'♦♣♦%❡' ❧❡✉'
❛♣♣'♦❝❤❡ %✉' ❧✬✉3✐❧✐%❛3✐♦♥ ❞❡% ✈❛'✐❛3✐♦♥% ✈❡'3✐❝❛❧❡% ❞✬✐♥3❡♥%✐3( ❞❡ ❧✬❛''✐T'❡ ♣❧❛♥ ❞❡ ❧✬✐♠❛❣❡✳ ▲✬❛'✲
'✐T'❡ ♣❧❛♥ ❡%3 ❡%3✐♠( ❛✉ ♠♦②❡♥ ❞❡ ♣♦❧②♥^♠❡%✳ ▲✬✐♠❛❣❡ ❡%3 %♦✉%✲(❝❤❛♥3✐❧❧♦♥♥(❡ ❤♦'✐③♦♥3❛❧❡♠❡♥3
❛✜♥ ❞❡ '(❞✉✐'❡ ❧❡ 3❡♠♣% ❞❡ ❝❛❧❝✉❧ ❡3 ❞❡ '(❞✉✐'❡ ❧❡ ❜'✉✐3 ✭❧✬❛✣'♠❛3✐♦♥ ❛✉ ❞(♣❛'3 ❞❡ ❝❡ %♦✉%✲
(❝❤❛♥3✐❧❧♦♥♥❛❣❡ ❡%3 ❧❛ ❢❛✐❜❧❡ ✈❛'✐❛3✐♦♥ ❞✬✐♥3❡♥%✐3( ❤♦'✐③♦♥3❛❧❡♠❡♥3✮✳ 5♦✉' ❝❤❛G✉❡ ♣✐①❡❧ ❞❡ ❧✬✐♠❛❣❡
%♦✉%✲(❝❤❛♥3✐❧❧♦♥♥(❡✱ ❧❛ ✈❛'✐❛3✐♦♥ ❞✬✐♥3❡♥%✐3( ❡%3 ♠❡%✉'(❡✳ ▲❡% ✐♥3❡♥%✐3(% %♦♥3 %✉♣♣♦%(❡% ✈❛'✐❡' %❡✲
❧♦♥ ✉♥❡ ●❛✉%%✐❡♥♥❡✳ 5♦✉' ❞(3❡❝3❡' ✉♥ ♦❜❥❡3✱ ✐❧ ❢❛✉3 G✉❡ ❧✬✐♥3❡♥%✐3( ❡♥3'❡ ❧❡ ♣✐①❡❧ ♠❡%✉'( ❡3 ❧❡ ♣✐①❡❧
♠♦❞(❧✐%( ❞(♣❛%%❡ ✉♥ %❡✉✐❧ ✜①( ✭%❡✉✐❧ ✜①( ♣❛' ❝♦❧♦♥♥❡✮✳ ▲❡% ♣✐①❡❧% ❞(3❡❝3(% %♦♥3 ❡♥%✉✐3❡ ❛%%❡♠❜❧(%
❛✉ ♠♦②❡♥ ❞✬♦♣('❛3✐♦♥% ♠♦'♣❤♦❧♦❣✐G✉❡%✳
❉❛♥% ❧✬❛♣♣'♦❝❤❡ ❞✬❊❞❣✐♥3♦♥ ❡! ❛❧✳ ❬✽✷❪✱ ❧✬✐♠❛❣❡ ❡%3 %❡❣♠❡♥3(❡ ❛✜♥ ❞❡ %(♣❛'❡' ❧❡ ♣'❡♠✐❡' ♣❧❛♥
❞❡ ❧✬❛''✐T'❡ ♣❧❛♥✳ ❆ ♣❛'3✐' ❞❡ ❝❡33❡ ✐♠❛❣❡ %❡❣♠❡♥3(❡✱ ✐❧% '(❝✉♣T'❡♥3 ❞❡% ♣♦✐♥3% ❞✬✐♥3('U3 G✉✐
❞(✜♥✐%%❡♥3 ❧❡ ❝❡♥3'❡ ❞❡% ♦❜❥❡3% ❞✉ ♣'❡♠✐❡' ♣❧❛♥✳ ❈❡% ❝❡♥3'❡% %❡'♦♥3 ✉3✐❧✐%(% ♣♦✉' ✐♥✐3✐❛❧✐%❡' ❧❡%
❞✐✛('❡♥3❡% ♣✐%3❡% ✭(✈♦❧✉3✐♦♥ ❛✉ ❝♦✉'% ❞❡ ❧❛ ✈✐❞(♦ ❞❡ ❧❛ ♣♦%✐3✐♦♥ ❞✉ ♦✉ ❞❡% ♦❜❥❡3% ❞(3❡❝3(% ❞❛♥%
❧✬✐♠❛❣❡✮✳ ■❧% ✉3✐❧✐%❡♥3 ❝♦♠♠❡ ♣♦✐♥3% ❞✬✐♥3('U3 ❧❡% ❝♦♥3♦✉'% ♦'✐❡♥3(%✳ ▲❡✉' ♦❜❥❡❝3✐❢ ❡%3 ❞❡ ❢❛✐'❡ ❞✉
%✉✐✈✐ ❞✬❛♥✐♠❛✉①✳ ❈❡ %✉✐✈✐ %✬❡✛❡❝3✉❡ : ❧✬❛✐❞❡ ❞❡ ❧✬❡①3'❛♣♦❧❛3✐♦♥ ❞❡% ♣♦%✐3✐♦♥% ❞❡ ❧✬♦❜❥❡3 ❞❛♥% ❧❡%
✐♠❛❣❡% ♣'(❝(❞❡♥3❡%✳ ❙✐ ✉♥ ♦❜❥❡3 ❞❡ ❧✬✐♠❛❣❡ ❛❝3✉❡❧❧❡ ❝♦''❡%♣♦♥❞ : ❧❛ ♣♦%✐3✐♦♥ ❡%3✐♠(❡ ❞✬✉♥ ♦❜❥❡3
❡♥ ❝♦✉'% ❞❡ %✉✐✈✐✱ ❧✬♦❜❥❡3 ❡%3 ❛%%✐❣♥( : ❧✬♦❜❥❡3 %✉✐✈✐✳ ❙✐♥♦♥ ♦♥ ❞(♠❛''❡ ✉♥❡ ❛✉3'❡ ♣✐%3❡✳ ❖♥ ❛''U3❡
❞❡ '❡❝❤❡'❝❤❡' ✉♥ ♦❜❥❡3 %✬✐❧ ♥✬❛ ♣❛% (3( ❞(3❡❝3( ❞❛♥% ✷ ✐♠❛❣❡% ❝♦♥%(❝✉3✐✈❡%✳ ❈❡♣❡♥❞❛♥3 G✉❛♥❞ ✉♥
♦❜❥❡3 ❛ (3( ♣❡'❞✉ ❞❛♥% ✉♥❡ ✐♠❛❣❡✱ ♦♥ ✐♥3❡'♣♦❧❡ %❛ ♣♦%✐3✐♦♥ ❞❛♥% ❧✬✐♠❛❣❡ %✉✐✈❛♥3❡ ♣♦✉' ♣❛❧❧✐❡' ❛✉①
❞(❢❛✉3% ❞✉ %✉✐✈❡✉'✳
❈❡% ♠(3❤♦❞❡% %♦♥3 ✐♥3('❡%%❛♥3❡% ♣♦✉' ❧❛ ❞(3❡❝3✐♦♥ ❞✬✉♥ ♦❜❥❡3 ❞❛♥% ✉♥❡ ✐♠❛❣❡✳ ❊❧❧❡% ♦♥3
❧✬❛✈❛♥3❛❣❡ ❞❡ ♥❡ ♣❛% ♥(❝❡%%✐3❡' ✉♥❡ ❞(3❡❝3✐♦♥ ❞❡ ❝♦♥3♦✉'% G✉✐ ♣❡✉✈❡♥3 ♥❡ ♣❛% U3'❡ ❡✣❝❛❝❡% %✉'
❧❡% ✐♠❛❣❡% ♣❡✉ ❝♦♥3'❛%3(❡%✳ ▲✬✐♥❝♦♥✈(♥✐❡♥3 ♣❛' '❛♣♣♦'3 : ♥♦% ✐♠❛❣❡% ❡%3 ❧✬(✈♦❧✉3✐♦♥ ❞❡ ❧✬❛''✐T'❡
♣❧❛♥✳ ▲♦'%G✉❡ ❧✬♦♥ ✐♠❛❣❡ ✉♥ ♦❜❥❡3 %✐3✉( ❞❛♥% ❧❡ ✈♦❧✉♠❡ ❞✬❡❛✉✱ ❧✬❛''✐T'❡ ♣❧❛♥ ✈❛'✐❡ ♣❡✉ ❧♦'%G✉❡
❧❛ ❝❛♠('❛ %❡ '❛♣♣'♦❝❤❡ ❞❡ ❧✬♦❜❥❡3✳ 5❛' ❝♦♥3'❡ ❧♦'%G✉❡ ❧✬♦❜❥❡3 ❡%3 ♣♦%( ❛✉ %♦❧ ❧✬❛''✐T'❡ ♣❧❛♥ ✈❛'✐❡
❞❛♥% ❧❛ ✈✐❞(♦ ✿ ❛✉ ❞(❜✉3 ♦♥ ✐♠❛❣❡ ❧❡ ✈♦❧✉♠❡ ❞✬❡❛✉ ♣✉✐% ❞❡ ♣❧✉% ❡♥ ♣❧✉% ❧❡ %♦❧ ❞♦♥3 ❧✬✐♥3❡♥%✐3(
✺✵ ❈❍❆#■❚❘❊ ✸✳ ❈❍❖■❳ ❉❊ ▲✬❆##❘❖❈❍❊
❝❤❛♥❣❡ ❧♦*+,✉❡ ❧❛ ❝❛♠/*❛ +✬❡♥ ❛♣♣*♦❝❤❡✳ ❈❡❧❛ ♣❡✉4 ❢❛✉++❡* ❧❡+ */+✉❧4❛4+ +✐ ✉♥❡ 4❡❧❧❡ ♠/4❤♦❞❡ ❡+4
❛♣♣❧✐,✉/❡✳ ❈❡♣❡♥❞❛♥4✱ ✈✉ ❧❡+ ❜♦♥+ */+✉❧4❛4+ ❞❡ ❝❡+ ♠/4❤♦❞❡+✱ ♥♦✉+ ❛❧❧♦♥+✱ ♣❛* ❧❛ +✉✐4❡✱ ♥♦✉+ ❡♥
✐♥+♣✐*❡* ♣♦✉* ♣*♦♣♦+❡* ✉♥ +②+4<♠❡ *♦❜✉+4❡✳
✸✳✻ ▲❡ %✉✐✈✐ ❞✬♦❜❥❡.
❈❡*4❛✐♥❡+ ❛♣♣❧✐❝❛4✐♦♥+ ❝♦♥+✐+4❡♥4 = +✉✐✈*❡ ❞❡+ ♦❜❥❡4+ ♣♦✉* ❢❛✐*❡ ❞❡ ❧✬✐♥+♣❡❝4✐♦♥ ♦✉ ♣♦✉* ❣✉✐❞❡*
✉♥ ❞*♦♥❡ ♣❛* ❡①❡♠♣❧❡✳ ▲❡ +✉✐✈✐ ❞✬♦❜❥❡4 ♦✉ ✏!"❛❝❦✐♥❣✑ ♥/❝❡++✐4❡ ❞✬✉♥ ❝A4/ ✉♥ +②+4<♠❡ ❞❡ ❞/4❡❝✲
4✐♦♥ ❞❡ ❧✬♦❜❥❡4 = +✉✐✈*❡ ❛✐♥+✐ ,✉✬✉♥ ❛❧❣♦*✐4❤♠❡ ❞❡ ✏!"❛❝❦✐♥❣✑✳ ❯♥ ✐♥✈❡♥4❛✐*❡ ❞❡ ♠/4❤♦❞❡+ */❝❡♥4❡+
✭❞❡♣✉✐+ ✶✾✾✻✮ ❛ /4/ ❢❛✐4 ♣❛* ❊✳ ❚*✉❝❝♦ ❡4 ❑✳ L❧❛❦❛+ ❬✽✸❪ ❡♥ ✷✵✵✻✳ ❖♥ *❡4*♦✉✈❡ ❧❛ ❞/4❡❝4✐♦♥ ❞❡
❝♦♥4♦✉*+ ❡4 ❞❡ ♣♦✐♥4+ ❞✬✐♥4/*T4✱ ❧❛ +❡❣♠❡♥4❛4✐♦♥ ❡♥ ❝♦♥4♦✉*+ ❡4 ❡♥ */❣✐♦♥+✱ ❛✐♥+✐ ,✉❡ ❧❛ 4*❛♥+❢♦*♠/❡
❞❡ ❍♦✉❣❤✳ ▲✳ ❲❛♥❣✱ ❙✳ ❍✉ ❡4 ❳✳ ❩❤❛♥❣ ❬✽✹❪ ✉4✐❧✐+❡♥4 ❧❛ +♦✉+4*❛❝4✐♦♥ ❞✉ ❢♦♥❞ ❡4 ❧❛ +♦✉+4*❛❝4✐♦♥
❡♥4*❡ ✐♠❛❣❡+ +✉❝❝❡++✐✈❡+ ♣♦✉* ❞/4❡❝4❡* ✉♥ ♦❜❥❡4 ❡4 +♦♥ ❞/♣❧❛❝❡♠❡♥4 ❛✈❛♥4 ❞✬❛♣♣❧✐,✉❡* ✉♥ ❛❧❣♦✲
*✐4❤♠❡ ❞❡ +✉✐✈✐✳
✸✳✼ ▲❡ ♣♦%✐.✐♦♥♥❡♠❡♥. ❡. ❧❛ ❝❛6.♦❣6❛♣❤✐❡
▲❡ ❙▲❆▼✱ ✏❙✐♠✉❧!❛♥❡♦✉0 ❧♦❝❛❧✐③❛!✐♦♥ ❛♥❞ ♠❛♣♣✐♥❣✑ ❝♦♥+✐+4❡ = ❝❛*4♦❣*❛♣❤✐❡* ✉♥❡ ③♦♥❡ ❞♦♥♥/❡✳
▲❡ ❞*♦♥❡ ❡✛❡❝4✉❡ ❞❡+ ❛❧❧❡*✲*❡4♦✉*+ ❛✉ ❞❡++✉+ ❞❡ ❧❛ ③♦♥❡ = ❝❛*4♦❣*❛♣❤✐❡*✳ ❊♥ ♣❛*❛❧❧<❧❡ ❞❡ ❧✬♦♣/*❛4✐♦♥
❞❡ ❝❛*4♦❣*❛♣❤✐❡✱ ❧❡ ❞*♦♥❡ ❞♦✐4 +❡ *❡♣/*❡* ❞❛♥+ ❧✬❡+♣❛❝❡ ❞❡ ❢❛_♦♥ = ❝*/❡* ❧❛ ❝❛*4❡ +❡❧♦♥ +❛ ♣♦+✐4✐♦♥✳
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♠✐❧✐❡✉ +♦✉+ ♠❛*✐♥✳
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/4❡♥❞✉ ❬✽✻❪✳ ▲❡+ ✐♥❢♦*♠❛4✐♦♥+ ❞❡ ♥❛✈✐❣❛4✐♦♥ +❡*✈❡♥4 = ❝❛❧❝✉❧❡* ❧✬/4❛4 ❢✉4✉* 4❛♥❞✐+ ,✉❡ ❧❡+ ✐♠❛❣❡+
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❝❛+ ❞❡ ❝♦**❡+♣♦♥❞❛♥❝❡✱ ✐❧+ ❝❛❧❝✉❧❡♥4 ❧❡+ ♠❡+✉*❡+ ♥/❝❡++❛✐*❡+ = ❧❛ ♠✐+❡ = ❥♦✉* ❞✉ ✜❧4*❡ ❞❡ ❑❛❧♠❛♥
/4❡♥❞✉✳
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+✐♦♥3 ♠&+&♦*♦❧♦❣✐:✉❡3✱ ❧✬❤❡✉*❡ ❞✬❡♥*❡❣✐3+*❡♠❡♥+ ❞❡3 ✐♠❛❣❡3 ❡+ ❧❛ ♣♦3✐+✐♦♥ ❣&♦❣*❛♣❤✐:✉❡✱ ❧✬✐♥+❡♥3✐+&
❧✉♠✐♥❡✉3❡ ♥❡ 3❡*❛ ♣❛3 ✐❞❡♥+✐:✉❡ ❞❛♥3 +♦✉+❡3 ❧❡3 ✐♠❛❣❡3✳
✸✳✾✳✸ ▲❡& 7(&❡❛✉① ❞❡ ♥❡✉7♦♥❡&
❙♣✐❦❡◆❡+ ❡3+ ✉♥❡ ♠&+❤♦❞❡ ❡♥ +❡♠♣3 *&❡❧ ❞&✈❡❧♦♣♣&❡ ♣❛* ❚❤♦*♣❡ ❡! ❛❧✳ ❬✾✶✱ ✾✷❪✳ ▲❛ ♠&+❤♦❞❡
♣*♦♣♦3&❡ ❡3+ *❛♣✐❞❡ ❡+ ❝♦♥3✐3+❡ 7 3✐♠✉❧❡* ✉♥ *&3❡❛✉ ❞❡ ♥❡✉*♦♥❡3 ❛✈❡❝ +*23 ♣❡✉ ❞❡ ♣❛*❛♠2+*❡3
❛✜♥ ❞❡ *❡❝♦♥♥❛Y+*❡ ❧❡3 ✈✐3❛❣❡3✳ ▲❛ ♣*❡♠✐2*❡ ✈❡*3✐♦♥ ❞❡ ❧❡✉* ❛❧❣♦*✐+❤♠❡ ❛ :✉❛+*❡ &+❛♣❡3 ✿ ✉♥❡
&+❛♣❡ ♣♦✉* ❝♦♥♥❛Y+*❡ ❧✬&+❛+ ❛✉:✉❡❧ ❧❡ ♣✐①❡❧ ❞❡ ❧✬✐♠❛❣❡ ❝♦**❡3♣♦♥❞ ✭♣❛* ❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧❛ *&+✐♥❡
:✉✐ ♣♦332❞❡ ❞❡✉① &+❛+3 ♣♦✉* 3❡3 ❝❡❧❧✉❧❡3 ✿ ♦♥ ❡+ ♦✛✮✱ ❞❡✉① &+❛♣❡3 ♣♦✉* *❡❝♦♥♥❛Y+*❡ ❧✬♦*✐❡♥+❛+✐♦♥
❞❡3 ❝♦♥+♦✉*3 ❡+ ❞❡3 ❝❛*❛❝+&*✐3+✐:✉❡3 3♣&❝✐✜:✉❡3 ❛♣♣*✐3❡3 ♣❛* ❧❡ ♣*♦❣*❛♠♠❡✳ ▲❛ ❞❡*♥✐2*❡ &+❛♣❡
❡3+ ❝♦♥3❛❝*&❡ 7 ❧✬❛♥❛❧②3❡ ❞❡3 *&3✉❧+❛+3 ❡+ 7 ❧❛ ♣*✐3❡ ❞❡ ❞&❝✐3✐♦♥✳ ❆ ❧❛ 3✉✐+❡ ❞❡ ❝❡++❡ ✈❡*3✐♦♥✱ ✐❧3
♦♥+ ♣*♦♣♦3& ✉♥❡ ✈❡*3✐♦♥ ♦♣+✐♠✐3&❡ :✉✐ *❡❝♦♥♥❛Y+ +♦✉+❡3 3♦*+❡3 ❞✬♦❜❥❡+3 3✐ ❧❡3 ❝❛*❛❝+&*✐3+✐:✉❡3
3♣&❝✐✜:✉❡3 ❝♦♥+✐❡♥♥❡♥+ ❞❡3 3+*✉❝+✉*❡3 ♦*✐❡♥+&❡3✳
❈❡++❡ ♠&+❤♦❞❡ ♥&❝❡33✐+❡ ✉♥❡ ❜♦♥♥❡ ❞&+❡❝+✐♦♥ ❞❡ ❝♦♥+♦✉*3 ❛✜♥ ❞✬❡①+*❛✐*❡ ❞❡3 ❝❛*❛❝+&*✐3+✐:✉❡3
3♣&❝✐✜:✉❡3✳ ▲✬❡✣❝❛❝✐+& ❞❡ ❝❡++❡ ♠&+❤♦❞❡ ❞&♣❡♥❞ ❞❡ ❧❛ :✉❛❧✐+& ❞❡3 *&3✉❧+❛+3 ❞❡3 ❞&+❡❝+❡✉*3 ❞❡
❝♦♥+♦✉*3 ❡+ ❞♦♥❝ ❞❡ ❧❛ :✉❛❧✐+& ❞❡3 ✐♠❛❣❡3✳ ❉❡ ♣❧✉3✱ ♣♦✉* ❝♦♥3+*✉✐*❡ ♥♦+*❡ *&3❡❛✉ ❞❡ ♥❡✉*♦♥❡3✱
✐❧ ❢❛✉+ ❝♦♥♥❛✐+*❡ ❧❡3 ❝❛*❛❝+&*✐3+✐:✉❡3 ❞❡ +♦✉3 ❧❡3 ♣♦✐♥+3 ❞❡ ✈✉❡ 7 +♦✉+❡3 ❧❡3 &❝❤❡❧❧❡3 ❝❡ :✉✐ ❢❛✐+
✺✷ ❈❍❆#■❚❘❊ ✸✳ ❈❍❖■❳ ❉❊ ▲✬❆##❘❖❈❍❊
✉♥ $%&❡❛✉ ✐♠♣♦$-❛♥- ❡- ❝♦♠♣❧❡①❡ 1 ❣%$❡$✳ ❊♥ ❡✛❡-✱ ❧✬✐❞❡♥-✐✜❝❛-✐♦♥ &❡ ❜❛&❡ &✉$ ❧❛ $❡❝♦♥♥❛✐&&❛♥❝❡
❞✬✉♥❡ ❝❛$❛❝-%$✐&-✐;✉❡ &♣%❝✐✜;✉❡✳ ■❧ ❢❛✉- ❞♦♥❝ ✉♥❡ ❝❛$❛❝-%$✐&-✐;✉❡ ♣❛$ ♣♦✐♥- ❞❡ ✈✉❡ ❡- ♣❛$ %❝❤❡❧❧❡
;✉✐ &♦✐- ❢❛❝✐❧❡♠❡♥- ✐❞❡♥-✐✜❛❜❧❡ ❞❛♥& ❧❡& ✐♠❛❣❡& ❞❡ ❝♦♥-♦✉$&✳ ❆✉ ✈✉ ❞✉ ♥♦♠❜$❡ ❞❡ ♠✐♥❡& ❡- ♣❛$
❝♦♥&%;✉❡♥- ❞❡ ♣♦✐♥-& ❞❡ ✈✉❡ ❡- ❞✬%❝❤❡❧❧❡&✱ ❧❡ ♥♦♠❜$❡ ❞❡ ❝❛$❛❝-%$✐&-✐;✉❡& ✏✉♥✐;✉❡&✑ 1 ❡①-$❛✐$❡ ❡&-
✐♠♣♦$-❛♥-✳ ■❧ ❢❛✉- C-$❡ ❝❛♣❛❜❧❡ ♣❛$ ❧❛ &✉✐-❡ ❞❡ ❣%$❡$ ❝❡--❡ ✐♠♣♦$-❛♥-❡ ;✉❛♥-✐-% ❞✬✐♥❢♦$♠❛-✐♦♥& ❡-
❞❡ ❧❡& ♦$❣❛♥✐&❡$ 1 ❧❛ ❢❛D♦♥ ❞✬✉♥ ❛$❜$❡ ;✉✐ ♣❡$♠❡--❡ ❞❡ ❧✐♠✐-❡$ ❧❡ ♥♦♠❜$❡ ❞❡& ♣♦&&✐❜✐❧✐-%& ❛✉ ❢✉$
❡- 1 ♠❡&✉$❡ ❞❡ ❧✬❛✈❛♥❝%❡ ❞❛♥& ❧✬❛$❜$❡✳
✸✳✾✳✹ ▲❡& ❝❧❛&&✐✜❝❛,❡✉.&
E✳ ❱✐♦❧❛ ❡- ▼✳ ❏♦♥❡& ❬✾✸❪ ♦♥- ✉-✐❧✐&% ❧❡ ❝❧❛&&✐✜❝❛-❡✉$ ❆❞❛❇♦♦&- ♣♦✉$ ❞%-❡❝-❡$ $❛♣✐❞❡♠❡♥-
❧❡& ✈✐&❛❣❡& ❞❛♥& ❞❡& ✐♠❛❣❡& ❡♥ ♥✐✈❡❛✉① ❞❡ ❣$✐&✳ ■❧& &%❧❡❝-✐♦♥♥❡♥- ;✉❡❧;✉❡& ❝❧❛&&✐✜❝❛-❡✉$& ;✉✬✐❧&
❛&&❡♠❜❧❡♥- ❡♥ ❝❛&❝❛❞❡✳ ❆✐♥&✐ ✐❧& ♦❜-✐❡♥♥❡♥- ✉♥ -$N& ❢❛✐❜❧❡ -❛✉① ❞✬❡$$❡✉$ &✉$ ❧❛ ❜❛&❡ ❞✬✐♠❛❣❡&
❞✬❛♣♣$❡♥-✐&&❛❣❡✳
❈❡--❡ ♠%-❤♦❞❡ ♥%❝❡&&✐-❡ ❛✉&&✐ ✉♥❡ ❡①-$❛❝-✐♦♥ ❞❡ ❝❛$❛❝-%$✐&-✐;✉❡& ❞❡& ✐♠❛❣❡& ❞❡ $%❢%$❡♥❝❡✳
❈♦♠♠❡ -♦✉-❡& ❧❡& ♠✐♥❡& ❝❤♦✐&✐❡& ♥❡ ♣♦&&N❞❡♥- ♣❛& ❞✬❛①❡& ❞❡ &②♠%-$✐❡✱ ✐❧ ❢❛✉- -❡♥✐$ ❝♦♠♣-❡ ❞❡
-♦✉& ❧❡& ♣♦✐♥-& ❞❡ ✈✉❡ ❞✐✛%$❡♥-&✳
✸✳✾✳✺ ▲❛ ❝♦..1❧❛,✐♦♥
▲❛ ❝♦$$%❧❛-✐♦♥ ❡&- ✉♥❡ ♠%-❤♦❞❡ ;✉✐ ❝♦♥&✐&-❡ 1 ❝♦♠♣❛$❡$ ✉♥❡ ✐♠❛❣❡ ❝✐❜❧❡ 1 ✉♥❡ ✐♠❛❣❡ ❞❡
$%❢%$❡♥❝❡ ❬✾✹❪✳ ❈♦♠♠❡ ♣❧✉&✐❡✉$& ♠%-❤♦❞❡& ❝✐-%❡& ❝✐✲❞❡&&✉&✱ ❝❡--❡ ♠%-❤♦❞❡ ♥%❝❡&&✐-❡ ❞✬❛✈♦✐$ ✉♥❡
✐♠❛❣❡ ❞❡ $%❢%$❡♥❝❡ ♣♦✉$ ❝❤❛;✉❡ ♣♦✐♥- ❞❡ ✈✉❡✳ ❈❡♣❡♥❞❛♥-✱ ✐❧ ❡①✐&-❡ ❞❡& -❡❝❤♥✐;✉❡& ♣♦✉$ ♠✉❧-✐♣❧❡①❡$
❧❡& ✐♠❛❣❡& ❞❡ $%❢%$❡♥❝❡ ❡- ❛✐♥&✐ $%❞✉✐$❡ ❝♦♥&✐❞%$❛❜❧❡♠❡♥- ❧❡ ♥♦♠❜$❡ ❞✬♦♣%$❛-✐♦♥& 1 ❡✛❡❝-✉❡$ ❬✾✹❪✳
❉❡ ♣❧✉& ❧❛ ❝♦$$%❧❛-✐♦♥ ❡&- ✉♥❡ -❡❝❤♥✐;✉❡ -$N& $❛♣✐❞❡✱ ;✉❡ ❝❡ &♦✐- ❛✈❡❝ ✉♥ ♠♦♥-❛❣❡ ♦♣-✐;✉❡ ✭❧❛
❝♦$$%❧❛-✐♦♥ ❡&- ❛❧♦$& ❡✛❡❝-✉%❡ 1 ❧❛ ✈✐-❡&&❡ ❞❡ ❧❛ ❧✉♠✐N$❡✮ ♦✉ ✉♥ ♠♦♥-❛❣❡ ♥✉♠%$✐;✉❡ ❬✾✺❪✳
✸✳✶✵ ❈♦♥❝❧✉*✐♦♥
❇❡❛✉❝♦✉♣ ❞❡ ♠%-❤♦❞❡& ❝✐-%❡& ✐❝✐ ♥%❝❡&&✐-❡♥- $%❡❧❧❡♠❡♥- ❧✬✉-✐❧✐&❛-✐♦♥ ❡- ❧❛ ❢✉&✐♦♥ ❞❡ ❞❡✉① ♠%✲
-❤♦❞❡& ✿ ✉♥❡ ♣♦✉$ ❧❛ ❞%-❡❝-✐♦♥ ❡- ✉♥❡ ♣♦✉$ ❧❛ $❡❝♦♥♥❛✐&&❛♥❝❡✳ E❛$♠✐ ❧❡& ♠%-❤♦❞❡& -$♦✉✈%❡&✱
♣❧✉&✐❡✉$& ♥%❝❡&&✐-❡♥- ✉♥❡ -$N& ❜♦♥♥❡ ;✉❛❧✐-% ❞✬✐♠❛❣❡ ♣♦✉$ ❡✛❡❝-✉❡$ ✉♥❡ ❡①-$❛❝-✐♦♥ ❞❡ ❝❛$❛❝-%$✐&✲
-✐;✉❡& ♦✉ ❞❡ ❝♦♥-♦✉$&✳ ▲❡ -❡♠♣& ❞❡ ❝❛❧❝✉❧ ❡&- ✉♥ ♣♦✐♥- ✐♠♣♦$-❛♥- ♣❛$♠✐ ♥♦& ❝♦♥-$❛✐♥-❡&✳ ❖$ ❧❛
&✉❝❝❡&&✐♦♥ ❞❡ ♠%-❤♦❞❡& $✐&;✉❡ ❞❡ ❞❡♠❛♥❞❡$ ✉♥ -❡♠♣& ❞❡ ❝❛❧❝✉❧ ✐♠♣♦$-❛♥-✳
◆♦✉& ❛✈♦♥& $❡♣%$% ❞❡✉① ♠%-❤♦❞❡& ✐♥-%$❡&&❛♥-❡& ♣♦✉$ ❧❛ ❞%-❡❝-✐♦♥ ❞❡& ♦❜❥❡-&✳ ▲❡& ♠%-❤♦❞❡&
❜❛&%❡& &✉$ ❧❡& ❝♦♥-♦✉$& &❡♠❜❧❡♥- C-$❡ ❞❡& ♠%-❤♦❞❡& ♣$✐✈✐❧%❣✐%❡&✱ ❜✐❡♥ ;✉❡ ❧❛ ✈✐&✐❜✐❧✐-% ❡- ❧❡ ❝♦♥-$❛&-❡
♥❡ &♦✐❡♥- ♣❛& -♦✉❥♦✉$& &✉✣&❛♥-& ♣♦✉$ ✉-✐❧✐&❡$ ❝❡& ♠%-❤♦❞❡&✳ ▲❛ &%♣❛$❛-✐♦♥ ❞✉ ♣$❡♠✐❡$ ♣❧❛♥ ❡- ❞❡
❧✬❛$$✐N$❡ ♣❧❛♥ ♣❡✉- C-$❡ ✐♥-%$❡&&❛♥-❡ 1 ✉-✐❧✐&❡$✳ ▲❛ ♣♦❧❛$✐&❛-✐♦♥ ❡&- ✉-✐❧✐&%❡ ❞❡♣✉✐& ❞❡ ♥♦♠❜$❡✉&❡&
❛♥♥%❡& ♠❛✐& ♥%❝❡&&✐-❡ ✉♥ %;✉✐♣❡♠❡♥- ♣❛$-✐❝✉❧✐❡$ ❞♦♥- ♥♦✉& ♥❡ ❞✐&♣♦&♦♥& ♣❛&✳
E❛$♠✐ ❧❡& ♠%-❤♦❞❡& ❞❡ $❡❝♦♥♥❛✐&&❛♥❝❡ ;✉❡ ♥♦✉& ❛✈♦♥& $❡❝❡♥&%❡&✱ ♣❧✉&✐❡✉$& ♥%❝❡&&✐-❡♥- ❞❡&
✐♠❛❣❡& ❞❡ $%❢%$❡♥❝❡ ♣♦✉$ ❝❤❛;✉❡ ♣♦✐♥- ❞❡ ✈✉❡ ❞❡& ♦❜❥❡-&✳ ◆♦✉& ❛✈♦♥& ❝❤♦✐&✐ ❞❛♥& ❧❡ ❝❤❛♣✐-$❡
&✉$ ❧❡ ❝♦♥-❡①-❡ ✭❝❢✳ ❝❤❛♣✐-$❡ ✶✮ ❞✬%-✉❞✐❡$ ;✉❛-$❡ ♠✐♥❡& ❞♦♥- &❡✉❧❡ ❧❛ ♠✐♥❡ &♣❤%$✐;✉❡ ❛ ❧❡ ♠C♠❡
❛&♣❡❝- ;✉❡❧;✉❡ &♦✐- ❧❡ ♣♦✐♥- ❞❡ ✈✉❡✳ ▲❛ ♣♦$-%❡ ✈✐&✉❡❧❧❡ ❞❛♥& ❧❡ ♠✐❧✐❡✉ &♦✉& ♠❛$✐♥ ♣❡✉- ❛--❡✐♥❞$❡
♣❧✉&✐❡✉$& ♠N-$❡&✳ ❈$%❡$ ❞❡& ✐♠❛❣❡& ❞❡ $%❢%$❡♥❝❡ ❞❡& ;✉❛-$❡ ♠✐♥❡& &❡❧♦♥ -♦✉& ❧❡& ♣♦✐♥-& ❞❡ ✈✉❡ ❡-
♣♦✉$ ♣❧✉&✐❡✉$& ❞✐&-❛♥❝❡& ♦❜&❡$✈❛-❡✉$ ✲ ♦❜❥❡- $❡✈✐❡♥- 1 ❝$%❡$ ✉♥❡ ❜❛&❡ ❞❡ ❞♦♥♥%❡& -$N& ✐♠♣♦$-❛♥-❡✳
◗✉❡❧❧❡ ;✉❡ &♦✐- ❧❛ ♠%-❤♦❞❡ ❡♠♣❧♦②%❡ ♣♦✉$ ❝♦♠♣❛$❡$ ❧❡& ✐♠❛❣❡& ❝✐❜❧❡& 1 ❝❡& ✐♠❛❣❡& ❞❡ $%❢%$❡♥❝❡✱
❧❡ -❡♠♣& ❞❡ ❝❛❧❝✉❧ &❡$❛ ✐♠♣♦$-❛♥-✳
◆♦-$❡ ♦❜❥❡❝-✐❢ ❡&- ❞❡ -$♦✉✈❡$ ✉♥❡ ♠%-❤♦❞❡ ;✉✐ ♣❡$♠❡--❡ ❞✬❡✛❡❝-✉❡$ ❝♦♥❥♦✐♥-❡♠❡♥- ❧❛ ❞%-❡❝-✐♦♥
❡- ❧❛ $❡❝♦♥♥❛✐&&❛♥❝❡✳ ▲❛ &✉✐-❡ ❞❡ ♥♦& $❡❝❤❡$❝❤❡& ❜✐❜❧✐♦❣$❛♣❤✐;✉❡& ❛ ♠♦♥-$% ;✉❡ ❧❛ ❝♦$$%❧❛-✐♦♥ ❡&-
✉♥❡ ♠%-❤♦❞❡ ❝♦$$❡&♣♦♥❞❛♥- 1 ♥♦-$❡ ♦❜❥❡❝-✐❢✳ ■❧ ❡①✐&-❡ ♣❛$♠✐ ❧❡& ♠%-❤♦❞❡& ❞❡ ❝♦$$%❧❛-✐♦♥ ❞❡&
-❡❝❤♥✐;✉❡& ❞❡ ♠✉❧-✐♣❧❡①❛❣❡ ❞❡& ✐♠❛❣❡& ♣♦✉$ ❧✐♠✐-❡$ ❧❛ -❛✐❧❧❡ ❞❡ ❧❛ ❜❛&❡ ❞❡ ❞♦♥♥%❡&✱ ❞❡ ❢❛D♦♥
&✐♠✐❧❛✐$❡ 1 ❝❡❧❧❡ ✉-✐❧✐&%❡ ♣❛$ ❈♦❧❡ ❡$ ❛❧✳ ❬✽✾❪✳
❉❡✉①✐%♠❡ ♣❛)*✐❡
▲❛ ❝♦$$%❧❛'✐♦♥
✺✸

■♥"#♦❞✉❝"✐♦♥
◆♦✉# ❛✈♦♥# ❞(❝✐❞( ❛✉ ✈✉ ❞❡ ❧✬(.❛. ❞❡ ❧✬❛/. ❞✬✉.✐❧✐#❡/ ❧❛ ♠(.❤♦❞❡ ❞❡ ❧❛ ❝♦//(❧❛.✐♦♥ ♣♦✉/ /(#♦✉❞/❡
♥♦./❡ ♣/♦❜❧4♠❡✳ ❊♥ ❡✛❡.✱ ❧❛ ❝♦//(❧❛.✐♦♥ ❡#. ❧✬✉♥❡ ❞❡# .❡❝❤♥✐9✉❡# ❧❡# ♣❧✉# ✜❛❜❧❡# ❝❛/ ❡❧❧❡ ❡#. ❛##❡③
/♦❜✉#.❡ ✭❛✉ ❜/✉✐.✮ ❡. ❛##❡③ ❞✐#❝/✐♠✐♥❛♥.❡✳ ❊❧❧❡ ♣❡✉. > ❧❛ ❢♦✐# ❞(.❡❝.❡/ ❡. ✐❞❡♥.✐✜❡/ ✉♥ ♦❜❥❡. ❝✐❜❧❡
❞❛♥# ✉♥❡ #❝4♥❡✳ ❆✈❛♥. ❞✬(.✉❞✐❡/ 9✉❡❧9✉❡# ♠(.❤♦❞❡# ❡. ❛/❝❤✐.❡❝.✉/❡# 9✉✐ ❝♦♠♣♦#❡♥. ❧❛ ❝♦//(❧❛.✐♦♥✱
♥♦✉# ❛❧❧♦♥# ♣/(#❡♥.❡/ ❞❡ ♠❛♥✐4/❡ ❣(♥(/❛❧❡ ❧❛ ❝♦//(❧❛.✐♦♥ ❡. ❧❡# ♠♦②❡♥# ❞❡ ♣/❡♥❞/❡ ✉♥❡ ❞(❝✐#✐♦♥✳
◆♦✉# ❛✈♦♥# ❝❤♦✐#✐ ❞✬✉.✐❧✐#❡/ ❧❛ ❝♦//(❧❛.✐♦♥ ❞✬✉♥ ♣♦✐♥. ❞❡ ✈✉❡ ✏♦♣.✐❝✐❡♥✑✳ ❊♥ ❡✛❡.✱ ♥♦✉# ♣/✐✈✐❧(✲
❣✐♦♥# ❧❡# ♠(.❤♦❞❡# 9✉✐ ♣❡✉✈❡♥. #✬✐♠♣❧(♠❡♥.❡/ ♦♣.✐9✉❡♠❡♥. ❛✉① ♠(.❤♦❞❡# 9✉✐ ♥❡ #✬✐♠♣❧(♠❡♥.❡♥.
9✉❡ ♥✉♠(/✐9✉❡♠❡♥.✳ ❯♥❡ ❝♦♠♣❛/❛✐#♦♥ #❡/❛ ❡✛❡❝.✉(❡ ♣♦✉/ ❥✉#.✐✜❡/ ❝❡ ❝❤♦✐①✳ ◆♦✉# ❛✈♦♥# #(❧❡❝✲
.✐♦♥♥(✱ ♣♦✉/ ❝❡# (.✉❞❡#✱ ❞❡# ✐♠❛❣❡# #✐♠♣❧❡# ❡. ♠❛✐./✐#(❡# ❛✜♥ ❞❡ ❜✐❡♥ ❝♦♠♣/❡♥❞/❡ ❧❡ ❢♦♥❝.✐♦♥♥❡✲
♠❡♥. ❞❡ ❧❛ ❝♦//(❧❛.✐♦♥✳ ■❧ #✬❛❣✐. ❞✬✐♠❛❣❡# ❜✐♥❛✐/❡# ❞❡ ❧❡../❡# ❛✉①9✉❡❧❧❡# ♥♦✉# ♣♦✉✈♦♥# ❛❥♦✉.❡/ ❞✉
❜/✉✐. ✭❜❧❛♥❝ ♦✉ 9✉✐ /❡♣/(#❡♥.❡ ✉♥ ♠♦.✐❢✱ ❛♣♣❡❧( ♣❛/ ❧❛ #✉✐.❡ ❜/✉✐. .❡①.✉/(✮ ♦✉ ❞✬✐♠❛❣❡# ❞❡ ✈✐#❛❣❡#
❞❛♥# ❧❡#9✉❡❧❧❡# ❞❡ ❧✬✐♥❢♦/♠❛.✐♦♥ ♥(❝❡##❛✐/❡ > ❧❛ /❡❝♦♥♥❛✐##❛♥❝❡ ❡#. ♣/(#❡♥.❡ ❛✐♥#✐ 9✉❡ ❞✉ ❜/✉✐. 9✉✐
♣❡✉. ♣❡/.✉/❜❡/ ❧❛ /❡❝♦♥♥❛✐##❛♥❝❡✳
◆♦✉# ♣/(#❡♥.❡/♦♥# ❡♥ ❞(.❛✐❧# ❧❡# ❞❡✉① ♣/✐♥❝✐♣❛❧❡# ♠(.❤♦❞❡# ❞❡ ❧❛ ❝♦//(❧❛.✐♦♥ ♦♣.✐9✉❡✳ ◆♦✉#
❛✈♦♥# ❡✛❡❝.✉( ❞❡# ❝♦♠♣❛/❛✐#♦♥# ❞❡# ♣/✐♥❝✐♣❛❧❡# ❛/❝❤✐.❡❝.✉/❡# ❞(✈❡❧♦♣♣(❡# ♣♦✉/ ❝❤❛❝✉♥❡ ❞❡ ❝❡#
♠(.❤♦❞❡#✳ ❆✜♥ ❞❡ /(♣♦♥❞/❡ ❛✉① ❜❡#♦✐♥# ❝/((# ♣❛/ ♥♦./❡ ❛♣♣❧✐❝❛.✐♦♥✱ ♥♦✉# ❛✈♦♥# ❝♦♥./✐❜✉( ❡♥
♣/♦♣♦#❛♥. ❞❡✉① ❛/❝❤✐.❡❝.✉/❡# ❡. ❧❡# ❝/✐.4/❡# ❞❡ ❞(❝✐#✐♦♥ ❛##♦❝✐(# ❬✾✻✕✾✽❪✳ ▲❛ ♣/❡♠✐4/❡ ❛/❝❤✐.❡❝.✉/❡
✐♥.❡/✈✐❡♥. ❛✉ ♥✐✈❡❛✉ ❞❡ ❧❛ /❡❝♦♥♥❛✐##❛♥❝❡ ❡. ♣❡/♠❡. ❞❡ /(❞✉✐/❡ ❧❡ ♥♦♠❜/❡ ❞✬✐♠❛❣❡# ❞❡ /(❢(/❡♥❝❡
❞✬✉♥ ❢❛❝.❡✉/ ✷✳ ▲✬❛/❝❤✐.❡❝.✉/❡ ♠♦♥./❡ ❞❡ ❜♦♥# /(#✉❧.❛.#✱ ❝♦♠♣❛/❛.✐✈❡♠❡♥. ❛✉① ❛✉./❡# ❛/❝❤✐.❡❝✲
.✉/❡#✳ ▲❛ #❡❝♦♥❞❡ ❛/❝❤✐.❡❝.✉/❡ ❛ (.( ❞(✈❡❧♦♣♣(❡ ♣♦✉/ ❢❛✐/❡ ❞✉ #✉✐✈✐ ❞✬♦❜❥❡. ❡. /(♣♦♥❞ > ✉♥ ❜❡#♦✐♥
❞❡ ❧❛ ♠(.❤♦❞❡ ✿ ❛❧❧✐❡/ /♦❜✉#.❡##❡ ❡. ❞✐#❝/✐♠✐♥❛.✐♦♥✳
✺✺
✺✻

✺✽ ❈❍❆#■❚❘❊ ✹✳ ●➱◆➱❘❆▲■❚➱❙ ❙❯❘ ▲❆ ❈❖❘❘➱▲❆❚■❖◆
❙✉$ ❧❛ ✜❣✉$❡ ✹✳✶✱ ♥♦✉0 ♠♦♥2$♦♥0 ❧❡ ♣$✐♥❝✐♣❡ ❞❡ ❧❛ ❝♦$$7❧❛2✐♦♥✱ ❜❛07❡ 0✉$ ❧❡ ♣$✐♥❝✐♣❡ ❞✬✉♥❡
❝♦♠♣❛$❛✐0♦♥ 0♣7❝✐❛❧❡✳ ▲❡0 ❞❡✉① ✐♠❛❣❡0 0♦♥2 ❝♦♠♣❛$7❡0 ❞❛♥0 ❧❡ ❞♦♠❛✐♥❡ 0♣❡❝2$❛❧✳ ▲❡ $70✉❧2❛2 ❞❡
❝❡22❡ ♦♣7$❛2✐♦♥ ❞♦♥♥❡ ✉♥ ♣❧❛♥ ❞❡ ❝♦$$7❧❛2✐♦♥ <✉✐ ❝♦♥2✐❡♥2 ✉♥ ♣✐❝ ❞❡ ❝♦$$7❧❛2✐♦♥ ✭❝❢✳ ✜❣✉$❡ ✹✳✶ ❛✮
❡♥ ❝❛0 ❞❡ $❡❝♦♥♥❛✐00❛♥❝❡ ❡2 <✉✐ ♥✬❡♥ ❝♦♥2✐❡♥2 ♣❛0 ❡♥ ❝❛0 ❞❡ ♥♦♥ $❡❝♦♥♥❛✐00❛♥❝❡ ✭❝❢✳ ✜❣✉$❡ ✹✳✶ ❜✮✳
▼❛2❤7♠❛2✐<✉❡♠❡♥2✱ ❧❛ ❝♦$$7❧❛2✐♦♥ c ❡♥2$❡ ✉♥❡ ✐♠❛❣❡ s ❡2 ✉♥❡ ✐♠❛❣❡ ❞❡ $7❢7$❡♥❝❡ r ✭❛✉00✐
❛♣♣❡❧7❡ ✜❧2$❡ ❞❡ ❝♦$$7❧❛2✐♦♥✮ 0✬7❝$✐2 ✿
c(x0, y0) = s(x0, y0) ∗
c r(x0, y0) =
∫ ∫ +∞
−∞
s(x, y)r(x− x0, y − y0)dxdy ✭✹✳✶✮
♦C ∗c $❡♣$70❡♥2❡ ❧✬♦♣7$❛2✐♦♥ ❞❡ ❝♦$$7❧❛2✐♦♥✳
▲❛ ❝♦$$7❧❛2✐♦♥ ❡02 ❧✐7❡ D ❧✬♦♣7$❛2✐♦♥ ❞❡ ❝♦♥✈♦❧✉2✐♦♥ ♣❛$ ❧❛ ❝♦♥❥✉❣❛✐0♦♥ ❞✉ ✜❧2$❡ ✿
c(x0, y0) = r¯(−x0,−y0) ∗ s(x0, y0) ✭✹✳✷✮
♦C r¯ $❡♣$70❡♥2❡ ❧❛ ❝♦♥❥✉❣❛✐0♦♥ ❞✉ ✜❧2$❡ ❡2 ∗ ❧✬♦♣7$❛2✐♦♥ ❞❡ ❝♦♥✈♦❧✉2✐♦♥✳
H❛$ ❧❡ 2❤7♦$I♠❡ ❞❡ H❧❛♥❝❤❡$❡❧✱ ❧❛ ❝♦♥✈♦❧✉2✐♦♥ ❡2 ♣❛$ ❝♦♥07<✉❡♥2 ❧❛ ❝♦$$7❧❛2✐♦♥ ❡02 ❧✐7❡ D ❧❛
❚❋ ✭2$❛♥0❢♦$♠7❡ ❞❡ ❋♦✉$✐❡$✮ ✿
TF [x(t) ∗ y(t)] = TF [x(t)].TF [y(t)] ✭✹✳✸❛✮
TF [x(t).y(t)] = TF [x(t)] ∗ TF [y(t)] ✭✹✳✸❜✮
♦C ∗ $❡♣$70❡♥2❡ ❧❡ ♣$♦❞✉✐2 ❞❡ ❝♦♥✈♦❧✉2✐♦♥✳
✹✳✶✳✷ ■♠♣❧(♠❡♥+❛+✐♦♥
❖♥ ❞✐02✐♥❣✉❡ ❧❛ ❝♦$$7❧❛2✐♦♥ ♦♣2✐<✉❡ ✭❜❛07❡ 0✉$ ❧✬✐♠♣❧7♠❡♥2❛2✐♦♥ ♦♣2✐<✉❡✮ ❞❡ ❧❛ ❝♦$$7❧❛2✐♦♥
♥✉♠7$✐<✉❡ ✭❜❛07❡ 0✉$ ✉♥❡ ✐♠♣❧7♠❡♥2❛2✐♦♥ ♥✉♠7$✐<✉❡✱ ♥♦♥ $7❛❧✐0❛❜❧❡ ❡♥ ♦♣2✐<✉❡✮✳ ▲❛ ❝♦$$7❧❛2✐♦♥
♦♣2✐<✉❡ ✉2✐❧✐0❡ ❧❛ ❧✉♠✐I$❡ ❡2 ❧❡0 ♣$♦♣$✐7270 ❞❡0 ❧❡♥2✐❧❧❡0 ♣♦✉$ ♦❜2❡♥✐$ ❧✬♦♣7$❛2✐♦♥ ❞❡ ❝♦$$7❧❛2✐♦♥
✭❝❢✳ ✜❣✉$❡ ✹✳✷✮✳ ❊♥ ❡✛❡2✱ ❧♦$0<✉❡ ❧❡ ♣❧❛♥ ❞✬❡♥2$7❡ ❡02 0✐2✉7 ❛✉ ❢♦②❡$ ♦❜❥❡2 ❞❡ ❧❛ ❧❡♥2✐❧❧❡✱ ❛✉ ❢♦②❡$
✐♠❛❣❡ 0❡ 2$♦✉✈❡ ❧❛ 2$❛♥0❢♦$♠7❡ ❞❡ ❋♦✉$✐❡$ ❞✉ ♣❧❛♥ ❞✬❡♥2$7❡✳ ✭▲❡0 ❢♦②❡$0 ♦❜❥❡2 ❡2 ✐♠❛❣❡ ❞✬✉♥❡
❧❡♥2✐❧❧❡ ❝♦♥✈❡$❣❡♥2❡ 0❡ 0✐2✉❡♥2 ❞❡ ♣❛$2 ❡2 ❞✬❛✉2$❡0 ❞❡ ❧❛ ❧❡♥2✐❧❧❡✱ D ❧❛ ❞✐02❛♥❝❡ ❛♣♣❡❧7❡ ❞✐02❛♥❝❡
❢♦❝❛❧❡ f✮✳ ●$R❝❡ D ❝❡22❡ ♣$♦♣$✐727✱ ❧❡ ♣❧❛♥ ❞✬❡♥2$7❡ ❡02 ♣❧❛❝7 ❛✉ ❢♦②❡$ ♦❜❥❡2 ❞❡ ❧❛ ❧❡♥2✐❧❧❡ L1 0✉$
❧❛ ✜❣✉$❡ ✹✳✷✳ ❆✉ ❢♦②❡$ ✐♠❛❣❡ ❞❡ ❝❡22❡ ❧❡♥2✐❧❧❡ 0❡ 2$♦✉✈❡ 0❛ 2$❛♥0❢♦$♠7❡ ❞❡ ❋♦✉$✐❡$✳ ❖♥ ② ♣❧❛❝❡
✉♥ ♠♦❞✉❧❛2❡✉$ 0♣❛2✐❛❧ ❞❡ ❧✉♠✐I$❡✱ ❛♣♣❡❧7 ❙▲▼✱ ✏❙♣❛'✐❛❧ ❧✐❣❤' ♠♦❞✉❧❛'♦0✑✳ ❈✬❡02 ✉♥ ❝♦♠♣♦0❛♥2
❞❛♥0 ❧❡<✉❡❧ ❧❡0 ✜❧2$❡0 0♦♥2 ❛✣❝❤70 ♣♦✉$ V2$❡ ♠✉❧2✐♣❧✐70 ♦♣2✐<✉❡♠❡♥2 ❛✉ 0♣❡❝2$❡ ❞❡ ❧✬✐♠❛❣❡✳ H♦✉$
❡✛❡❝2✉❡$ ❧❛ 2$❛♥0❢♦$♠7❡ ❞❡ ❋♦✉$✐❡$ ✐♥✈❡$0❡✱ ♦♥ ✉2✐❧✐0❡ ✉♥❡ ❞❡✉①✐I♠❡ ❧❡♥2✐❧❧❡✱ L2✱ ♣❧❛❝7❡ ❞❡ ❢❛W♦♥
D ❝❡ <✉❡ ❧❡ ♣❧❛♥ ❞❡ ❋♦✉$✐❡$ 0♦✐2 0✐2✉7 ❛✉ ❢♦②❡$ ♦❜❥❡2✳ ❆✉ ❢♦②❡$ ✐♠❛❣❡ ❞❡ ❝❡22❡ 0❡❝♦♥❞❡ ❧❡♥2✐❧❧❡✱ 0❡
2$♦✉✈❡ ❧❡ ♣❧❛♥ ❞❡ ❝♦$$7❧❛2✐♦♥✳
❋✐❣✉$❡ ✹✳✷ ✕ ■♠♣❧7♠❡♥2❛2✐♦♥ ♦♣2✐<✉❡ ❞❡ ❧❛ ❝♦$$7❧❛2✐♦♥
❯♥❡ ❢♦✐0 <✉❡ ❧✬✐♠❛❣❡ ❞✬❡♥2$7❡ ❡2 ❧❡ ✜❧2$❡ 0♦♥2 ❛✣❝❤70 ❞❛♥0 ❧❡ ♠♦♥2❛❣❡✱ ❧✬♦♣7$❛2✐♦♥ ❞❡ ❝♦$$7✲
❧❛2✐♦♥ ♣❡✉2 0✬❡✛❡❝2✉❡$ D ❧❛ ✈✐2❡00❡ ❞❡ ❧❛ ❧✉♠✐I$❡✳ ▲❛ ❝♦$$7❧❛2✐♦♥ ♦♣2✐<✉❡ ❡02 ❞♦♥❝ ✉♥❡ ♠72❤♦❞❡
❡①2$V♠❡♠❡♥2 $❛♣✐❞❡✳ ❈❡♣❡♥❞❛♥2 ❧♦$0<✉❡ ❧✬♦♥ 0♦✉❤❛✐2❡ ❝♦♠♣❛$❡$ ✉♥❡ ✐♠❛❣❡ D ♣❧✉0✐❡✉$0 ✜❧2$❡0✱ ❧❛
✹✳✷✳ ◗❯❆◆❚■❋■❊❘ ▲❆ ❘❊❈❖◆◆❆■❙❙❆◆❈❊ ✺✾
♠#$❤♦❞❡ ♥#❝❡++✐$❡ ❞❡ ♣.❡♥❞.❡ ❡♥ ❝♦♠♣$❡ ❧❡ $❡♠♣+ ❞❡ ❝❤❛.❣❡♠❡♥$ ❞✉ ✜❧$.❡ ❞✉ ♠♦❞✉❧❛$❡✉. ❞❡
❧✉♠✐4.❡✳ ❉❡ ♣❧✉+ ❧❡ ♠♦♥$❛❣❡ ♦♣$✐7✉❡ ✐♠♣♦+❡ ❞❡+ ❝♦♥$.❛✐♥$❡+ ♣❤②+✐7✉❡+ ✭❛❧✐❣♥❡♠❡♥$ ❞✉ ♠♦♥$❛❣❡✱
❡♥❝♦♠❜.❡♠❡♥$ +♣❛$✐❛❧✮✳
❈❡♣❡♥❞❛♥$✱ ❞❡ ♣❧✉+ ❡♥ ♣❧✉+ ❞✬❛♣♣❧✐❝❛$✐♦♥+ ✉$✐❧✐+❡♥$ ❞❡+ ❝❛♣$❡✉.+ ✈✐❞#♦+ ♣♦✉. ❛❝7✉#.✐. ❧❡+
✐♠❛❣❡+✳ @❛. ❝♦♥+#7✉❡♥$ ❧❡+ ❛.❝❤✐$❡❝$✉.❡+ ♦♣$✐7✉❡+ ♦♥$ #$# ❛❞❛♣$#❡+ +♦✉+ ❢♦.♠❡ ♥✉♠#.✐7✉❡✳ ▲❡
$.❛✐$❡♠❡♥$ ♥✉♠#.✐7✉❡ ❞❡+ ✐♠❛❣❡+ ❡+$ ♠♦✐♥+ .❛♣✐❞❡ 7✉❡ ❧❛ ❝♦..#❧❛$✐♦♥ ♦♣$✐7✉❡ ♠❛✐+ ❡+$ +✉✣+❛♥$
❧♦.+ ❞❡ ❧✬✉$✐❧✐+❛$✐♦♥ ❞❡ ❝❛♠#.❛+ ✈✐❞#♦+ ✭❞❛♥+ ❝❡ ❝❛+✱ ❧❡ $❡♠♣+ ❞❡ ❝❛❧❝✉❧ ❞♦✐$ D$.❡ ♣.♦❝❤❡ ❞❡ ❧❛
❝❛❞❡♥❝❡ ✈✐❞#♦✮✳
▲❛ ❝♦..#❧❛$✐♦♥ ♦♣$✐7✉❡ .❡❣.♦✉♣❡ ❞❡✉① ❛.❝❤✐$❡❝$✉.❡+ ✿ ❧❡ ❝♦..#❧❛$❡✉. ♣.♦♣♦+# ♣❛. ❱❛♥❞❡.❧✉❣$
❬✶✵✵❪ ❡$ ❧❡ ❝♦..#❧❛$❡✉. ♣.♦♣♦+# ♣❛. ❲❡❛✈❡. ❡$ ●♦♦❞♠❛♥ ✭❧❡ ❏❚❈✮ ❬✶✵✶❪✳ ❈❡+ ❞❡✉① ❛.❝❤✐$❡❝$✉.❡+
♦♥$ #$# ♣.♦♣♦+#❡+ ♣♦✉. ✉♥❡ ✐♠♣❧#♠❡♥$❛$✐♦♥ ♦♣$✐7✉❡ ❡$ ♦♥$ #$# ❛❞❛♣$#❡+ +♦✉+ ❢♦.♠❡ ♥✉♠#.✐7✉❡
❬✾✺✱✶✵✷❪✳ ▲❛ ❝♦..#❧❛$✐♦♥ ♥✉♠#.✐7✉❡✱ ✉$✐❧✐+#❡ ♣❛. ❧❡+ .♦❜♦$✐❝✐❡♥+✱ ❡♥$.❡ ❛✉$.❡+✱ ❡+$ ✐❝✐ .❡♣.#+❡♥$#❡ ♣❛.
❧❛ ❝♦..#❧❛$✐♦♥ ♥♦.♠❛❧✐+#❡ ✭❩◆❈❈✱ ✏③❡#♦ ♠❡❛♥ ♥♦#♠❛❧✐③❡❞ ❝#♦,, ❝♦##❡❧❛-✐♦♥✑✮✳ ❈❡$$❡ ❛.❝❤✐$❡❝$✉.❡
❝♦♥+✐+$❡ S ❡✛❡❝$✉❡. ❧❛ ❝♦..#❧❛$✐♦♥ ❞❡+ ✐♠❛❣❡+ ❝✐❜❧❡ ❡$ .#❢#.❡♥❝❡ ❛✉①7✉❡❧❧❡+ ♦♥ ❛ +♦✉+$.❛✐$ ❧❡✉.
♠♦②❡♥♥❡ ❧♦❝❛❧❡ ❀ ❝❡ ♣.♦❞✉✐$ ❡+$ ❞✐✈✐+# ♣❛. ❧✬#❝❛.$ $②♣❡ ❞❡+ ✐♠❛❣❡+✳ @♦✉. ♣.❡♥❞.❡ ✉♥❡ ❞#❝✐+✐♦♥
✜❛❜❧❡✱ 7✉❡❧❧❡ 7✉❡ +♦✐$ ❧❛ ♠#$❤♦❞❡ ✉$✐❧✐+#❡✱ ❞❡+ ❝.✐$4.❡+ +♦♥$ S ♣.❡♥❞.❡ ❡♥ ❝♦♠♣$❡ ✿ ❧❛ .❛♣✐❞✐$#✱
❧❛ .♦❜✉+$❡++❡ ❡$ ❧❛ ❞✐+❝.✐♠✐♥❛$✐♦♥✳ @❧✉+✐❡✉.+ ♦♣$✐♠✐+❛$✐♦♥+ ♦♥$ #$# ❞#✈❡❧♦♣♣#❡+ ♣♦✉. ❛♠#❧✐♦.❡.
❧❛ .♦❜✉+$❡++❡ ❡$ ✴ ♦✉ ❧❛ ❞✐+❝.✐♠✐♥❛$✐♦♥ ❞❡+ ♠#$❤♦❞❡+ ❬✾✹✱ ✾✼❪✳ ❯♥ +②+$4♠❡ ❞❡ .❡❝♦♥♥❛✐++❛♥❝❡ ❞❡+
❢♦.♠❡+ ❡+$ .♦❜✉+$❡ ❧♦.+7✉✬✐❧ ❡+$ ❝❛♣❛❜❧❡ ❞❡ .❡❝♦♥♥❛Z$.❡ ✉♥❡ ✐♠❛❣❡ ❝✐❜❧❡ ♣.♦❝❤❡ ❞❡ ❧✬✉♥❡ ❞❡+ ✐♠❛❣❡+
❞❡ .#❢#.❡♥❝❡ ♠❛✐+ ♣❛+ ❡①❛❝$❡♠❡♥$ ✐❞❡♥$✐7✉❡✱ ♣❛. ❡①❡♠♣❧❡ ✉♥❡ ❧❡$$.❡ ❆ ✈❡.$✐❝❛❧❡ ❡$ ✉♥❡ ❧❡$$.❡ ❆
♦.✐❡♥$#❡ ❛✈❡❝ ✉♥ ❛♥❣❧❡ ❞❡ ✺✝✭❧✬❛♥❣❧❡ ❞#♣❡♥❞ ❞✉ ❞❡❣.# ❞❡ .♦❜✉+$❡++❡ ❝❤♦✐+✐✮✳ ❯♥ +②+$4♠❡ ❡+$
❞✐$ ❞✐+❝.✐♠✐♥❛♥$ +✬✐❧ ♥❡ .❡❝♦♥♥❛✐$ ♣❛+ ❧❡+ ✐♠❛❣❡+ ❝✐❜❧❡+ ❞✐✛#.❡♥$❡+ ❞❡+ ✐♠❛❣❡+ ❞❡ .#❢#.❡♥❝❡ ♠❛✐+
♣.♦❝❤❡+ ♣❛. ❧❡✉. ❝♦♥$❡♥✉✱ ♣❛. ❡①❡♠♣❧❡ ❧❛ ❧❡$$.❡ ❆ ❡$ ❧❛ ❧❡$$.❡ ❱✳
✹✳✶✳✸ ❆♣♣&♦❝❤❡
◆♦✉+ ❛✈♦♥+ #$✉❞✐# ❝❡+ ❞✐✛#.❡♥$+ +②+$4♠❡+ ❛✐♥+✐ 7✉❡ ❧❡✉.+ ♦♣$✐♠✐+❛$✐♦♥+ ❛✜♥ ❞❡ ❝❤♦✐+✐. ✉♥❡
❛.❝❤✐$❡❝$✉.❡ ❡✣❝❛❝❡ ♣♦✉. .#+♦✉❞.❡ ♥♦$.❡ ♣.♦❜❧4♠❡ ✿ ❧✬✐❞❡♥$✐✜❝❛$✐♦♥ ❞❡+ ♠✐♥❡+✳ ❯♥❡ ♣.❡♠✐4.❡
#$❛♣❡ ✐♠♣♦.$❛♥$❡ ❡+$ ❧✬#✈❛❧✉❛$✐♦♥ ❞❡+ .#+✉❧$❛$+ ❀ ❧✬✉$✐❧✐+❛$✐♦♥ ❞❡ ❝.✐$4.❡+ 7✉✐ ✈♦♥$ ♥♦✉+ ♣❡.♠❡$$.❡ ❞❡
❝♦♠♣❛.❡. ❧❡+ ❞✐✛#.❡♥$❡+ ♦♣$✐♠✐+❛$✐♦♥+✳ @♦✉. ❝❡❧❛✱ ♥♦✉+ ❛✈♦♥+ #$✉❞✐# ❞❡+ ❝.✐$4.❡+ ❞❡ 7✉❛♥$✐✜❝❛$✐♦♥
7✉✐ ♣❡.♠❡$$❡♥$ ❞❡ ♠❡+✉.❡. ❧❛ .♦❜✉+$❡++❡ ❛✉ ❜.✉✐$✱ ❧❛ 7✉❛♥$✐$# ❞✬#♥❡.❣✐❡✱ ❧❛ ✜♥❡++❡ ❞✉ ♣✐❝ ❞❡
❝♦..#❧❛$✐♦♥✳
❉❡ ♣❧✉+✱ ♥♦✉+ ❛✈♦♥+ ❝♦♥$.✐❜✉# ❡♥ ❝.#❛♥$ ❞❡ ♥♦✉✈❡❛✉① ✜❧$.❡+ ❡$ ❞❡ ♥♦✉✈❡❛✉① ❝.✐$4.❡+ 7✉✐ ❧❡✉.
❝♦..❡+♣♦♥❞❡♥$ ❡$ 7✉✐ ♣❡.♠❡$$❡♥$ ❞❡ ❢❛❝✐❧✐$❡. ❧❛ ♣.✐+❡ ❞❡ ❞#❝✐+✐♦♥ +✉. ❧❛ .❡++❡♠❜❧❛♥❝❡ ♦✉ ♥♦♥
❞✬✉♥ ♦❜❥❡$ ✐♥❝♦♥♥✉ ♣❛. .❛♣♣♦.$ S ✉♥❡ .#❢#.❡♥❝❡✳ ❈❡$$❡ ♣❛.$✐❡ +✉. ❧❛ ❝♦..#❧❛$✐♦♥ ❛ ❢❛✐$ ❧✬♦❜❥❡$ ❞❡
♣✉❜❧✐❝❛$✐♦♥+ ❬✾✻✕✾✽❪✳
✹✳✷ ◗✉❛♥'✐✜❡+ ❧❛ +❡❝♦♥♥❛✐//❛♥❝❡
▲✬#✈❛❧✉❛$✐♦♥ ❞❡+ .#+✉❧$❛$+ ♥#❝❡++✐$❡ ❧✬✉$✐❧✐+❛$✐♦♥ ❞❡ ❝.✐$4.❡+ ❞❡ 7✉❛♥$✐✜❝❛$✐♦♥ ❞❡ ❧❛ .❡❝♦♥✲
♥❛✐++❛♥❝❡✳ ■❝✐ ♥♦✉+ ❛❧❧♦♥+ ♣.#+❡♥$❡. 7✉❛$.❡ ❝.✐$4.❡+ ✿ ❧❡ ❙◆❘✱ ✏❙✐❣♥❛❧ -♦ ◆♦✐,❡ ❘❛-✐♦✑✱ ❧✬❡✣❝❛❝✐$#
♦♣$✐7✉❡✱ ❧❡ @❈❊✱ ✏3❡❛❦ -♦ ❈♦##❡❧❛-✐♦♥ ❊♥❡#❣②✑ ❛✐♥+✐ 7✉❡ ❧❡+ ❝♦✉.❜❡+ ❘❖❈✱ ✏❘❡❝❡✐✈❡# ❖♣❡#❛-✐♥❣
❈❤❛#❛❝-❡#✐,-✐❝✑✳
✹✳✷✳✶ ▲❛ &♦❜✉01❡00❡ ❛✉ ❜&✉✐1
❯♥❡ ♠#$❤♦❞❡ ❞❡ 7✉❛♥$✐✜❝❛$✐♦♥ $.4+ ✉$✐❧✐+#❡ ❡+$ ❧❛ ❝♦♠♣❛.❛✐+♦♥ ❞✉ ♥✐✈❡❛✉ ❞✉ +✐❣♥❛❧ ♣❛. .❛♣♣♦.$
❛✉ ♥✐✈❡❛✉ ❞✉ ❜.✉✐$✳ ▲❡ ❙◆❘ ✭.❛♣♣♦.$ +✐❣♥❛❧ S ❜.✉✐$✮ ❬✶✵✸❪ ♣❡.♠❡$ ❞❡ ❝♦♠♣❛.❡. ❧❡+ ♣✉✐++❛♥❝❡+ ❞✉
+✐❣♥❛❧ s ❡$ ❞✉ ❜.✉✐$ b ❝♦♥$❡♥✉+ ❞❛♥+ ✉♥❡ +❝4♥❡ ✿
SNR =
@✉✐++❛♥❝❡ ❞✉ +✐❣♥❛❧
@✉✐++❛♥❝❡ ❞✉ ❜.✉✐$
=
|S(f)|2
|B(f)|2
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♦h |S(f)|2 ❡$ |B(f)|2 .❡♣.#+❡♥$❡♥$ ❧❡+ ❞❡♥+✐$#+ +♣❡❝$.❛❧❡+ ❞✬#♥❡.❣✐❡ ❞✉ +✐❣♥❛❧ ❡$ ❞✉ ❜.✉✐$✱
.❡+♣❡❝$✐✈❡♠❡♥$✳
✻✵ ❈❍❆#■❚❘❊ ✹✳ ●➱◆➱❘❆▲■❚➱❙ ❙❯❘ ▲❆ ❈❖❘❘➱▲❆❚■❖◆
✹✳✷✳✷ ▲✬❡✣❝❛❝✐*+ ♦♣*✐.✉❡
❖♥ ♣❡✉' ✈♦✉❧♦✐, ❝♦♠♣❛,❡, ❧✬1♥❡,❣✐❡ ❞✉ ♣❧❛♥ ❞❡ ❝♦,,1❧❛'✐♦♥ ♦❜'❡♥✉ ♣❛, ,❛♣♣♦,' 5 ❧✬1♥❡,❣✐❡ ❞❡
❧✬✐♠❛❣❡ ❝✐❜❧❡✳ ❈❡ ❝,✐'8,❡ ♣❡,♠❡' ❞❡ 9✉❛♥'✐✜❡, ❧✬1♥❡,❣✐❡ ❞✉ ♣❧❛♥ ❞❡ ❝♦,,1❧❛'✐♦♥ ✿
η =
1♥❡,❣✐❡ ❞❡ ❧❛ ❢♦♥❝'✐♦♥ ❞❡ ❝♦,,1❧❛'✐♦♥
1♥❡,❣✐❡ ❞❡ ❧✬✐♠❛❣❡
=
∑x=N
x=1
∑y=M
y=1 |C|
2∑x=N
x=1
∑y=M
y=1 |I|
2
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♦A C ,❡♣,1B❡♥'❡ ❧❡ ♣❧❛♥ ❞❡ ❝♦,,1❧❛'✐♦♥✱ I ❧✬✐♠❛❣❡ ❝✐❜❧❡ ❡' N,M ,❡♣,1B❡♥'❡♥' ❧❛ '❛✐❧❧❡ ❞❡B
✐♠❛❣❡B✳
▲❛ ❝♦,,1❧❛'✐♦♥ ❝♦♥B✐B'❡ 5 ♠✉❧'✐♣❧✐❡, ❧❡ B♣❡❝',❡ ❞✬✉♥❡ ✐♠❛❣❡ ❝✐❜❧❡ ❛✈❡❝ ✉♥ ✜❧',❡ ✭❝♦♠♠❡ ♥♦✉B
❧✬❛✈♦♥B ❞✐' ♣,1❝1❞❡♠♠❡♥'✮✳ ❉❛♥B ❧❛ ❧✐''1,❛'✉,❡ ♣❧✉B✐❡✉,B ✜❧',❡B ♦♥' 1'1 ♣,♦♣♦B1B✱ ❝,11B 5 ♣❛,'✐,
❞❡B ❞✐✛1,❡♥'B ❝,✐'8,❡B ❞❡ 9✉❛♥'✐✜❝❛'✐♦♥✳ ■❧B ♦♥' 1'1 ✈❛❧✐❞1B ♣❛, ❞✐✛1,❡♥'❡B ❛♣♣❧✐❝❛'✐♦♥B ❬✾✹❪✳ K❛,♠✐
❝❡B ✜❧',❡B✱ ♦♥ ',♦✉✈❡ ❧❡ ✜❧',❡ ❞❡ ♣❤❛B❡ ♣✉,❡ ✭✜❧',❡ K❖❋✮✱ ♣,1B❡♥'1 ❞❛♥B ❧❛ B✉✐'❡ ❞❡ ❝❡''❡ ♣❛,'✐❡
❡' ❞1✜♥✐ 5 ♣❛,'✐, ❞❡ ❧✬❡✣❝❛❝✐'1 ♦♣'✐9✉❡✳ ▲✬♦❜❥❡❝'✐❢ 1'❛✐' ❞✬♦❜'❡♥✐, ✉♥ ✜❧',❡ ❞♦♥' ❧✬1♥❡,❣✐❡ ❞✉ ♣❧❛♥
❞✬❡♥',1❡ ❡' ❧✬1♥❡,❣✐❡ ❞✉ ♣❧❛♥ ❞❡ B♦,'✐❡ B♦✐❡♥' ❧❡B ♠P♠❡B✳ ❆✐♥B✐ B✐ ❧❡ ❝❛♣'❡✉, ✉'✐❧✐B1 ♣♦✉, ❡♥,❡❣✐B',❡,
❧❛ B❝8♥❡ ❡B' B✉✣B❛♠♠❡♥' ,1B♦❧✉✱ ✐❧ ❧❡ B❡,❛ ❛✉BB✐ ♣♦✉, ❡♥,❡❣✐B',❡, ❧❡ ♣❧❛♥ ❞❡ ❝♦,,1❧❛'✐♦♥✱ ❝❡ 9✉✐
♥✬❡B' ♣❛B ♥1❝❡BB❛✐,❡♠❡♥' ❧❡ ❝❛B ♣♦✉, ❞✬❛✉',❡B ✜❧',❡B ❞❡ ❝♦,,1❧❛'✐♦♥ ❬✾✹✱✶✵✹❪✳
✹✳✷✳✸ ▲❛ ✜♥❡33❡ ❞✉ ♣✐❝ ❞❡ ❝♦55+❧❛*✐♦♥
K❧✉B ✉♥❡ ✐♠❛❣❡ ❝✐❜❧❡ ❡' ✉♥❡ ✐♠❛❣❡ ❞❡ ,1❢1,❡♥❝❡ B❡,♦♥' ♣,♦❝❤❡B✱ ♣❧✉B ❧❡ ♣✐❝ ❞❡ ❝♦,,1❧❛'✐♦♥ B❡,❛
❤❛✉'✱ ✜♥ ❡' 1♥❡,❣1'✐9✉❡ ♣❛, ,❛♣♣♦,' ❛✉ ♣❧❛♥ ❞❡ ❝♦,,1❧❛'✐♦♥✳ ❉❡ ♣❧✉B ❧❡ ♣❧❛♥ ❞❡ ❝♦,,1❧❛'✐♦♥ B❡,❛
❢❛✐❜❧❡♠❡♥' ❜,✉✐'1✳ K♦✉, ❝❛,❛❝'1,✐B❡, ❝❡❧❛✱ ♦♥ ❝❛❧❝✉❧❡ ❧❡ ,❛♣♣♦,' ❡♥',❡ ❧✬1♥❡,❣✐❡ ❝♦♥'❡♥✉❡ ❞❛♥B ❧❡ ♣✐❝
❞❡ ❝♦,,1❧❛'✐♦♥ ❡' ❧✬1♥❡,❣✐❡ ❝♦♥'❡♥✉❡ ❞❛♥B ❧❡ ♣❧❛♥ ❞❡ ❝♦,,1❧❛'✐♦♥✳ ❈❡ ,❛'✐♦ B✬❛♣♣❡❧❧❡ ❧❡ K❈❊ ❬✶✵✸❪ ✿
PCE =
1♥❡,❣✐❡ ❝♦♥'❡♥✉❡ ❞❛♥B ❧❡ ♣✐❝ ❞❡ ❝♦,,1❧❛'✐♦♥
1♥❡,❣✐❡ ❝♦♥'❡♥✉❡ ❞❛♥B ❧❡ ♣❧❛♥ ❞❡ ❝♦,,1❧❛'✐♦♥
PCE =
∑x=x0+t
x=x0−t
∑y=y0+t
y=y0−t
|C(x, y)|2∑x=N
x=1
∑y=M
y=1 |C(x, y)|
2
✭✹✳✻✮
♦A x0 ❡' y0 ,❡♣,1B❡♥'❡♥' ❧❛ ♣♦B✐'✐♦♥ ❞✉ ♣✐❝ ❞❡ ❝♦,,1❧❛'✐♦♥✳ K♦✉, ♣,❡♥❞,❡ ❡♥ ❝♦♠♣'❡ ❧❡B ♣✐❝B
9✉✐ ♥❡ B♦♥' ♣❛B ❡①❛❝'❡♠❡♥' ❝❡♥',1B B✉, ✉♥ ♣✐①❡❧✱ ♦♥ ❛❥♦✉'❡ ❛✉ ♣✐❝ ❞❡ ❝♦,,1❧❛'✐♦♥ ❧❡B ✈❛❧❡✉,B ❞❡B t
♣,❡♠✐❡,B ✈♦✐B✐♥B✳ C ,❡♣,1B❡♥'❡ ❧❡ ♣❧❛♥ ❞❡ ❝♦,,1❧❛'✐♦♥✳
✹✳✷✳✹ ▲❡3 ❝♦✉5❜❡3 ❘❖❈
▲❡B ❝♦✉,❜❡B ❘❖❈ ✏❘❡❝❡✐✈❡& ♦♣❡&❛*✐♥❣ ❝❤❛&❛❝*❡&✐.*✐❝✑ ❝♦♥B✐B'❡♥' 5 ❝❛,❛❝'1,✐B❡, 9✉❛♥'✐'❛'✐✈❡✲
♠❡♥' ✉♥ B②B'8♠❡ B❡❧♦♥ B❛ B❡♥B✐❜✐❧✐'1 ❡' B❛ B♣1❝✐✜❝✐'1✳ ▲❛ B❡♥B✐❜✐❧✐'1 ❞✬✉♥ B②B'8♠❡ TPR✱ ✏*&✉❡
♣♦.✐*✐✈❡ &❛*❡✑ B❡ ❞1✜♥✐' ♣❛, ❧❡ ,❛♣♣♦,' ❡♥',❡ ❧❡ ♥♦♠❜,❡ ❞❡ ✈,❛✐B ♣♦B✐'✐❢B TP ✱ ✏*&✉❡ ♣♦.✐*✐✈❡✑ ❡' ❧❛
B♦♠♠❡ ❞❡B ✈,❛✐B ♣♦B✐'✐❢B ❡' ❞❡B ❢❛✉① ♥1❣❛'✐❢B FN ✱ ✏❢❛❧.❡ ♥❡❣❛*✐✈❡✑✳ ▲❛ B♣1❝✐✜❝✐'1 ❞✬✉♥ B②B'8♠❡
SPC B❡ ❞1✜♥✐' ❝♦♠♠❡ ❧❡ ,❛♣♣♦,' ❡♥',❡ ❧❡ ♥♦♠❜,❡ ❞❡ ✈,❛✐B ♥1❣❛'✐❢B TN ✱ ✏*&✉❡ ♥❡❣❛*✐✈❡✑ ♣❛,
,❛♣♣♦,' 5 ❧❛ B♦♠♠❡ ❞❡B ❢❛✉① ♣♦B✐'✐❢B FP ✱ ✏❢❛❧.❡ ♣♦.✐*✐✈❡✑ ❡' ❞❡B ✈,❛✐B ♥1❣❛'✐❢B✳ ❈❡B ,❛'✐♦B B♦♥'
,1B✉♠1B B✉, ❧❛ ✜❣✉,❡ ✹✳✸ ❛✉BB✐ ❛♣♣❡❧1❡ ♠❛',✐❝❡ ❞❡ ❝♦♥❢✉B✐♦♥ ❡' ❞❛♥B ❧✬19✉❛'✐♦♥ ✹✳✼ ❬✶✵✺❪ ✿
TPR =
TP
P
=
TP
TP + FN
SPC =
TN
N
=
TN
TN + FP
✭✹✳✼✮
▲❡B ❝♦✉,❜❡B ❘❖❈ B♦♥' B♦✉✈❡♥' ,❡♣,1B❡♥'1❡B ❞❛♥B ✉♥ ❣,❛♣❤❡ ,❡♣,1B❡♥'❛♥' ❧✬❡B♣❛❝❡ ✭❝❢✳ ✜❣✉,❡
✹✳✹✮✳ ▲❛ ♣,♦❜❛❜✐❧✐'1 ❞✬✉♥❡ ❞1'❡❝'✐♦♥ ❛❧1❛'♦✐,❡ ❡B' ,❡♣,1B❡♥'1❡ ✭❞,♦✐'❡ ❡♥ ♣♦✐♥'✐❧❧1B✮✳ ▲♦,B9✉❡ ❧❛
❝♦✉,❜❡ ❘❖❈ ✭❝♦✉,❜❡ ❝②❛♥✮ ❡B' B✐'✉1❡ ❛✉ ❞❡BB✉B✱ ❧❡ B②B'8♠❡ ❞♦♥♥❡ ❞❡ ♠❡✐❧❧❡✉,B ,1B✉❧'❛'B 9✉✬✉♥
B②B'8♠❡ ❛❧1❛'♦✐,❡✳ ❙✐ ❧❛ ❝♦✉,❜❡ ❡B' B✐'✉1❡ ❡♥ ❞❡BB♦✉B✱ ❧❡ B②B'8♠❡ ❡B' ♣❧✉B ♠❛✉✈❛✐B 9✉✬✉♥❡ ❞1'❡❝'✐♦♥
❛❧1❛'♦✐,❡✳✳✳ ▲♦,B9✉❡ ❧❛ ❝♦✉,❜❡ ❛''❡✐♥' ❧❡ ♣♦✐♥' ✭✶✱✶✮✱ ❧❡ B②B'8♠❡ ❡B' ♣❛,❢❛✐'✳
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✻✹ ❈❍❆#■❚❘❊ ✺✳ ▲❆ ❈❖❘❘➱▲❆❚■❖◆ ❙❊▲❖◆ ▲✬❆❘❈❍■❚❊❈❚❯❘❊ ❱❆◆❉❊❘▲❯●❚
✺✳✶ ➱$❛$ ❞❡ ❧✬❛*$
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O∗(µ, ν)
|O(µ, ν)|
=
ρO(µ, ν)e
−iθO(µ,ν)
|ρO(µ, ν)e−iθO(µ,ν)|
= e−iθO(µ,ν) ✭✺✳✸✮
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H(µ, ν) = e−iθO(µ,ν){
H = 1 6✐ (❡❛❧(e−iθO(µ,ν)) ≥ 0
H = −1 6✐♥♦♥
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❧❡ ❝❛6 ❞✬✉♥❡ ✐♠♣❧#♠❡♥'❛'✐♦♥ ♥✉♠#(✐C✉❡✱ ❧❡ ❢❛✐' ❞❡ ♥✬✉'✐❧✐6❡( C✉❡ ❞❡✉① ✈❛❧❡✉(6 ♣❡(♠❡' ❞✬♦❜'❡♥✐(
✉♥❡ '❛✐❧❧❡ ✭❡♥ '❡(♠❡ ❞❡ ♣❧❛❝❡ ♠#♠♦✐(❡✮ ❞❡ ✜❧'(❡ '(R6 ❢❛✐❜❧❡✳ ■❧ ❡6' ❞♦♥❝ ✐♥'#(❡66❛♥' ♣♦✉( ❞❡6
❛♣♣❧✐❝❛'✐♦♥6 ❡♠❜❛(C✉#❡6✳
✻✻ ❈❍❆#■❚❘❊ ✺✳ ▲❆ ❈❖❘❘➱▲❆❚■❖◆ ❙❊▲❖◆ ▲✬❆❘❈❍■❚❊❈❚❯❘❊ ❱❆◆❉❊❘▲❯●❚
✺✳✶✳✹ ▲❡ ✜❧()❡ ✐♥✈❡)-❡
▲❡ ✜❧%&❡ ✐♥✈❡&*❡ ❬✶✵✾❪ ♠❛①✐♠✐*❡ ❧❡ 3❈❊✳ ❈❡❧❛ ❛ ♣♦✉& ❡✛❡% ❞❡ ❞♦♥♥❡& ❞❡* ♣✐❝* ❞❡ ❝♦&&=❧❛%✐♦♥
%&>* ✜♥*✳ ▲❡ ✜❧%&❡ ❡*% %&>* ❞✐*❝&✐♠✐♥❛♥% ♠❛✐* %&>* *❡♥*✐❜❧❡ ❛✉ ❜&✉✐%✳ ▲✬❡①♣&❡**✐♦♥ ❞❡ ❝❡ ✜❧%&❡ ❡*% ✿
H(µ, ν) =
O∗(µ, ν)
|O(µ, ν)|2
=
ρOve
−iθO(µ,ν)
|ρO(µ, ν)e−iθO(µ,ν)|2
=
e−iθO(µ,ν)
ρO(µ, ν)
✭✺✳✺✮
▲❛ *❡♥*✐❜✐❧✐%= ❛✉ ❜&✉✐% ❞❡ ❝❡ ✜❧%&❡ ❧❡ &❡♥❞ ♣❡✉ ✉%✐❧✐*❛❜❧❡ ❞❛♥* ♥♦%&❡ =%✉❞❡ ♦E ❧❡* ✐♠❛❣❡* ❝✐❜❧❡*
*♦♥% ❜&✉✐%=❡* ♣❛& ❧❡ ♠✐❧✐❡✉ *♦✉* ♠❛&✐♥✱ ❝♦♥%&❛✐&❡♠❡♥% H ♥♦* ✐♠❛❣❡* ❞❡ &=❢=&❡♥❝❡ J✉✐ ♥❡ *♦♥% ♣❛*
❜&✉✐%=❡* ❝❛& ❢❛❜&✐J✉=❡* H ♣❛&%✐& ❞✬✐♠❛❣❡* ❞❡ *②♥%❤>*❡✳
✺✳✶✳✺ ▲❡ ✜❧()❡ . ❝♦♠♣)♦♠✐- ♦♣(✐♠❛❧
▲❡ ✜❧%&❡ ❛❞❛♣%= ♠❛①✐♠✐*❡ ❧❡ ❙◆❘ ❡% &=*✐*%❡ ❛✉ ❜&✉✐%✳ ▲❡ ✜❧%&❡ ✐♥✈❡&*❡ ♠❛①✐♠✐*❡ ❧❡ 3❈❊ ♣♦✉&
P%&❡ %&>* ❞✐*❝&✐♠✐♥❛♥%✳ ▲✬♦❜❥❡❝%✐❢ ❞✉ ✜❧%&❡ ❖❚✱ ✏♦♣#✐♠❛❧ #(❛❞❡✲♦✛ ✜❧#❡(✑ ❬✶✶✵❪ ❡*% ❞❡ %&♦✉✈❡& ❧❡
❝♦♠♣&♦♠✐* ❡♥%&❡ ❧❡ ✜❧%&❡ ❛❞❛♣%= ❡% ❧❡ ✜❧%&❡ ✐♥✈❡&*❡ ✿
H(µ, ν) =
O∗(µ, ν)
αΓb(µ, ν) + (1− α)|O(µ, ν)|2
H(µ, ν) =
ρO(µ, ν)e
−iθO(µ,ν)
αΓb(µ, ν) + (1− α)|ρO(µ, ν)|2
✭✺✳✻✮
❙✐ ❧❡ ♣❛&❛♠>%&❡ α ✈❛✉% ✵✱ ♦♥ &❡%&♦✉✈❡ ❧❡ ✜❧%&❡ ✐♥✈❡&*❡✳ ❙✬✐❧ ✈❛✉% ✶✱ ♦♥ &❡%&♦✉✈❡ ❧❡ ✜❧%&❡ ❛❞❛♣%=✳
❉❛♥* ❧❡* ❝❛* ✐♥%❡&♠=❞✐❛✐&❡*✱ ❧❡ ✜❧%&❡ ❡*% &=*✐*%❛♥% ❛✉ ❜&✉✐% ❡% ❞✐*❝&✐♠✐♥❛♥%✳
✺✳✶✳✻ ▲❡ ✜❧()❡ ❝♦♠♣♦-✐(❡
▲❡* ✜❧%&❡* J✉❡ ♥♦✉* ✈❡♥♦♥* ❞❡ ♣&=*❡♥%❡& ❝♦♠♣❛&❡♥% ✉♥❡ ✐♠❛❣❡ ❝✐❜❧❡ H ✉♥❡ ✐♠❛❣❡ ❞❡ &=❢=&❡♥❝❡✳
▲♦&*J✉❡ ❧✬♦♥ *♦✉❤❛✐%❡ ✉♥❡ ❛♣♣❧✐❝❛%✐♦♥ J✉✐ ♥=❝❡**✐%❡ ✉♥ ♥♦♠❜&❡ ✐♠♣♦&%❛♥% ❞❡ ❝♦♠♣❛&❛✐*♦♥*✱ ✉♥❡
*♦❧✉%✐♦♥ ❝♦♥*✐*%❡ H ♠✉❧%✐♣❧❡①❡& ❧❡* &=❢=&❡♥❝❡* ❞❡ ♠❛♥✐>&❡ H &=❞✉✐&❡ ❧❡ ♥♦♠❜&❡ ❞✬♦♣=&❛%✐♦♥* H
❡✛❡❝%✉❡& ❬✶✶✶✱ ✶✶✷❪✳ ❈❡%%❡ &=❞✉❝%✐♦♥ ❞✉ ♥♦♠❜&❡ ❞✬♦♣=&❛%✐♦♥* H ❡✛❡❝%✉❡& ❡♥%&❛✐♥❡ ✉♥❡ &=❞✉❝%✐♦♥
❞✉ %❡♠♣* ❞❡ ❝❛❧❝✉❧ ♥=❝❡**❛✐&❡ ♣♦✉& ♣&❡♥❞&❡ ✉♥❡ ❞=❝✐*✐♦♥✳
▲❛ ♣&❡♠✐>&❡ ♠=%❤♦❞❡ ❞❡ ♠✉❧%✐♣❧❡①❛❣❡ ❝♦♥*✐*%❡ H ❛❞❞✐%✐♦♥♥❡& ❧❡* &=❢=&❡♥❝❡*✳ ■❧ ❡*% ♣♦**✐❜❧❡
❞✬✐♥%&♦❞✉✐&❡ ✉♥❡ ♣♦♥❞=&❛%✐♦♥ ✿
H(µ, ν) = a.R1(µ, ν) + b.R2(µ, ν) + c.R3(µ, ν) ✭✺✳✼✮
♦E a✱ b ❡% c &❡♣&=*❡♥%❡♥% ❧❡* ♣♦✐❞* J✉❡ ❧✬♦♥ ♣❡✉% ❛❥♦✉%❡& ♣♦✉& ❢❛✈♦&✐*❡& ❧✬✉♥❡ ❞❡* &=❢=&❡♥❝❡*✳
▲❛ ♠=%❤♦❞❡ ❡*% &❡♣&=*❡♥%=❡ ❛✈❡❝ ✉♥ ❡①❡♠♣❧❡ *✉& ❧❛ ✜❣✉&❡ ✺✳✹✳ ✭❈♦♠♠❡ ❧❛ %&❛♥*❢♦&♠=❡ ❞❡ ❋♦✉&✐❡&
❡*% ❧✐♥=❛✐&❡✱ ❧❛ ✜❣✉&❡ &❡♣&=*❡♥%❡ ❧❛ ♠=%❤♦❞❡ ❞❛♥* ❧❡ ❞♦♠❛✐♥❡ *♣❛%✐❛❧ ♣♦✉& ♣❧✉* ❞❡ ✈✐*✐❜✐❧✐%=✮
■❝✐✱ ❧❡ ♠✉❧%✐♣❧❡①❛❣❡ ❛ =%= ❡✛❡❝%✉= *♦✉* ▼❛%❧❛❜✳ ▲❡ ♥♦♠❜&❡ ❞❡ ❜✐%* ✉%✐❧✐*= ♣♦✉& ❧✬✐♠❛❣❡ ❝♦♠♣♦✲
*✐%❡ ♥✬❡*% ♣❛* ❧✐♠✐%= ✭✻✹ ❜✐%* ♣❛& ♣✐①❡❧*✮✳ ▲♦&*J✉❡ ❧❡ ♥♦♠❜&❡ ❞✬✐♠❛❣❡* H ♠✉❧%✐♣❧❡①❡& ❡*% ✐♠♣♦&%❛♥%
❡% J✉❡ ❝❤❛J✉❡ ♣✐①❡❧ ❞❡ ❧✬✐♠❛❣❡ ❡*% ❡♥&❡❣✐*%&= *✉& ✽ ❜✐%* ♣❛& ❡①❡♠♣❧❡✱ ✉♥ ♣❤=♥♦♠>♥❡ ❞❡ *❛%✉&❛%✐♦♥
❛♣♣❛&❛✐% ✭❝❢✳ ✜❣✉&❡ ✺✳✺✮✳ ▲❡ ✜❧%&❡ ♥✬❡*% ❛❧♦&* ♣❧✉* ❞✐*❝&✐♠✐♥❛♥%✳ ▲❛ ❧✐♠✐%❛%✐♦♥ ❞❡ ❧❛ %❛✐❧❧❡ ❞❡*
♣✐①❡❧* ❡*% ♥=❝❡**❛✐&❡ ❧♦&*J✉❡ ❧✬❛♣♣❧✐❝❛%✐♦♥ ❡*% ❞❡*%✐♥=❡ H P%&❡ ✐♠♣❧=♠❡♥%=❡ ♦♣%✐J✉❡♠❡♥% ✭❡♥ ✉%✐❧✐✲
*❛♥% ❞❡* ♠♦❞✉❧❛%❡✉&* H ♣❧✉*✐❡✉&* ♥✐✈❡❛✉① ❞❡ ❣&✐* ❝♦♠♠❡ ♣❛& ❡①❡♠♣❧❡ ❧❡* ♠♦❞✉❧❛%❡✉&* ❙❊■❑❖✮
♦✉ ♥✉♠=&✐J✉❡♠❡♥% ✭❞❛♥* ❧❡ ❝❛* ❞✬❛♣♣❧✐❝❛%✐♦♥* ❡♠❜❛&J✉=❡*✮✳ ❊❧❧❡ ❡*% ✐♥%=&❡**❛♥%❡ ❧♦&*J✉❡ ❧✬♦♥
*♦✉❤❛✐%❡ ♦❜%❡♥✐& ❞❡* ✜❧%&❡* ❞❡ ♣❡%✐%❡* %❛✐❧❧❡* ✭❞❛♥* ❧❡* ❝❛* ♦E ❧❛ ♠=♠♦✐&❡ ❞❡ *%♦❝❦❛❣❡ ❡*% ❧✐♠✐%=❡
♣❛& ❡①❡♠♣❧❡✮✳
✺✳✶✳✼ ▲❡ ✜❧()❡ -❡❣♠❡♥(7
3♦✉& &❡♠=❞✐❡& ❛✉ ♣&♦❜❧>♠❡ ❞❡ *❛%✉&❛%✐♦♥ ❧♦&*J✉❡ ❧❛ %❛✐❧❧❡ ❞✉ ✜❧%&❡ ❡*% ❧✐♠✐%=❡✱ ✐❧ ❡*% ♣♦**✐❜❧❡
❞❡ *❡❣♠❡♥%❡& ❧❡ ✜❧%&❡ ❬✶✶✸❪✳ ❈❡❧❛ *✐❣♥✐✜❡ J✉✬✉♥ ♣✐①❡❧ ❞✉ ✜❧%&❡ ❡*% ❛**♦❝✐= H ✉♥❡ *❡✉❧❡ &=❢=&❡♥❝❡ ❡%
♥♦♥ ♣❧✉* H %♦✉%❡* ❧❡* &=❢=&❡♥❝❡*✳ ▲❡ ❝&✐%>&❡ ❞❡ *=❧❡❝%✐♦♥ ❞❡ ❧❛ &=❢=&❡♥❝❡ ❣❛❣♥❛♥%❡ ♣♦✉& ❝❡ ♣✐①❡❧
❡*% ❧✬=♥❡&❣✐❡✳ ❈❡❧❛ &❡✈✐❡♥% H ❝&=❡& ✉♥ ♠❛*J✉❡ J✉✐ ❞=♣❡♥❞ ❞❡ ❝❤❛J✉❡ &=❢=&❡♥❝❡ ❡% H ❢❛✐&❡ ❧❛ *♦♠♠❡
(i, j)
i

✺✳✶✳ ➱❚❆❚ ❉❊ ▲✬❆❘❚ ✻✾
❧❛ $♦&❛&✐♦♥ )❡❧♦♥ ❧❡ ♥♦♠❜$❡ ❞✬✐♠❛❣❡) ❞❡ $0❢0$❡♥❝❡ ❞❛♥) ❧❡ ✜❧&$❡✳ ◆♦✉) ♣♦✉✈♦♥) ❝♦♥)&❛&❡$ )✉$ ❧❛
✜❣✉$❡ ✺✳✽ ;✉❡ ❧❡) <❈❊ ♦❜&❡♥✉) ❛✈❡❝ ❧❡) ✜❧&$❡) ❥✉);✉✬@ ✶✶ $0❢0$❡♥❝❡) ♣❡$♠❡&&❡♥& ❞✬♦❜&❡♥✐$ ✉♥❡
$❡❝♦♥♥❛✐))❛♥❝❡ ❞❡) ✐♠❛❣❡) ❝♦♥&❡♥✉❡) ❞❛♥) ❧❡) ✐♥&❡$✈❛❧❧❡) ❝❤♦✐)✐)✳
❋✐❣✉$❡ ✺✳✽ ✕ ❘0)✉❧&❛&) ♦❜&❡♥✉) ❛✈❡❝ ❧❡) ❞✐✛0$❡♥&) ✜❧&$❡) ❝♦♠♣♦)✐&❡) ❛❞❛♣&0) &❡)&0) ❞❛♥) ❧❡ ❝❛)
❞❡ ❧❛ ❝♦$$0❧❛&✐♦♥ ❞❡ ❧❡&&$❡) ❜✐♥❛✐$❡) ♥♦♥ ❜$✉✐&0❡)
▲❡) ✜❧&$❡) ❛❞❛♣&0)✱ <❖❋ ❡& ❇<❖❋ ❝♦♠♣♦)✐&❡) )♦♥& $♦❜✉)&❡) @ ❧❛ $♦&❛&✐♦♥ ❡& ❛✉ ❜$✉✐&✱ ❛✉))✐
❜✐❡♥ ❜$✉✐& ❜❧❛♥❝ ;✉❡ ❜$✉✐& &❡①&✉$0✳ ❈❡) ✜❧&$❡) )♦♥& )❡♥)✐❜❧❡) @ ❧✬0❝❤❡❧❧❡ ❡& ❞✐)❝$✐♠✐♥❛♥&)✳ ▲❡) ✜❧&$❡)
✐♥✈❡$)❡) ❡& ❖❚ )♦♥& ❜❡❛✉❝♦✉♣ ♣❧✉) )❡♥)✐❜❧❡)✳
▲✬0&✉❞❡ ❞❡ ❧❛ $♦❜✉)&❡))❡ @ ❧❛ $♦&❛&✐♦♥ ✭✶N$❡ ❝♦❧♦♥♥❡ ❞✉ &❛❜❧❡❛✉ ✺✳✶✮ ♠♦♥&$❡ ;✉❡ ❧❡) ✜❧&$❡)
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N ∗M
x=N∑
x=1
y=M∑
y=1
(r(x, y)− r)(i(x, y)− i)
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❜❡❛✉❝♦✉♣ ❞❡ ❝♦♠♣❛.❛✐(♦♥( ? ❡✛❡❝2✉❡.✳ I♦✉. ./❞✉✐.❡ ❧❡ ♥♦♠❜.❡ ❞✬♦♣/.❛2✐♦♥( ❞✬✉♥ ❢❛❝2❡✉. ✷✱ ♥♦✉(
❛✈♦♥( ❡✉ ❧✬✐❞/❡ ❞❡ ❝./❡. ❧❡ ✜❧2.❡ ❆❙I❖❋✱ ✏❆%②♠❡)*✐❝ ❙❡❣♠❡♥)❡❞ 0❤❛%❡✲❖♥❧② ❋✐❧)❡*✑✳
✺✳✸✳✶ ▲❡ ♣'✐♥❝✐♣❡ ❞✉ ✜❧/'❡
▲❡ ❝♦♥❝❡♣2 ❞✉ ✜❧2.❡ ❆❙I❖❋ ❡(2 ❞❡ ❝./❡. ❞❡✉① ✜❧2.❡( I❖❋ (❡❣♠❡♥2/( ❝♦♠♣.❡♥❛♥2 ❝❤❛❝✉♥ ❝✐♥=
./❢/.❡♥❝❡(✳ ❯♥❡ ♣♦((✐❜✐❧✐2/ ❡(2 ❞❡ ♣.❡♥❞.❡ ✉♥❡ ./❢/.❡♥❝❡ (✉. ❞❡✉① ♣♦✉. ❝./❡. ❧❡ ♣.❡♠✐❡. ✜❧2.❡ ❡2
❧❡( ./❢/.❡♥❝❡( =✉✬✐❧ .❡(2❡ (❡.✈❡♥2 ? ❝./❡. ❧❡ (❡❝♦♥❞ ✜❧2.❡ ✭❝❢✳ ✜❣✉.❡ ✺✳✶✵✮✳
❋✐❣✉$❡ ✺✳✶✵ ✕ ❘/♣❛.2✐2✐♦♥ ❞❡ ❧❛ ❜❛(❡ ❞✬✐♠❛❣❡( ❞❡ ./❢/.❡♥❝❡ ❡♥ ❞❡✉① (♦✉( ❜❛(❡( ❞✬✐♠❛❣❡( ♣♦✉.
❝./❡. ❧❡( ✜❧2.❡(
❊♥(✉✐2❡ ♦♥ ♠✉❧2✐♣❧✐❡ ❧❡ ♣.❡♠✐❡. ✜❧2.❡ (❡❣♠❡♥2/ ♣❛. ✉♥ ✜❧2.❡ (②♠/2.✐=✉❡ ❝♦♥2❡♥❛♥2 ✉♥❡ ♠♦✐2✐/
❞❡ ✵ ❡2 ✉♥❡ ♠♦✐2✐/ ❞❡ ✶✳ ▲❡ (❡❝♦♥❞ ✜❧2.❡ (❡❣♠❡♥2/ ❡(2 ♠✉❧2✐♣❧✐/ ♣❛. ❧❡ ✜❧2.❡ (②♠/2.✐=✉❡ ✐♥✈❡.(❡
❛✉ ♣.❡♠✐❡. ✭✉♥❡ ♠♦✐2✐/ ❞❡ ✶ ❡2 ✉♥❡ ♠♦✐2✐/ ❞❡ ✵✮✳ ▲❡( ❞❡✉① ✜❧2.❡( ♦❜2❡♥✉( (♦♥2 ❛❞❞✐2✐♦♥♥/( ♣♦✉.
♦❜2❡♥✐. ✉♥ (❡✉❧ ✜❧2.❡ ✭❝❢✳ ✜❣✉.❡ ✺✳✶✶✮✳ ■❧ ❡(2 ♣♦((✐❜❧❡ ❞❡ ♣♦♥❞/.❡. ❝❡22❡ ❛❞❞✐2✐♦♥ ♣♦✉. ❢❛✈♦.✐(❡.
❧✬✉♥ ❞❡( ✜❧2.❡( (❡❣♠❡♥2/(✳
❋✐❣✉$❡ ✺✳✶✶ ✕ ❆((❡♠❜❧❛❣❡ ❞❡( ❞❡✉① ✜❧2.❡( (❡❣♠❡♥2/(
✺✳✸✳ ▲❊ ❋■▲❚❘❊ ❆❙+❖❋ ❊❚ ▲❊ ❈❘■❚➮❘❊ +❈❊❆ ✼✾
◆♦✉% ❛✈♦♥% ❛✉%%✐ ❝❤❡-❝❤. / ❣.-❡- ❧❡% ♣✐①❡❧% ✐%♦❧.% 4✉❡ ♥♦✉% ❛✈♦♥% .✈♦4✉. ❞❛♥% ❧❛ ♣❛-6✐❡
✺✳✶✳✼✳ :♦✉- ❝❡❧❛✱ ❧♦-% ❞❡ ❧❛ ❝-.❛6✐♦♥ ❞❡% ✜❧6-❡% %❡❣♠❡♥6.% :❖❋✱ ♥♦✉% ❛✈♦♥% ❞.❝✐❞. ❞❡ ♠❡66-❡ ✉♥
%❡✉✐❧❧❛❣❡ ✿ ❞❛♥% ✉♥ ♣-❡♠✐❡- 6❡♠♣%✱ ✉♥ ♣✐①❡❧ %❡-❛ ❛66-✐❜✉. / ✉♥❡ -.❢.-❡♥❝❡ %❡✉❧❡♠❡♥6 %✐ %♦♥ .♥❡-❣✐❡
❡%6 %✉♣.-✐❡✉-❡ ❞❡ a% ❛✉① .♥❡-❣✐❡% ❞❡% ❛✉6-❡% -.❢.-❡♥❝❡% ♣♦✉- ❝❡ ♣✐①❡❧ ❧/✱ %✐♥♦♥ ✐❧ -❡%6❡-❛ ♥♦♥
❛66-✐❜✉. ✿
H(µ, ν) =

S
l
µ,ν %✐
Slµ,ν
Etl
≥ a
Skµ,ν
Etk
♥♦♥ ❛66-✐❜✉.✱ ✵
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♦F H -❡♣-.%❡♥6❡ ❧❡ ✜❧6-❡✱ S ❧❡ %♣❡❝6-❡ ❞❡ ❧❛ -.❢.-❡♥❝❡✱ Et ❧✬.♥❡-❣✐❡ 6♦6❛❧❡ ❞❡ ❧❛ -.❢.-❡♥❝❡✱ k ❡6
l ❧✬✐♥❞✐❝❡ ❞❡ ❧❛ -.❢.-❡♥❝❡ ❡6 a ❧❡ %❡✉✐❧✳
:❛- ❧❛ %✉✐6❡✱ ♥♦✉% ♥♦✉% %♦♠♠❡% ♦❝❝✉♣.% ❞❡ ❧❛ ❣❡%6✐♦♥ ❞❡% ♣✐①❡❧% ✐%♦❧.%✱ -❡%6.% / ✵✳ ◆♦✉%
❛✈♦♥% ❝❤♦✐%✐ ❞❡ -❡❣❛-❞❡- ❧❡ ✈♦✐%✐♥❛❣❡ ♣-♦❝❤❡ ✭❧❡% ✽ ♣❧✉% ♣-♦❝❤❡% ✈♦✐%✐♥%✮✳ ❙✐ ✉♥❡ -.❢.-❡♥❝❡ ❡%6
♠❛❥♦-✐6❛✐-❡ ❛❧♦-% ♥♦✉% ❧✉✐ ❛66-✐❜✉♦♥% ❧❡ ♣✐①❡❧ ✐%♦❧.✳ ❙✐♥♦♥ ♦♥ -❡❣❛-❞❡ ❧❡% ✷✹ ♣❧✉% ♣-♦❝❤❡% ✈♦✐%✐♥%✳
◗✉❡❧4✉❡% ❡①❡♠♣❧❡% ❞❡ ❝❛% %♦♥6 -❡♣-.%❡♥6.% %✉- ❧❛ ✜❣✉-❡ ✺✳✶✷✳ ▲❡% ❝❛--.% ❜❧❡✉% -❡♣-.%❡♥6❡♥6 ❧❡%
♣✐①❡❧% ❛66-✐❜✉.% ❛✉ ♣-❡♠✐❡- ✜❧6-❡✱ ❧❡% ❝❛--.% ✈❡-6% ❧❡% ♣✐①❡❧% ❛66-✐❜✉.% ❛✉ %❡❝♦♥❞ ✜❧6-❡✳ ▲❡% ❞❡✉①
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♣✐①❡❧ ✐%♦❧. ❡♥6♦✉-. ♣❛- ❞❡% ♣✐①❡❧% ❛♣♣❛-6❡♥❛♥6 ❛✉① ❞❡✉① ✜❧6-❡%✳ ▲♦-%4✉❡ ❧✬✉♥ ❞❡% ❞❡✉① ✜❧6-❡% ❡%6
♠❛❥♦-✐6❛✐-❡✱ ❧❡ ♣✐①❡❧ ✐%♦❧. ❧✉✐ ❡%6 ❛66-✐❜✉.✳ ❉❛♥% ❧❡% ❝❛% ♦F ❛✉❝✉♥ ✜❧6-❡ ♥✬❡%6 ♠❛❥♦-✐6❛✐-❡ ♣❛-♠✐ ❧❡%
✽ ✈♦✐%✐♥% ✭4✉❛6-✐Q♠❡ %❝❤.♠❛✮✱ ♥♦✉% -❡❣❛-❞♦♥% ❧❡% ✈❛❧❡✉-% ❞❡% ✷✹ ✈♦✐%✐♥% ♣♦✉- ❛66-✐❜✉❡- ❧❡ ♣✐①❡❧
✐%♦❧.✳ ❉❛♥% ❧❡% 6❡%6% ❡✛❡❝6✉.%✱ ♥♦✉% ♥✬❛✈♦♥% / ❝❡ %6❛❞❡ ♣❧✉% ❞❡ ♣✐①❡❧% ✐%♦❧.%✳ ❉❛♥% ❧❡ ❝❛% ♦F ✐❧ -❡%6❡
❞❡% ♣✐①❡❧% ✐%♦❧.%✱ ♦♥ ♣❡✉6 .6❡♥❞-❡ ❧❡ %②%6Q♠❡ ❥✉%4✉✬/ ❛✈♦✐- ❛66-✐❜✉. 6♦✉% ❧❡% ♣✐①❡❧% ✐%♦❧.%✳
❋✐❣✉$❡ ✺✳✶✷ ✕ ❊①❡♠♣❧❡% ❞❡ ❝❛% ❞❡ ❣❡%6✐♦♥ ❞❡% ♣✐①❡❧% ✐%♦❧.%
✺✳✸✳✷ ❆❞❛♣(❛(✐♦♥ ❞✉ ❝.✐(/.❡ 1❈❊
:♦✉- ♦❜6❡♥✐- ✉♥❡ ❝♦♠♣❛-❛✐%♦♥ ❡✣❝❛❝❡✱ ♥♦✉% ❛✈♦♥% ❛✉%%✐ ❞W ❛❞❛♣6❡- ❧❡ :❈❊✳ ❊♥ ❡✛❡6✱ ❧♦-%4✉❡
❧❡% -.❢.-❡♥❝❡% ✉6✐❧✐%.❡% ❞❛♥% ❧❡% ❞❡✉① ✜❧6-❡% %♦♥6 ♣-♦❝❤❡%✱ ♦♥ ♣❡✉6 ♦❜6❡♥✐- ❞❡✉① ♣✐❝% ❞❡ ❝♦--.❧❛6✐♦♥✳
❙✉- ❧❛ ✜❣✉-❡ ✺✳✶✸✱ ♥♦✉% ❛✈♦♥% -❡♣-.%❡♥6. ❧❡ ❝❛% ❞❡ ❧❛ -❡❝♦♥♥❛✐%%❛♥❝❡ ❞❡ ❧❛ ❧❡66-❡ ❱ ♣❛- ✉♥ ✜❧6-❡
❆❙:❖❋ ❝-.. ❛✈❡❝ ❞❡% ❧❡66-❡% ❆✳ ❖♥ ✈♦✐6 ❞❡✉① ♣✐❝% ❞❡ ❝♦--.❧❛6✐♦♥✳ ❈❡66❡ %✐6✉❛6✐♦♥ ♣❡✉6 ❛✉%%✐ %❡
♣-♦❞✉✐-❡ ❞❛♥% ❧❡ ❝❛% ♦F ❧❡% -.❢.-❡♥❝❡% ❞❡% ❞❡✉① ✜❧6-❡% %❡❣♠❡♥6.% %♦♥6 ♣-♦❝❤❡%✳
❈♦♠♠❡ %❡✉❧ ✉♥ ❞❡♠✐ ✜❧6-❡ ✐♥6❡-✈✐❡♥6 ❞❛♥% ❧❛ ❝♦--.❧❛6✐♦♥✱ ♦♥ ♣❡✉6 ♠✉❧6✐♣❧✐❡- ❧❡ ♣✐❝ ❞❡ ❝♦--.❧❛✲
6✐♦♥ ♣❛- ✷✳ ■❧ ❢❛✉6 ❞❛♥% ❝❡ ❝❛% ♠✉❧6✐♣❧✐❡- ♣❛- ✷ ❝❡ ♣✐❝ ❧♦-% ❞✉ ❝❛❧❝✉❧ ❞❡ ❧✬.♥❡-❣✐❡ ❞✉ ♣❧❛♥ ✭❞✬♦F ❧❛
♣-.%❡♥❝❡ ❞✉ 6❡-♠❡ 3
(∑x=x0+t
x=x0−t
∑y=y0+t
y=y0−t
|C(x, y)|2
)
❞❛♥% ❧❛ ❢♦-♠✉❧❡ %✉✐✈❛♥6❡✮✳ ❈❡ ♥♦✉✈❡❛✉ ❝-✐6Q-❡
✽✵ ❈❍❆#■❚❘❊ ✺✳ ▲❆ ❈❖❘❘➱▲❆❚■❖◆ ❙❊▲❖◆ ▲✬❆❘❈❍■❚❊❈❚❯❘❊ ❱❆◆❉❊❘▲❯●❚
❋✐❣✉$❡ ✺✳✶✸ ✕ '❧❛♥ +,-✉❧/❛♥/ ❞❡ ❧❛ ❝♦++,❧❛/✐♦♥ ❡♥/+❡ ❧❛ ❧❡//+❡ ❱ ❡/ ✉♥ ✜❧/+❡ ❆❙'❖❋ ♣♦✉+ ❧❛ ❧❡//+❡
❆
❛ ,/, ❛♣♣❡❧, '❈❊❆✱ ✏❛❞❛♣$❡❞ ♣❡❛❦ $♦ ❝♦))❡❧❛$✐♦♥ ❡♥❡)❣②✑ ✿
PCEA =
∑x=x0+t
x=x0−t
∑y=y0+t
y=y0−t
|2C(x, y)|2∑x=1
x=N
∑y=1
y=M |C(x, y)|
2 + 3
(∑x=x0+t
x=x0−t
∑y=y0+t
y=y0−t
|C(x, y)|2
)
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♣✐❝ ❞❡ ❝♦55+❧❛)✐♦♥ ❧♦5,?✉✬✐❧ ❡,) ♣5+,❡♥)✳
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FNZ(µ, ν) = |F (µ, ν)|
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FNZ(µ, ν) = 2|I(µ, ν)||R(µ, ν)|cos(φi(µ, ν)− φr(µ, ν) + 2ux0)
FNL
FNL(µ, ν) = α|F (µ, ν)|
k
F α k
k
k
H
H(µ, ν) =
B(µ, ν)
A(µ, ν) + |R(µ, ν)|2
B
A
k
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❈❏❚❈
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❈❏❚❈
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❈❏❚❈
= 1.12.10−8
*❈❊
◆❩✲❏❚❈
= 3.02.10−4 *❈❊
◆❩✲❏❚❈
= 2.99.10−4 *❈❊
◆❩✲❏❚❈
= 2.74.10−4
*❈❊
❇❏❚❈
= 0.8106 *❈❊
❇❏❚❈
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*❈❊
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❋❆✲❏❚❈
= 0.0146 *❈❊
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❛ ❛✉❣♠❡♥3/✳ ❈❡♣❡♥❞❛♥3 ❝❡33❡ ♠/3❤♦❞❡ ♥/❝❡44✐3❡ ❞✬❛❞❛♣3❛3✐♦♥ ❞✉ ❢♦♥❞ E ❝❤❛%✉❡ ✐♠❛❣❡ ❝❡ %✉✐ ❡43
❧♦✉-❞ ❡♥ 3❡♠♣4 ❞❡ ❝❛❧❝✉❧ ♣✉✐4%✉✬✐❧ ❢❛✉3 ❝❛❧❝✉❧❡- ❧❡ ✜❧3-❡ ♣♦✉- ❝❤❛%✉❡ ✐♠❛❣❡✳
❋✐❣✉$❡ ✻✳✹ ✕ ❯3✐❧✐4❛3✐♦♥ ❞✉ ❏❚❈ ❢-✐♥❣❡✲❛❞❥✉43❡❞ ♣♦✉- ❢❛✐-❡ ❞✉ 4✉✐✈✐ ❞❡ ♣❡-4♦♥♥❡ ❛✈❡❝ ♠✐4❡ E ❥♦✉-
❞✉ ❢♦♥❞ ❞❛♥4 ❧❡ ✜❧3-❡✳ ❊♥ ❜❧❡✉ ✿ -/4✉❧3❛34 ♦❜3❡♥✉4 ❡♥ ❝♦♠♣❛-❛♥3 ❧❛ ♣❡-4♦♥♥❡ ✶ ❛✈❡❝ ❡❧❧❡✲♠N♠❡✳
❊♥ -♦✉❣❡ ✿ -/4✉❧3❛34 ♦❜3❡♥✉4 ❡♥ ❝♦♠♣❛-❛♥3 ❧❛ ♣❡-4♦♥♥❡ ✶ ❛✈❡❝ ❧❛ ♣❡-4♦♥♥❡ ✹✳
>♦✉- ♦❜3❡♥✐- ❞❡4 ✈❛❧❡✉-4 ♣-♦❝❤❡4 ❞❡ ✶ ❡♥ ❝❛4 ❞❡ -❡❝♦♥♥❛✐44❛♥❝❡ ❡3 ♣-♦❝❤❡4 ❞❡ ✵ ❡♥ ❝❛4 ❞❡
♥♦♥ -❡❝♦♥♥❛✐44❛♥❝❡ ❡3 ❛✐♥4✐ ❢❛❝✐❧✐3❡- ❧❛ ♣-✐4❡ ❞❡ ❞/❝✐4✐♦♥ ❛✉3♦♠❛3✐%✉❡✱ ♥♦✉4 ❛✈♦♥4 ❞/❝✐❞/ ❞❡
♥✬✉3✐❧✐4❡- %✉✬✉♥ ❢♦♥❞ ❡3 ❞❡ ❝❤❛♥❣❡- ❞❡ ❝-✐3Q-❡✳ ❆✉ ❧✐❡✉ ❞❡ ❝❛❧❝✉❧❡- ❧✬/♥❡-❣✐❡ ❝♦♥3❡♥✉❡ ❞❛♥4 ❧❡
♣✐❝ ❞❡ ❝♦--/❧❛3✐♦♥ ♣❛- -❛♣♣♦-3 E ❧✬/♥❡-❣✐❡ ❞✉ ♣❧❛♥ ❞❡ ❝♦--/❧❛3✐♦♥✱ ♥♦✉4 ♥♦✉4 4♦♠♠❡4 ♦-✐❡♥3/4
✈❡-4 ❧✬/❝❛-3 ❡♥3-❡ ❧✬/♥❡-❣✐❡ ❝♦♥3❡♥✉❡ ❞❛♥4 ❧❡ ♣✐❝ ❞❡ ❝♦--/❧❛3✐♦♥ ❡3 ❧✬/♥❡-❣✐❡ ❝♦♥3❡♥✉❡ ❞❛♥4 ❧❡4 ❝✐♥%
♠❛①✐♠❛4 ❞✉ ♣❧❛♥ ❞❡ ❝♦--/❧❛3✐♦♥ ✭♣✐❝ ❞❡ ❝♦--/❧❛3✐♦♥ ❡①❝❧✉✮✳ ▲❡ ❝❤♦✐① ❞❡ ❝❡4 ❝✐♥% ♣✐❝4 ❡43 ❧❡ -/4✉❧3❛3
❞✬✉♥ ❝♦♠♣-♦♠✐4 ❡♥3-❡ 3❡♠♣4 ❞❡ ❝❛❧❝✉❧ ❡3 ❧✬❡①❛❝3✐3✉❞❡ ❞✉ ❝-✐3Q-❡ >❈❊ ✭❡♥ 3❡-♠❡ ❞❡ ❝♦♠♣❛-❛✐4♦♥
❞✉ ♣✐❝ ❡3 ❞✉ ♣❧❛♥ ❞❡ ❝♦--/❧❛3✐♦♥✮✳ ▲✬❡①♣-❡44✐♦♥ ❞❡ ❝❡ ❝-✐3Q-❡ %✉❡ ♥♦✉4 ❛✈♦♥4 ❛♣♣❡❧/ ❡♥❤❛♥❝❡❞
>❈❊ ❡43 ✿
P =
(∑i=i0+t
i=i0−t
∑j=j0+t
j=j0−t
|C(i, j)|2
)
−
(∑k=5
k=1
(∑i=ik+t
i=ik−t
∑j=jk+t
j=jk−t |C(i,j)|
2
)
5
)
∑i=i0+t
i=i0−t
∑j=j0+t
j=j0−t
|C(i, j)|2
✭✻✳✼✮
▲❡4 ✈❛❧❡✉-4 ♦❜3❡♥✉❡4 4♦♥3 ❜✐❡♥ ❞❛♥4 ❧✬✐♥3❡-✈❛❧❧❡ ❬✵ ✶❪✳ ▲❡4 /❝❛-34 ❡♥3-❡ ❧❡4 ✈❛❧❡✉-4 ❝♦--❡4♣♦♥❞❛♥3
E ❧❛ -❡❝♦♥♥❛✐44❛♥❝❡ 4♦♥3 -❡44❡--/4 ❡3 ❧✬/❝❛-3 ❡♥3-❡ ❧❛ -❡❝♦♥♥❛✐44❛♥❝❡ ❡3 ❧❛ ♥♦♥ -❡❝♦♥♥❛✐44❛♥❝❡ 4✬❡43
❛❣-❛♥❞✐ ✭❝❢✳ ✜❣✉-❡ ✻✳✺✮✳
◆♦✉4 ❛✈♦♥4 ❡♥4✉✐3❡ ❞/❝✐❞/ ❞✬❛❥♦✉3❡- ✉♥❡ ♥♦♥ ❧✐♥/❛-✐3/ ❛✉ ✜❧3-❡✳ ❆♣-Q4 ❛♣♣❧✐❝❛3✐♦♥ ❞✉ ✜❧3-❡
❢-✐♥❣❡✲❛❞❥✉43❡❞✱ ❧✬✐♥3❡♥4✐3/ ❞✉ 4♣❡❝3-❡ ❡43 /❧❡✈/❡ E ❧❛ ♣✉✐44❛♥❝❡ k✳ ❈❡❧❛ ❞✐♠✐♥✉❡ ❡♥❝♦-❡ ❧✬/❝❛-3
❡♥3-❡ ❧❡4 ✈❛❧❡✉-4 ❞❡ -❡❝♦♥♥❛✐44❛♥❝❡✱ ❝♦♠♠❡ ❧❡ ♠♦♥3-❡ ❧❛ ✜❣✉-❡ ✻✳✻✳
❊♥✜♥✱ ♥♦✉4 ❛✈♦♥4 ❞/❝✐❞/ ❞❡ ♠♦❞✐✜❡- ♥♦3-❡ ❝-✐3Q-❡✳ ❆✉ ❧✐❡✉ ❞❡ ❝♦♠♣❛-❡- ❧❡ ♣✐❝ ❞✬✐♥3❡-❝♦--/❧❛✲
3✐♦♥ ❛✉① ✺ ♠❡✐❧❧❡✉-4 ♣✐❝4✱ ♥♦✉4 ❝♦♠♣❛-♦♥4 ❧❡ ♣✐❝ ❞✬✐♥3❡-❝♦--/❧❛3✐♦♥ ❛✉① ♣✐❝4 ❞♦♥3 ❧✬✐♥3❡♥4✐3/ ❡43
4✉♣/-✐❡✉-❡ E ✉♥ 4❡✉✐❧✳ ❈❡ 4❡✉✐❧ ❝♦--❡4♣♦♥❞ ❛✉① 3-♦✐4 %✉❛-34 ❞❡ ❧✬✐♥3❡♥4✐3/ ❞✉ ♣✐❝ ❞❡ ❝♦--/❧❛3✐♦♥
❛✉%✉❡❧ ♦♥ ❛ -❡3✐-/ ✸❞❇✱ 4♦✐3 ✺✵✪ ❞❡ 4♦♥ /♥❡-❣✐❡✳ ▲❡ ❝-✐3Q-❡ ❞❡✈✐❡♥3 ✿
P =
(∑
|C(i,j)|2>
|C(i0,j0)|2√
2
|C(i, j)|2
)
−
(∑
|C(i,j)|2>0.75
|C(i0,j0)|2√
2
(∑i=ik+t
i=ik−t
∑j=jk+t
j=jk−t
|C(i, j)|2
))
∑i=i0+t
i=i0−t
∑j=j0+t
j=j0−t
|C(i, j)|2
✭✻✳✽✮
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❋✐❣✉$❡ ✻✳✺ ✕ ❯'✐❧✐*❛'✐♦♥ ❞✉ ❏❚❈ ❢4✐♥❣❡✲❛❞❥✉*'❡❞ ♣♦✉4 ❢❛✐4❡ ❞✉ *✉✐✈✐ ❞❡ ♣❡4*♦♥♥❡ ❛✈❡❝ ❧❡ ❝4✐'<4❡
❡♥❤❛♥❝❡❞ >❈❊✳ ❊♥ ❜❧❡✉ ✿ 4B*✉❧'❛'* ♦❜'❡♥✉* ❡♥ ❝♦♠♣❛4❛♥' ❧❛ ♣❡4*♦♥♥❡ ✶ ❛✈❡❝ ❡❧❧❡✲♠E♠❡✳ ❊♥
4♦✉❣❡ ✿ 4B*✉❧'❛'* ♦❜'❡♥✉* ❡♥ ❝♦♠♣❛4❛♥' ❧❛ ♣❡4*♦♥♥❡ ✶ ❛✈❡❝ ❧❛ ♣❡4*♦♥♥❡ ✹✳
❋✐❣✉$❡ ✻✳✻ ✕ ❯'✐❧✐*❛'✐♦♥ ❞✉ ❏❚❈ ❢4✐♥❣❡✲❛❞❥✉*'❡❞ ♥♦♥ ❧✐♥B❛✐4❡ ♣♦✉4 ❢❛✐4❡ ❞✉ *✉✐✈✐ ❞❡ ♣❡4*♦♥♥❡ ❛✈❡❝
❧❡ ❝4✐'<4❡ ❡♥❤❛♥❝❡❞ >❈❊✳ ❊♥ ❜❧❡✉ ✿ 4B*✉❧'❛'* ♦❜'❡♥✉* ❡♥ ❝♦♠♣❛4❛♥' ❧❛ ♣❡4*♦♥♥❡ ✶ ❛✈❡❝ ❡❧❧❡✲♠E♠❡✳
❊♥ 4♦✉❣❡ ✿ 4B*✉❧'❛'* ♦❜'❡♥✉* ❡♥ ❝♦♠♣❛4❛♥' ❧❛ ♣❡4*♦♥♥❡ ✶ ❛✈❡❝ ❧❛ ♣❡4*♦♥♥❡ ✹✳
❈♦♠♠❡ ♦♥ ♣❡✉' ❧❡ ✈♦✐4 *✉4 ❧❛ ✜❣✉4❡ ✻✳✼✱ ❧❡* ✈❛❧❡✉4* *♦♥' ♣4♦❝❤❡* ❞❡ ✶ ❡♥ ❝❛* ❞❡ 4❡❝♦♥♥❛✐**❛♥❝❡
❡' ❞❡ ✵ ❡♥ ❝❛* ❞❡ ♥♦♥ 4❡❝♦♥♥❛✐**❛♥❝❡✳ ❯♥❡ ♣4✐*❡ ❞❡ ❞B❝✐*✐♦♥ ❛✉'♦♠❛'✐K✉❡ ♣❡✉' E'4❡ ❢❛❝✐❧❡♠❡♥'
❡♥✈✐*❛❣B❡✳
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▲❡ ✜❧$%❡
◆♦✉* ✈❡♥♦♥* ❞❡ ♠♦♥'4❡4 K✉❡ ♥♦✉* ♣♦✉✈♦♥* ❛✉❣♠❡♥'❡4 ❧❛ ✜❛❜✐❧✐'B ❞❡ ❧❛ ❞B❝✐*✐♦♥ ❡♥ ✉'✐❧✐*❛♥'
✉♥ ♥♦✉✈❡❛✉ ❝4✐'<4❡ ❞❡ ❞B❝✐*✐♦♥✳ ❈❡♣❡♥❞❛♥' ♣♦✉4 ❛✉❣♠❡♥'❡4 ❧❛ 4♦❜✉*'❡**❡ ❡' ❧❛ ❞✐*❝4✐♠✐♥❛'✐♦♥
❞❡ ❧✬❛4❝❤✐'❡❝'✉4❡ ❏❚❈✱ ✐❧ ❢❛✉' ♦♣'✐♠✐*❡4 ❧✬❛4❝❤✐'❡❝'✉4❡✳ ▲❡ *✐♠♣❧❡ ❢❛✐' ❞✬✐♥'❡4♣4B'❡4 ❧❡ ♣❧❛♥ ❞❡
❝♦44B❧❛'✐♦♥ ♥❡ *✉✣' ♣❛*✳ ❉❛♥* ❝❡' ♦❜❥❡❝'✐❢ ♥♦✉* ❛✈♦♥* ❛**♦❝✐B ♥♦'4❡ ❝4✐'<4❡ Q ✉♥❡ ♦♣'✐♠✐*❛'✐♦♥
❞❡ ❧✬❛4❝❤✐'❡❝'✉4❡✳ ◆♦✉* 4B*✉♠♦♥* ✐❝✐ ❧❡ ♣4✐♥❝✐♣❡ ❞❡ ♥♦'4❡ ✜❧'4❡✳ ◆♦'4❡ ✐❞B❡ ❡*' ❞✬❛♣♣❧✐K✉❡4 ❧❡ ✜❧'4❡
❢4✐♥❣❡✲❛❞❥✉*'❡❞ *✉4 ❧✬✐♥'❡♥*✐'B ❞✉ *♣❡❝'4❡ ❥♦✐♥' *❛♥* ❧✬♦4❞4❡ ③B4♦ ♣✉✐* ❞✬❛♣♣❧✐K✉❡4 ❧❡ ❏❚❈ ♥♦♥
❧✐♥B❛✐4❡ ❛✉ 4B*✉❧'❛' ❞✉ ✜❧'4❛❣❡✳ ❆ ♣❛4'✐4 ❞❡* ✐♠❛❣❡* ❞❡ 4B❢B4❡♥❝❡ r ❡' ❝✐❜❧❡ i✱ ❧❡ ♣❧❛♥ ❞✬❡♥'4B❡ f ❡*'
❝4BB✳ >❛4 '4❛♥*❢♦4♠B❡ ❞❡ ❋♦✉4✐❡4✱ ♦♥ ♦❜'✐❡♥' ❧❡ *♣❡❝'4❡ ❥♦✐♥' F ❞♦♥' ♦♥ 4B❝✉♣<4❡ ❧✬❛♠♣❧✐'✉❞❡ G ✭❝❢✳
BK✉❛'✐♦♥ ✻✳✾✮✱ Q ❧❛K✉❡❧❧❡ ♦♥ *♦✉*'4❛✐' ❧❡* ❞❡♥*✐'B* *♣❡❝'4❛❧❡* ❞❡ ♣✉✐**❛♥❝❡ ❞❡* ✐♠❛❣❡* ❞❡ 4B❢B4❡♥❝❡
❡' ❝✐❜❧❡✳ ▲✬✐♥'❡♥*✐'B ♦❜'❡♥✉❡✱ FNZ ❡*' ♠✉❧'✐♣❧✐B❡ ♣❛4 ❧❡ ✜❧'4❡ ❢4✐♥❣❡✲❛❞❥✉*'❡❞ H ♣♦✉4 ♦❜'❡♥✐4 ❧❡
✾✹ ❈❍❆#■❚❘❊ ✻✳ ▲❆ ❈❖❘❘➱▲❆❚■❖◆ ❙❊▲❖◆ ▲✬❆❘❈❍■❚❊❈❚❯❘❊ ❏❚❈
❋✐❣✉$❡ ✻✳✼ ✕ ❯'✐❧✐*❛'✐♦♥ ❞✉ ❏❚❈ ❢4✐♥❣❡✲❛❞❥✉*'❡❞ ♥♦♥ ❧✐♥9❛✐4❡ ♣♦✉4 ❢❛✐4❡ ❞✉ *✉✐✈✐ ❞❡ ♣❡4*♦♥♥❡
❛✈❡❝ ❧❡ ♥♦✉✈❡❛✉ ❝4✐'=4❡✳ ❊♥ ❜❧❡✉ ✿ 49*✉❧'❛'* ♦❜'❡♥✉* ❡♥ ❝♦♠♣❛4❛♥' ❧❛ ♣❡4*♦♥♥❡ ✶ ❛✈❡❝ ❡❧❧❡✲♠C♠❡✳
❊♥ 4♦✉❣❡ ✿ 49*✉❧'❛'* ♦❜'❡♥✉* ❡♥ ❝♦♠♣❛4❛♥' ❧❛ ♣❡4*♦♥♥❡ ✶ ❛✈❡❝ ❧❛ ♣❡4*♦♥♥❡ ✹✳
♥♦✉✈❡❛✉ *♣❡❝'4❡ G1✳ ▲✬❛♣♣❧✐❝❛'✐♦♥ ❞❡ ❧❛ ♥♦♥ ❧✐♥9❛4✐'9 ♣❡4♠❡' ❞✬♦❜'❡♥✐4 ❧❡ *♣❡❝'4❡ GNL−FAF ✳ ▲❡*
♦♣94❛'✐♦♥* ♠❛'❤9♠❛'✐G✉❡* ❝♦44❡*♣♦♥❞❛♥' H ❝❡ ♥♦✉✈❡❛✉ ✜❧'4❡ *♦♥' 49*✉♠9❡* *✉4 ❧❛ ✜❣✉4❡ ✻✳✽ ❡'
❞❛♥* ❧✬9G✉❛'✐♦♥ ✻✳✾ ✿
f(x, y) = i(x+ x0, y) + r(x− x0, y)
F (µ, ν) = |I(µ, ν)|exp(φi(µ, ν))exp(jux0) + |R(µ, ν)|exp(φr(µ, ν))exp(−jux0)
G(µ, ν) = |F (µ, ν)|2
G(µ, ν) = |I(µ, ν)|2 + |R(µ, ν)|2 + 2|I(µ, ν)||R(µ, ν)|cos(φi(µ, ν)− φr(µ, ν) + 2ux0)
FNZ(µ, ν) = 2|I(µ, ν)||R(µ, ν)|cos(φi(µ, ν)− φr(µ, ν) + 2ux0)
G1(µ, ν) = FNZ(µ, ν). ∗H(µ, ν)
G1(µ, ν) = FNZ(µ, ν). ∗
B(µ, ν)
A(µ, ν) + |R(µ, ν)|2
GNL−FAF (µ, ν) = (G1(µ, ν))
k
✭✻✳✾✮
▲❡" ❝$✐&'$❡"
◆♦✉# ❛✈♦♥# ❞(✜♥✐ ✉♥ ♣,❡♠✐❡, ❝,✐01,❡ ❞❡ ❞(❝✐#✐♦♥ 2✉✐ ❝♦♠♣❛,❡ ❧❡ ♣✐❝ ❞❡ ❝♦,,(❧❛0✐♦♥ ❛✈❡❝ ❧❡#
♣,✐♥❝✐♣❛✉① ♣✐❝# ❞✉ ♣❧❛♥ ❞❡ ❝♦,,(❧❛0✐♦♥✳ ❈❡❧❛ ♣❡,♠❡0 ❞❡ ♠❡#✉,❡, ❧✬(❝❛,0 ❡♥0,❡ ❧❡ ♣✐❝ ❡0 ❧❡ ❜,✉✐0 ❞✉
♣❧❛♥ ❞❡ ❝♦,,(❧❛0✐♦♥✳
❚♦✉0 ❞✬❛❜♦,❞ ♦♥ #✉♣♣,✐♠❡ ❧✬♦,❞,❡ ③(,♦ ❞✉ ♣❧❛♥ ❞❡ ❝♦,,(❧❛0✐♦♥ ✭2✉❛♥❞ ✐❧ ❡#0 ♣,(#❡♥0✮ ✭❝❢✳ ✜❣✉,❡
✻✳✾ ❛ ❡0 ❜✮ ✳ ●,A❝❡ B ❧❛ #②♠(0,✐❡ ❞✉ ♣❧❛♥ ❞❡ ❝♦,,(❧❛0✐♦♥✱ ♦♥ ♣❡✉0 ♥❡ 0,❛✈❛✐❧❧❡, 2✉❡ #✉, ✉♥ ❞❡♠✐ ♣❧❛♥
✭❝❢✳ ✜❣✉,❡ ✻✳✾ ❝✮✳ ❖♥ ❞(0❡❝0❡ ❡0 ♦♥ ❡♥,❡❣✐#0,❡ ❧✬(♥❡,❣✐❡ ❝♦♥0❡♥✉❡ ❞❛♥# ❧❡ ♣✐❝ ❞❡ ❝♦,,(❧❛0✐♦♥ ❛✈❛♥0
❞❡ ♠❡00,❡ ❝❡00❡ ③♦♥❡ B ✵✳ ❊♥✜♥ ♦♥ ❝❛❧❝✉❧❡ ❧❛ ♠♦②❡♥♥❡ ❞❡# (♥❡,❣✐❡# ❞❡# ✺ ♠❛①✐♠❛ ❞✉ ❞❡♠✐✲♣❧❛♥
❞❡ ❝♦,,(❧❛0✐♦♥ ,❡#0❛♥0 ✭❝❢✳ ✜❣✉,❡ ✻✳✾ ❞✮✳ ▼❛0❤(♠❛0✐2✉❡♠❡♥0 ❝❡ ❝,✐01,❡ #✬(❝,✐0 ✿
P =
(∑i=i0+t
i=i0−t
∑j=j0+t
j=j0−t
|C(i, j)|2
)
−
(∑k=5
k=1
(∑i=ik+t
i=ik−t
∑j=jk+t
j=jk−t |C(i,j)|
2
)
5
)
∑i=i0+t
i=i0−t
∑j=j0+t
j=j0−t
|C(i, j)|2
✭✻✳✶✵✮
❈❡ ❝,✐01,❡ ♥❡ ❞♦♥♥❡ ♣❛# ❧❡# ✈❛❧❡✉,# 0,1# ♣,♦❝❤❡# ❞❡ ✵ ❡0 ❞❡ ✶ ❛00❡♥❞✉❡# ❡♥ ❝❛#✱ ,❡#♣❡❝0✐✈❡♠❡♥0✱
❞❡ ♥♦♥ ,❡❝♦♥♥❛✐##❛♥❝❡ ❡0 ❞❡ ,❡❝♦♥♥❛✐##❛♥❝❡✳ ◆♦✉# ❧✬❛✈♦♥# ❞♦♥❝ ♠♦❞✐✜(✳ ❈♦♠♠❡ ♣,(❝(❞❡♠♠❡♥0✱
♦♥ #✉♣♣,✐♠❡ ❧✬♦,❞,❡ ③(,♦ #✬✐❧ ❡#0 ♣,(#❡♥0 ❡0 ♦♥ 0,❛✈❛✐❧❧❡ ❞❛♥# ❧❡ ❞❡♠✐ ♣❧❛♥ ❞❡ ❝♦,,(❧❛0✐♦♥✳ ❖♥

S1 S2
C =
S1− S2
S1
✻✳✸✳ ❈❖◆❈▲❯❙■❖◆ ✾✼
✻✳✸ ❈♦♥❝❧✉)✐♦♥
❉❛♥% ❝❡ ❝❤❛♣✐+,❡✱ ♥♦✉% ❛✈♦♥% 1+✉❞✐1 3✉❡❧3✉❡% ❛,❝❤✐+❡❝+✉,❡% ❞✉ ❏❚❈✳ ◆♦✉% ❛✈♦♥% 1+✉❞✐1 ❧❛
,♦❜✉%+❡%%❡ ❡+ ❧❛ ❞✐%❝,✐♠✐♥❛+✐♦♥ ❞❡ ❝❡% ❛,❝❤✐+❡❝+✉,❡%✱ ❛✈❡❝ ❞❡% ✐♠❛❣❡% ❞❡ ♠✐♥❡% ♣♦✉, ❧❛ ,♦❜✉%+❡%%❡
❡+ ✉♥❡ ✐♠❛❣❡ ❞❡ ♠✐♥❡ ❝♦♠♣❛,1❡ = ▲❡♥❛ ♣♦✉, ❧❛ ❞✐%❝,✐♠✐♥❛+✐♦♥✳ ▲❡% ,1%✉❧+❛+% ♦❜+❡♥✉% ♥♦✉% ♦♥+
❛♠❡♥1 = ❝♦♠♣❛,❡, ♣❧✉% ❡♥ ❞1+❛✐❧% ❧❡ ❏❚❈ ❜✐♥❛✐,❡ ❡+ ❧❡ ❏❚❈ ❢,✐♥❣❡✲❛❞❥✉%+❡❞✳ B♦✉, ❝❡❧❛ ♥♦✉% ❛✈♦♥%
✉+✐❧✐%1 ❧✬✐♠❛❣❡ ❞❡ ▲❡♥❛ 3✉❡ ♥♦✉% ❛✈♦♥% ♠♦❞✐✜1❡ ❞❡ ❢❛E♦♥ = %❡ ,❛♣♣,♦❝❤❡, ❞❡% ❝♦♥❞✐+✐♦♥% ,1❡❧❧❡%
❞❡ ,❡❝♦♥♥❛✐%%❛♥❝❡ ❞❡% ♠✐♥❡%✱ +♦✉+ ❡♥ ♠❛✐+,✐%❛♥+ ❧❡% ♠♦❞✐✜❝❛+✐♦♥% ❛♣♣♦,+1❡%✳ ❆✈❡❝ ❧❡ ❏❚❈ ♥♦♥
❧✐♥1❛✐,❡✱ ❝❡% ❛,❝❤✐+❡❝+✉,❡% ❞✐%❝,✐♠✐♥❛♥+❡% ♣❡✉✈❡♥+ G+,❡ ✉+✐❧✐%1❡% ♣♦✉, ❢❛✐,❡ ❞❡ ❧❛ ,❡❝♦♥♥❛✐%%❛♥❝❡
,♦❜✉%+❡✳ ◆♦✉% ❛✈♦♥% ❞♦♥❝ ✈♦✉❧✉ +❡%+❡, ❧❛ ♣♦%%✐❜✐❧✐+1 ❞❡ ❢❛✐,❡ ❞✉ %✉✐✈✐ ❞❡ ♣❡,%♦♥♥❡ ❛✈❡❝ ❧❡ ❏❚❈✳
▲❛ ❝♦♠♣❛,❛✐%♦♥ ❞✉ ❏❚❈ ❜✐♥❛✐,❡ ❛✉ ❏❚❈ ❢,✐♥❣❡✲❛❞❥✉%+❡❞ ♥♦✉% ❛ ♣❡,♠✐% ❞❡ %1❧❡❝+✐♦♥♥❡, ❧❡
❏❚❈ ❢,✐♥❣❡ ❛❞❥✉%+❡❞ ♣♦✉, ❝❡++❡ ❛♣♣❧✐❝❛+✐♦♥✳ ◆♦✉% ❧✬❛✈♦♥% ❛❞❛♣+1 ❡♥ ❛❥♦✉+❛♥+ ✉♥❡ ♥♦♥ ❧✐♥1❛,✐+1
❡+ ❡♥ ❞1✜♥✐%%❛♥+ ✉♥ ♥♦✉✈❡❛✉ ❝,✐+H,❡✳ ❈❡% ❛✈❛♥❝1❡% ♥♦✉% ♦♥+ ♣❡,♠✐% ❞✬♦❜+❡♥✐, ✉♥❡ ❛,❝❤✐+❡❝+✉,❡
❡+ ✉♥ ♦✉+✐❧ ❞❡ ❞1❝✐%✐♦♥ ,♦❜✉%+❡% ❡+ ❞✐%❝,✐♠✐♥❛♥+% ✭❝❢✳ ✜❣✉,❡ ✻✳✼✮✳ ❈❡++❡ ❛,❝❤✐+❡❝+✉,❡ ❛ ❞♦♥♥1 ❧✐❡✉
= ✉♥❡ ♣✉❜❧✐❝❛+✐♦♥ ❬✾✽❪✳ ❈✐ ❞❡%%♦✉% ✉♥ +❛❜❧❡❛✉ ♠♦♥+,❡ ❧✬1✈♦❧✉+✐♦♥ ❞❡ ❧✬1❝❛,+ ❡♥+,❡ ❧❛ ✈❛❧❡✉, ❞❡
,❡❝♦♥♥❛✐%%❛♥❝❡ ♠✐♥✐♠❛❧❡ ❡+ ❧❛ ✈❛❧❡✉, ♠❛①✐♠❛❧❡ ❞❡ ♥♦♥ ,❡❝♦♥♥❛✐%%❛♥❝❡ ❛✈❡❝ ❧❡% ❞✐✛1,❡♥+% ❝,✐+H,❡%
3✉❡ ♥♦✉% ❛✈♦♥% +❡%+1✳
B❈❊ B❈❊ ❛✈❡❝ ♠✐%❡ ✶H,❡ ✈❡,%✐♦♥ ✶H,❡ ✈❡,%✐♦♥ ❞✉ ✷H♠❡ ✈❡,%✐♦♥
= ❥♦✉, ❞✉ ❢♦♥❞ ❞✉ ❝,✐+H,❡ ❝,✐+H,❡ ❡+ ✐♥+,♦❞✉❝+✐♦♥ ❞✉ ❝,✐+H,❡
❞❡ ❧❛ ♥♦♥ ❧✐♥1❛,✐+1
✜❣✉,❡ ✻✳✸ ✜❣✉,❡ ✻✳✹ ✜❣✉,❡ ✻✳✺ ✜❣✉,❡ ✻✳✻ ✜❣✉,❡ ✻✳✼
1❝❛,+ ✵✳✵✵✵✵✶✸✸✷ ✵✳✵✵✵✵✼✸✶ ✵✳✶✷✵✷ ✵✳✶✸✼✾ ✵✳✺✻✷
✾✽ ❈❍❆#■❚❘❊ ✻✳ ▲❆ ❈❖❘❘➱▲❆❚■❖◆ ❙❊▲❖◆ ▲✬❆❘❈❍■❚❊❈❚❯❘❊ ❏❚❈
❚!♦✐$✐%♠❡ ♣❛!*✐❡
▲❛ ❞#$❡❝$✐♦♥ ❡$ ❧❛ +❡❝♦♥♥❛✐,,❛♥❝❡ ❞❡,
♠✐♥❡, ,♦✉, ♠❛+✐♥❡,
✾✾

■♥"#♦❞✉❝"✐♦♥
◆♦✉# ❛✈♦♥# ♠❛♥✐❢❡#+, ♣.,❝,❞❡♠♠❡♥+ ♥♦+.❡ ✐♥+,.1+ ♣♦✉. ❧❛ ♠,+❤♦❞❡ ❞❡ ❧❛ ❝♦..,❧❛+✐♦♥✳ ❊♥
❡✛❡+✱ ❧❡# ❞✐✛,.❡♥+❡# ,+✉❞❡# ❡✛❡❝+✉,❡# ❞❛♥# ♥♦+.❡ ❧❛❜♦.❛+♦✐.❡✱ ♦♥+ ♠♦♥+., 9✉✬✐❧ #✬❛❣✐+ ❞✬✉♥❡ ♠,✲
+❤♦❞❡ ✜❛❜❧❡✱ .♦❜✉#+❡ ❡+ ❞✐#❝.✐♠✐♥❛♥+❡ ♣♦✉. ❧❛ .❡❝♦♥♥❛✐##❛♥❝❡ ❢❛❝✐❛❧❡ ♣❛. ❡①❡♠♣❧❡✳ ❉❛♥# ❝❡++❡
♣❛.+✐❡✱ ♥♦✉# ❛❧❧♦♥# ❧✬❛♣♣❧✐9✉❡. @ ❧✬,+✉❞❡ ❞❡# ♠✐♥❡# ❛♣.A# ❛✈♦✐. ❛♣♣♦.+, ✉♥❡ #,.✐❡ ❞✬❛❞❛♣+❛+✐♦♥# ❡+
❞✬♦♣+✐♠✐#❛+✐♦♥#✳
▲✬,+❛+ ❞❡ ❧✬❛.+ ♠♦♥+.❡ 9✉❡ ❧❡# ✐♠❛❣❡# ✐##✉❡# ❞❡ ✈✐❞,♦# #♦✉# ♠❛.✐♥❡# ❞♦✐✈❡♥+ 1+.❡ ♣.,+.❛✐+,❡#
❛✈❛♥+ ❞✬✉+✐❧✐#❡. ✉♥ ❛❧❣♦.✐+❤♠❡ ❞❡ ❞,+❡❝+✐♦♥ ♦✉ ❞❡ .❡❝♦♥♥❛✐##❛♥❝❡✳ ❈❡❧❛ ❛ ,+, ❝♦♥✜.♠, ♣❛. ♥♦#
♣.❡♠✐❡.# +❡#+# ✿ ❧❛ ❝♦..,❧❛+✐♦♥ ❞❡# ✐♠❛❣❡# ❜.✉+❡# ❛✈❡❝ ❞❡# ✐♠❛❣❡# ✐##✉❡# ❞❡ ❧❛ ✈✐❞,♦ ✉+✐❧✐#,❡# ❝♦♠♠❡
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❡2% ✉♥ ❛✈❛♥%❛❣❡ ❞❛♥2 ❧❛ .❡❝♦♥♥❛✐22❛♥❝❡ ❞✬♦❜❥❡%2 ❞❛♥❣❡.❡✉①✳
✼✳✷ #$♦❜❧(♠❛+✐-✉❡
▲❛ ❝♦♠♣❛.❛✐2♦♥ ❞❡2 ❞✐✛$.❡♥%❡2 ♠$%❤♦❞❡2 ❞❡ ❝♦..$❧❛%✐♦♥ ❡% ❧❡2 ♣.❡♠✐❡.2 %❡2%2 ❡✛❡❝%✉$2 2✉. ❧❡2
✐♠❛❣❡2 ❚♦♣✈✐2✐♦♥ ♥♦✉2 ♦♥% ♣❡.♠✐2 ❞✬❛✣♥❡. ❧✬❛❧❣♦.✐%❤♠❡ M✉❡ ♥♦✉2 ❛❧❧♦♥2 ✉%✐❧✐2❡. ❞❛♥2 ❧❛ 2✉✐%❡ ❞❡
❝❡%%❡ %❤I2❡✳ ◆♦✉2 ✈♦✉❧♦♥2 ✉♥ ❛❧❣♦.✐%❤♠❡ M✉✐ ♣✉✐22❡ ❢♦♥❝%✐♦♥♥❡. ❡♥ %❡♠♣2 .$❡❧✱ ❡% M✉✐ ❞$%❡❝%❡✱
❝❧❛22✐✜❡ ❡% ✐❞❡♥%✐✜❡ ❧❡2 ♦❜❥❡%2 ♣.$2❡♥%2 ❞❛♥2 ❧✬✐♠❛❣❡✳ ▲✬❛❧❣♦.✐%❤♠❡ ❡2% .$2✉♠$ 2✉. ❧❛ ✜❣✉.❡ ✼✳✻✳
❚♦✉% ❞✬❛❜♦.❞✱ ♥♦✉2 ❛✈♦♥2 ✈✉ ❞❛♥2 ❧✬$%❛% ❞❡ ❧✬❛.% 2✉. ❧❡ 2✉❥❡% M✉❡ ❧❡2 ✐♠❛❣❡2 ♥$❝❡22✐%❡♥% ✉♥
♣.❡♠✐❡. ♣.$%.❛✐%❡♠❡♥% ✭❝❢✳ ♣❛.%✐❡ ✷✮✳ ❉❡ ♣❧✉2 ❧❛ ❝♦..$❧❛%✐♦♥ 2✉. ❧❡2 ✐♠❛❣❡2 ♥♦♥ ♣.$%.❛✐%$❡2 ♥❡
❞♦♥♥❡ ♣❛2 ❞❡ .$2✉❧%❛%2✳ ❈❡%%❡ ♣❛.%✐❡ ❝♦..❡2♣♦♥❞ U ♣❛.%✐❡ ❜❧❡✉❡ 2✉. ❧❛ ✜❣✉.❡ ✼✳✻✳
▲❛ ❝♦♠♣❛.❛✐2♦♥ ❞✬✉♥❡ ✐♠❛❣❡ ❛✈❡❝ ✉♥❡ ❧❛.❣❡ ❜❛2❡ ❞❡ ❞♦♥♥$❡2 ♥$❝❡22✐%❡ ✉♥ %❡♠♣2 ❞❡ ❝❛❧❝✉❧
✐♠♣♦.%❛♥%✳ V♦✉. ❧✐♠✐%❡. ❧❡2 ❝♦..$❧❛%✐♦♥2 2✉. ❞❡2 ✐♠❛❣❡2 ♥❡ ❝♦♥%❡♥❛♥% ♣❛2 ❞✬♦❜❥❡%2✱ ♥♦✉2 ❛✈♦♥2
❞$❝✐❞$ ❞✬✐♥%.♦❞✉✐.❡ ✉♥❡ $%❛♣❡ ❞❡ ❞$%❡❝%✐♦♥ ✭♣❛.%✐❡ ✈❡.%❡ 2✉. ❧❛ ✜❣✉.❡ ✼✳✻✮✳ ❈❡%%❡ $%❛♣❡ 2❡.❛ 2✉✐✈✐❡
❞✬✉♥ ♣♦2%✲%.❛✐%❡♠❡♥% M✉✐ ♣❡.♠❡%%.❛ ❞❡ ❧✐♠✐%❡. ❧❡2 ♥♦♥✲❞$%❡❝%✐♦♥2 ❛✉ 2❡✐♥ ❞✬✉♥❡ ③♦♥❡ ❞❡ ♣.$2❡♥❝❡
❞❡ ❧✬♦❜❥❡% ❡% ❞❡ ❧✐♠✐%❡. ❧❡2 ❢❛✉22❡2 ❛❧❛.♠❡2✳ ❊♥ ❝❛2 ❞❡ ❞$%❡❝%✐♦♥ ❞✬✉♥ ♦❜❥❡%✱ ❧✬✐♠❛❣❡ 2❡.❛ %.❛✐%$❡
❞❡ ❢❛X♦♥ U ♦❜%❡♥✐. ✉♥❡ ✐♠❛❣❡ ❞❡ ❝♦♥%♦✉.2✳ ❈❡2 ❞❡✉① $%❛♣❡2 ❞❡ ♣♦2%✲%.❛✐%❡♠❡♥%2 ❝♦..❡2♣♦♥❞❡♥%
❛✉ ❝❛❞.❡ ✈❡.% ❝❧❛✐. 2✉. ❧❛ ✜❣✉.❡ ✼✳✻✳ ❈❡%%❡ ♣❛.%✐❡ 2❡.❛ ❞$✈❡❧♦♣♣$❡ ❞❛♥2 ❧❡ ❝❤❛♣✐%.❡ ✽✳
❊♥2✉✐%❡ ❧❡2 $%❛♣❡2 ❞❡ ❝❧❛22✐✜❝❛%✐♦♥ ❡% ❞✬✐❞❡♥%✐✜❝❛%✐♦♥ 2♦♥% ❡✛❡❝%✉$❡2 ❡♥ ♠Y♠❡ %❡♠♣2 ♣❛. ❧❛
❝♦..$❧❛%✐♦♥✱ ♣❛.%✐❡ .♦✉❣❡ ❞❡ ❧❛ ✜❣✉.❡ ✼✳✻✳ ▲❡2 .$2✉❧%❛%2 ❡♥ %❡♠♣2 ❞❡ ❝❛❧❝✉❧ ♦❜%❡♥✉2 ❛✈❡❝ ❧❡ ❏❚❈
♥❡ ♣❡.♠❡%%❡♥% ♣❛2 ❞✬♦❜%❡♥✐. ✉♥ ❛❧❣♦.✐%❤♠❡ ❞❡ ❝❛❧❝✉❧ ❡♥ %❡♠♣2 .$❡❧✱ ❞✉ ❢❛✐% ❞❡ ❧❛ %❛✐❧❧❡ ❞❡ ❧✬✐♠❛❣❡
✶✵✽ ❈❍❆#■❚❘❊ ✼✳ ❆##▲■❈❆❚■❖◆ ❉❊ ▲❆ ❈❖❘❘➱▲❆❚■❖◆ ❆❯❳ ▼■◆❊❙
❝❛❧❝✉❧'❡✳ ◆♦,-❡ ❝❤♦✐① 1✬❡1, ♣♦-,' 1✉- ❧✬❛-❝❤✐,❡❝,✉-❡ ❱❛♥❞❡-❧✉❣, ❡, ❧❡1 ✜❧,-❡1 ❞❡ ,②♣❡ ❝♦♠♣♦1✐,❡1
;❖❋ ❢❛❜-✐@✉'1 A ♣❛-,✐- ❞❡ -'❢'-❡♥❝❡1 1②♥,❤',✐@✉❡1 ✭❝❢✳ ❝❛❞-❡ ❣-✐1 1✉- ❧❛ ✜❣✉-❡ ✼✳✻✮✳ ▲❡1 ✜❧,-❡1
❝♦♠♣♦1✐,❡1 ♣❡-♠❡,,❡♥, ❛✐♥1✐ ❞❡ -'❞✉✐-❡ ❧❡ ♥♦♠❜-❡ ❞❡1 ✜❧,-❡1 ♥'❝❡11❛✐-❡1 ♣♦✉- ♣-❡♥❞-❡ ✉♥❡ ❜♦♥♥❡
❞'❝✐1✐♦♥✳ ❈❡ ❝❤♦✐① ❡1, ❝♦♥✜-♠' ♣❛- ✉♥❡ ❝♦♠♣❛-❛✐1♦♥ ❛✈❡❝ ❧❡1 ❞✐✛'-❡♥,1 ✜❧,-❡1 ❞❡ ❝♦--'❧❛,✐♦♥
❝❧❛11✐@✉❡1 ✭;❖❋✱ ❆▼;❖❋✱✳✳✳✮✳ ❈❡,,❡ ❝♦♠♣❛-❛✐1♦♥ ❛ ♠♦♥,-' ❧❛ ♥'❝❡11✐,' ❞❡ ❝-'❡- ✉♥ ♥♦✉✈❡❛✉
✜❧,-❡ ❛❞❛♣,' A ♥♦,-❡ ❛♣♣❧✐❝❛,✐♦♥✳ ❈❡ ✜❧,-❡ ❡1, ❛♣♣❡❧' ❆❙;❖❋ ✭❝❢✳ ♣❛-,✐❡ ✺✳✸✮✳ ▲❡ ♣-✐♥❝✐♣❡ ❞✉ ✜❧,-❡
❆❙;❖❋ ❛ ',' ✈❛❧✐❞' ♠❛✐1 ✐❧ ♥✬❛ ♣❛1 ♣✉ P,-❡ ✉,✐❧✐1' ♣❛- ❧❛ 1✉✐,❡✳ ❈❡❧❛ 1❡-❛ ❧❡ 1✉❥❡, ❞✬✉♥ ,-❛✈❛✐❧
♣♦1,✲❞♦❝,♦-❛❧✳
▲❡1 ✐♠❛❣❡1 1②♥,❤',✐@✉❡1 -❡♣-'1❡♥,❡♥, ✉♥ ❝❤♦✐① ✐♥,'-❡11❛♥, ✿ ❧❡1 ✐♠❛❣❡1 ✐11✉❡1 ❞❡1 ✈✐❞'♦1 -'❡❧❧❡1
♥❡ ♣❡✉✈❡♥, ♣❛1 -❡♣-'1❡♥,❡- ❧❡1 ♠✐♥❡1 A ,♦✉,❡1 ❧❡1 ❞✐1,❛♥❝❡1 ✭❡✛❡, '❝❤❡❧❧❡✮ ♥✐ ❛✈❡❝ ,♦✉,❡1 ❧❡1
♦-✐❡♥,❛,✐♦♥1 ♣♦11✐❜❧❡1✳ ❉❡ ♣❧✉1 ❝❡1 ✐♠❛❣❡1 -'❡❧❧❡1 1♦♥, ♣❡-,✉-❜'❡1 ♣❛- ❧❡ ❜-✉✐, ❞❡ ❧❛ ✈✐❞'♦✱ ♣-'1❡♥,
❞❛♥1 ❧❡1 ✐♠❛❣❡1 ♣-✐1❡1 ❝♦♠♠❡ ✐♠❛❣❡1 ❞❡ -'❢'-❡♥❝❡✱ ❜-✉✐, @✉✐ ♣❡✉, P,-❡ ❞✐✛'-❡♥, ❞❛♥1 ❧❛ 1✉✐,❡ ❞❡
❧❛ ✈✐❞'♦✳ ❊♥ ❡✛❡,✱ ❧❡ ❜-✉✐, ❞V ❛✉ ♠✐❧✐❡✉ 1♦✉1 ♠❛-✐♥ ✈❛-✐❡ ❛✉ ❝♦✉-1 ❞✉ ,❡♠♣1 ❡, 1❡❧♦♥ ❧❡ ❧✐❡✉ ❞❡ ❧❛
♣-✐1❡ ❞❡ ✈✉❡✳ ▲❡1 ♠♦❞W❧❡1 ✸❉✱ ✉,✐❧✐1'1 ♣♦✉- ♦❜,❡♥✐- ❧❡1 ✐♠❛❣❡1 1②♥,❤',✐@✉❡1✱ ♣-'1❡♥,❡♥, ❧✬❛✈❛♥,❛❣❡
❞❡ ♥❡ ♣❛1 P,-❡ ❜-✉✐,'1 ❡, ❞❡ ♣♦✉✈♦✐- ❢♦✉-♥✐- ❞❡1 ✐♠❛❣❡1 ❞❡ -'❢'-❡♥❝❡1 1❡❧♦♥ ❧❡1 ♦-✐❡♥,❛,✐♦♥1 ❡, ❧❡1
❞✐1,❛♥❝❡1 ✈♦✉❧✉❡1✳ ❈❡,,❡ ♣❛-,✐❡ 1❡-❛ ❞'✈❡❧♦♣♣'❡ ❞❛♥1 ❧❡ ❝❤❛♣✐,-❡ ✾✳
▲❛ ❞'❝✐1✐♦♥ 1❡ ❢❡-❛ A ♣❛-,✐- ❞✉ ❝-✐,W-❡ ;❈❊ ❡, ❞✬✉♥ ♣♦1,✲,-❛✐,❡♠❡♥, ❜❛1' 1✉- ❧❡ ❢❛✐, @✉❡ ❧❛
♠✐♥❡ ❛ ♣❡✉ ❞❡ ❝❤❛♥❝❡ ❞❡ ❝❤❛♥❣❡- ❞❡ ,②♣❡ ❞✬✉♥❡ ✐♠❛❣❡ A ❧✬❛✉,-❡ ✭,♦✉, ❡♥ ❣❛-❞❛♥, A ❧✬❡1♣-✐, @✉❡
❝❡-,❛✐♥❡1 ✈✉❡1 ♣❡✉✈❡♥, ❛♠❡♥❡- A ✉♥❡ ❝♦♥❢✉1✐♦♥ ❞✉ ,②♣❡ ❞❡ ♠✐♥❡1✱ ♣❛- ❡①❡♠♣❧❡ ❧❡ ❝②❧✐♥❞-❡ ✈✉ ♣❛-
❧✬❡①,-'♠✐,' -♦♥❞❡✱ ❧❛ ▼❛♥,❛ ✈✉❡ ❞❡ ❞❡11♦✉1 ❡, ❧❛ 1♣❤W-❡✮✳
❉❛♥1 ❧❛ ♣❡-1♣❡❝,✐✈❡ ❞✬❡✛❡❝,✉❡- ❧❡ 1✉✐✈✐ ❞❡ ❧✬♦❜❥❡, ,♦✉, ❛✉ ❧♦♥❣ ❞❡ ❧❛ ✈✐❞'♦✱ ♥♦✉1 ♣❡♥1♦♥1
✉,✐❧✐1❡- ❧✬❛-❝❤✐,❡❝,✉-❡ ❏❚❈✱ ❞'❥A ✉,✐❧✐1'❡ ♣♦✉- ❝❡1 ❛♣♣❧✐❝❛,✐♦♥1 ❞❛♥1 ❧❛ ❧✐,,'-❛,✉-❡ ❬✶✷✵❪✳
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❈❤❛♣✐%&❡ ✽
▲❛ ❞#$❡❝$✐♦♥ ❞❡* ♦❜❥❡$* ❡$ ❧❡✉/ ♣♦*✐$✐♦♥
❙♦♠♠❛✐%❡
✽✳✶ ❈❤♦✐① ❞❡ ❧❛ ,❡♣,./❡♥1❛1✐♦♥ ❞❡/ ,./✉❧1❛1/ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷
✽✳✷ ▼.1❤♦❞❡ ❜❛/.❡ /✉, ❧❛ ♣❤❛/❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺
✽✳✷✳✶ ❆❧❣♦(✐*❤♠❡ ✉*✐❧✐/0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺
✽✳✷✳✷ ❘0/✉❧*❛*/ ♦❜*❡♥✉/ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵
✽✳✸ ▼.1❤♦❞❡ ❜❛/.❡ /✉, ❧❛ /♦✉/1,❛❝1✐♦♥ ❞✉ ❢♦♥❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵
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❛✐&❡
 ♦ 
=
∑
d ✐♥.❡&✈❛❧❧❡ ❞❡ ❞✐2.❛♥❝❡ ❞ ① ♥❜✭❞✮
✕ ♥♦✉2 ♣♦✉✈♦♥2 ❝❛❧❝✉❧❡& ❧✬❛✐&❡ ♦❝❝✉♣8❡ ♣❛& ❧❛ ♣&♦❜❛❜✐❧✐.8 ❞❡ ❞8.❡❝.✐♦♥ ✿
❛✐&❡
♣#♦❜❛
=
∑
d ✐♥.❡&✈❛❧❧❡ ❞❡ ❞✐2.❛♥❝❡ ❞ ① 9❞✭❞✮
✕ ▲❛ ✈❛❧❡✉& ♥✉♠8&✐*✉❡ ❞❡ ❧❛ ❞8.❡❝.✐♦♥ ❝♦&&❡2♣♦♥❞ ❛✉ &❛♣♣♦&.
❛✐#❡
♣#♦❜❛
❛✐#❡
 ♦ 
▲❡2 &82✉❧.❛.2 ♣&82❡♥.82 2✉& ❧❛ ✜❣✉&❡ ✽✳✶ ♦♥. 8.8 &❡♣&82❡♥.82 ❛✈❡❝ ❧❛ ♥♦✉✈❡❧❧❡ ♠8.❤♦❞❡ 2✉& ❧❛
✜❣✉&❡ ✽✳✽✳ ◆♦✉2 ♦❜.❡♥♦♥2 ❞❛♥2 ❝❡ ❝❛2 ✉♥ .❛✉① ❞❡ ❜♦♥♥❡2 ❞8.❡❝.✐♦♥2 ❞❡ ✻✽✳✷✶✪✱ ✉♥ .❛✉① ❞❡ ❢❛✉22❡2
❛❧❛&♠❡2 ❞❡ ✷✳✼✹✪✱ ✉♥ .❛✉① ❞❡ ♥♦♥ ❞8.❡❝.✐♦♥ ❢❛✉22❡2 ❞❡ ✷✹✳✽✽✪ ❡. ✉♥ .❛✉① ❞❡ ♥♦♥ ❞8.❡❝.✐♦♥ ✈&❛✐❡
❞❡ ✾✼✳✸✸✪✳ ▲❡2 ❛2.8&✐2*✉❡2 &♦✉❣❡2 &❡♣&82❡♥.❡♥. ❧❡2 ❞✐2.❛♥❝❡2 ♣♦✉& ❧❡2*✉❡❧❧❡2 ♥♦✉2 ♥✬❛✈♦♥2 ♣❛2
❞✬✐♠❛❣❡2 < 8.✉❞✐❡& ❞❛♥2 ❝❡..❡ ✈✐❞8♦✳
▲❛ ❝♦♠♣❛&❛✐2♦♥ ❞❡2 &82✉❧.❛.2 ♦❜.❡♥✉2 ❛✈❡❝ ❧❡2 ❛♥♥♦.❛.✐♦♥2 ❢❛✐.❡2 2✉& ❧❡2 ✐♠❛❣❡2 ✭.❛✐❧❧❡ ❡.
♣♦2✐.✐♦♥ ❞❡ ❧❛ ♠✐♥❡✮ ♣❡&♠❡..❡♥. ❞✬❛✣♥❡& ❧❡ .❛✉① ❞❡ ❜♦♥♥❡2 ❞8.❡❝.✐♦♥2 ✭✻✽✳✷✶✪ ❝♦♥.&❡ ✼✸✳✺✾✪
♣&8❝8❞❡♠❡♥.✮✳ ▲❡ .❛✉① ❞❡ ❢❛✉22❡2 ❛❧❛&♠❡2 ❡2. ❛✉22✐ ❧8❣M&❡♠❡♥. ❞✐✛8&❡♥. ✭✷✳✼✹✪ ❝♦♥.&❡ ✸✳✻✽✪
♣&8❝8❞❡♠❡♥.✮✳ ▲✬8✈♦❧✉.✐♦♥ ❞❡ ❝❡2 &82✉❧.❛.2 ❝♦♥✜&♠❡ ❧❛ ♥8❝❡22✐.8 ❞✬✉.✐❧✐2❡& ❞❡2 ❝&✐.M&❡2 ♦❜❥❡❝.✐❢2
✐♥❞8♣❡♥❞❛♥.2 ❞❡2 ♦♣8&❛.❡✉&2✳
❙✉& ❧❛ ✜❣✉&❡ ✽✳✽✱ ♥♦✉2 ♣♦✉✈♦♥2 ✈♦✐& 2✉& ❧❡2 ❣&❛♣❤❡2 ❞❡ ❧❛ ♣&♦❜❛❜✐❧✐.8 ❞❡ ❞8.❡❝.✐♦♥✱ ❞❡ ❧❛
♣&♦❜❛❜✐❧✐.8 ❞❡ ♥♦♥ ❞8.❡❝.✐♦♥ ❢❛✉22❡ ❡. ❞❡ ❧❛ ♣&♦❜❛❜✐❧✐.8 ❞❡ ♥♦♥ ❞8.❡❝.✐♦♥ ✈&❛✐❡ *✉✬✐❧ ② ❛ ❞❡2
✐♥.❡&✈❛❧❧❡2 ❞❡ ❞✐2.❛♥❝❡ ♦R ❝❡2 ♣&♦❜❛❜✐❧✐.82 2♦♥. 8❣❛❧❡2 < ✶✳ ❈❡❧❛ 2✐❣♥✐✜❡ *✉❡ .♦✉.❡2 ❧❡2 ✐♠❛❣❡2
❝♦♥.❡♥❛♥. ✉♥❡ ♠✐♥❡ ❞❡ ❝❡. ✐♥.❡&✈❛❧❧❡ ❞❡ ❞✐2.❛♥❝❡ ♦♥. 8.8 ✐❞❡♥.✐✜8❡2 ❝♦♠♠❡ ❝♦♥.❡♥❛♥. ✉♥❡ ♠✐♥❡
✭❞❛♥2 ❧❡ ❝❛2 ❞❡ ❧❛ ♣&♦❜❛❜✐❧✐.8 ❞❡ ❞8.❡❝.✐♦♥✮✳ ▲❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ♣&♦❜❛❜✐❧✐.8 ❞❡ ♥♦♥ ❞8.❡❝.✐♦♥2 ✈&❛✐❡2
✭✾✼✳✸✸✪✮ ♠♦♥.&❡ *✉❡ ♥♦.&❡ ❛❧❣♦&✐.❤♠❡ ❞♦♥♥❡ ♣❡✉ ❞❡ ❢❛✉22❡2 ❛❧❛&♠❡2 ❞❛♥2 ❧❡2 ✐♠❛❣❡2 ✈✐❞❡2✳ ▲❡
.❛✉① ❞❡ ♥♦♥ ❞8.❡❝.✐♦♥2 ❢❛✉22❡2 2❡&❛ &8❞✉✐. ❛✈❡❝ ❧❛ ♣&✐2❡ ❡♥ ❝♦♠♣.❡ ❞❡ ❧✬❛2♣❡❝. .❡♠♣♦&❡❧ ❞❡2
✐♠❛❣❡2✳ ❊♥ ❡✛❡.✱ ❛❝.✉❡❧❧❡♠❡♥.✱ ❧❡2 &82✉❧.❛.2 2♦♥. ❝❛❧❝✉❧82 ✐♠❛❣❡ ♣❛& ✐♠❛❣❡✳ ❖& ❞❛♥2 ✉♥❡ ✈✐❞8♦✱
❧❡2 ✐♠❛❣❡2 2❡ 2✉✐✈❡♥. ❡. ❞8♣❡♥❞❡♥. ❧❡2 ✉♥❡2 ❞❡2 ❛✉.&❡2✳ ❈❡..❡ ❞8♣❡♥❞❛♥❝❡ 2❡&✈✐&❛ < ❛♠8❧✐♦&❡& ❧❡2
&82✉❧.❛.2✳
❋✐❣✉$❡ ✽✳✽ ✕ ❘82✉❧.❛.2 ❞❡ ❧❛ ❞8.❡❝.✐♦♥ 2✉& ✉♥❡ ✈✐❞8♦ ❞❡ ♠✐♥❡ ▼❛♥.❛
✽✳✷ ▼$%❤♦❞❡ ❜❛,$❡ ,✉. ❧❛ ♣❤❛,❡
✽✳✷✳✶ ❆❧❣♦(✐*❤♠❡ ✉*✐❧✐/0
◆♦✉2 ❛✈♦♥2 ✈✉ ❞❛♥2 ❧❛ ♣❛&.✐❡ ✷✳✷✳✺ *✉❡ ❧✬✐♠❛❣❡ &❡❝♦♥2.&✉✐.❡ < ♣❛&.✐& ❞❡ ❧❛ ♣❤❛2❡ ❞✉ 2♣❡❝.&❡ ❞❡
❧✬✐♠❛❣❡ ✐♥✐.✐❛❧❡ ❝♦♥.✐❡♥. ❡22❡♥.✐❡❧❧❡♠❡♥. ❧❡2 ❝♦♥.♦✉&2 ❝♦♥.❡♥✉2 ❞❛♥2 ❧✬✐♠❛❣❡ 2♣❛.✐❛❧❡ ✐♥✐.✐❛❧❡ ❬✻✼❪✳
◆♦✉2 ✉.✐❧✐2♦♥2 ❝❡..❡ ♣&♦♣&✐8.8 ♣♦✉& ❞8.❡❝.❡& ❧❡2 ❝♦♥.♦✉&2 ❞❛♥2 ❧❡2 ✐♠❛❣❡2 ❚♦♣✈✐2✐♦♥✳
✶✶✻ ❈❍❆#■❚❘❊ ✽✳ ❉➱❚❊❈❚■❖◆
❚♦✉% ❞✬❛❜♦*❞ ❧❡- ✐♠❛❣❡- -♦♥% ♣*3%*❛✐%3❡- -❡❧♦♥ ❧❛ ❝❤❛✐♥❡ ♣*3-❡♥%3❡ ❞❛♥- ❧❛ ♣❛*%✐❡ ✷✳✸ ✭❝❢✳ ✜❣✉*❡-
✽✳✾❛ ❡% ✽✳✾❜ ♣♦✉* ❧❛ ♠✐♥❡ ▼❛♥%❛ ❡% ✜❣✉*❡ ✽✳✶✵❛ ❡% ✽✳✶✵❜ ♣♦✉* ❧❛ ♠✐♥❡ ❝②❧✐♥❞*✐@✉❡✮✳ ❊♥-✉✐%❡✱ ❝❡-
✐♠❛❣❡- -♦♥% %*❛♥-❢♦*♠3❡- ❡♥ ✐♠❛❣❡- ❞❡ ♣❤❛-❡ ❞❡ ❢❛E♦♥ F ♦❜%❡♥✐* ❧❡- ❝♦♥%♦✉*- ❞❡- ♦❜❥❡%- ♣*3-❡♥%-
❞❛♥- ❝❡- ✐♠❛❣❡- ✭❝❢✳ ✜❣✉*❡- ✽✳✾❝ ❡% ✽✳✶✵❝✮✳ ❈♦♠♠❡ ♦♥ ♣❡✉% ❧❡ ❝♦♥-%❛%❡*✱ ❧❡- ❝♦♥%♦✉*- -♦♥% ♣❧✉- ♦✉
♠♦✐♥- ❜✐❡♥ ✈✐-✐❜❧❡-✳ J♦✉* ❞3%❡❝%❡* ✉♥ ♦❜❥❡%✱ ✐❧ -✉✣% ❞❡ ❞3%❡❝%❡* ❧❡- ❝♦♥%♦✉*- ❡% ❞❡ ❧❡- ❛♥❛❧②-❡*✳
✭❛✮ ■♠❛❣❡ ❞❡ ❧❛ ✈✐❞+♦ ✭❜✮ ■♠❛❣❡ ♣/+0/❛✐0+❡ ✭❝✮ ■♠❛❣❡ ❞❡ ♣❤❛3❡
❋✐❣✉$❡ ✽✳✾ ✕ ■♠❛❣❡ ✉%✐❧✐-3❡ ♣♦✉* ❧❛ ❞3%❡❝%✐♦♥ ❞✬✉♥❡ ♠✐♥❡ ▼❛♥%❛
✭❛✮ ■♠❛❣❡ ❞❡ ❧❛ ✈✐❞+♦ ✭❜✮ ■♠❛❣❡ ♣/+0/❛✐0+❡ ✭❝✮ ■♠❛❣❡ ❞❡ ♣❤❛3❡
❋✐❣✉$❡ ✽✳✶✵ ✕ ■♠❛❣❡ ✉%✐❧✐-3❡ ♣♦✉* ❧❛ ❞3%❡❝%✐♦♥ ❞✬✉♥❡ ♠✐♥❡ ❝②❧✐♥❞*✐@✉❡
◆♦✉- ❛✈♦♥- 3%✉❞✐3 ❞❡- ✐♠❛❣❡- ✜①❡-✳ ❈❡♣❡♥❞❛♥%✱ ❡❧❧❡- -♦♥% ✐--✉❡- ❞✬✉♥❡ ✈✐❞3♦✳ ▲❡ ❜*✉✐% ♣*3-❡♥%
❞❛♥- ✉♥❡ ✐♠❛❣❡ ❡-% ❞3♣❡♥❞❛♥% ❞✉ ♣*3-❡♥% ❞❛♥- ❧❡- ❛✉%*❡- ✐♠❛❣❡-✳ ■❧ ❡-% ❞♦♥❝ ♣♦--✐❜❧❡ ❞✬3%✉❞✐❡*
❧❡ ❜*✉✐% ♣*3-❡♥% ❞❛♥- ❞❡- ✐♠❛❣❡- ♥❡ ❝♦♥%❡♥❛♥% ♣❛- ❞✬♦❜❥❡% ♣♦✉* ❧✐♠✐%❡* ❧✬❡✛❡% ❞✉ ❜*✉✐% ❧♦*- ❞❡ ❧❛
❞3%❡❝%✐♦♥✳
◆♦✉- ❛✈♦♥- ❛✐♥-✐ %*❛✐%3 ❧❡- ❝❡♥% ♣*❡♠✐R*❡- ✐♠❛❣❡- ❞❡ ❧❛ ✈✐❞3♦✱ ✐♠❛❣❡- @✉✐ ♥❡ ❝♦♥%✐❡♥♥❡♥% ♣❛-
❞❡ ♠✐♥❡-✳ ▲❡- ✐♠❛❣❡- ❞❡ ♣❤❛-❡ ❞✉ ❢♦♥❞ ♦❜%❡♥✉❡- -♦♥% ♠♦②❡♥♥3❡-✳ ❊♥-✉✐%❡ ♦♥ ♣*❡♥❞ ❧❛ ♠3❞✐❛♥❡
❞❡ ❝❤❛@✉❡ ❧✐❣♥❡ ❛✜♥ ❞✬♦❜%❡♥✐* ✉♥ ✈❡❝%❡✉* ❝♦❧♦♥♥❡ *❡♣*3-❡♥%❛%✐❢ ❞✉ ❢♦♥❞✳ ❈❡❧❛ ♥♦✉- ♣❡*♠❡% ❞❡
❝♦♥♥❛S%*❡ ❧❡ ❜*✉✐% ❞❡ ❢♦♥❞ @✉❡ ❧✬♦♥ ❡-% -✉-❝❡♣%✐❜❧❡ ❞❡ *❡%*♦✉✈❡* ❞❛♥- ♥♦- ✐♠❛❣❡- ✭❝❢✳ ✜❣✉*❡ ✽✳✶✶✮✳
▲❛ ❞✐✛3*❡♥❝❡ ❡♥%*❡ ❞❡✉① ♣✐①❡❧- ❛♣♣❛*%❡♥❛♥% ❛✉ ❢♦♥❞ ❡% ❛✉ ❝♦♥%♦✉* ❞♦✐% T%*❡ -✉♣3*✐❡✉*❡ ❛✉ ❜*✉✐%
❞❡ ❢♦♥❞✳
J♦✉* ❝❤❛❝✉♥❡ ❞❡- ✐♠❛❣❡- ❞❡ ❧❛ ✈✐❞3♦✱ ♣♦✉* ❞3%❡❝%❡* ❧❡- -❛✉%- ❞❡ ♣❤❛-❡✱ ♥♦✉- ❛✈♦♥- ❞3❝✐❞3 ❞❡
❞3❝♦✉♣❡* ❧✬✐♠❛❣❡ ❡♥ -✐① ❜❛♥❞❡- ✈❡*%✐❝❛❧❡- ✭❝❢✳ ✜❣✉*❡ ✽✳✶✷✮✳ ▲❛ ♠3❞✐❛♥❡ ❞✉ ❢♦♥❞ ✭❝❢✳ ✜❣✉*❡ ✽✳✶✶✮
❡-% -♦✉-%*❛✐%❡ F ❧❛ ♠♦②❡♥♥❡ ❞❡ ❝❤❛@✉❡ ❜❛♥❞❡✳ ▲❡ *3-✉❧%❛% ❞❡ ❝❡%%❡ -♦✉-%*❛❝%✐♦♥ ❡-% ♣*3-❡♥%3 ♣♦✉*
❝❤❛❝✉♥❡ ❞❡- ❜❛♥❞❡- ❞❡ ❧❛ ✜❣✉*❡ ✽✳✶✶ -✉* ❧❛ ✜❣✉*❡ ✽✳✶✷ ❛✈❡❝ ❧❡- ❝♦✉*❜❡- ❜❧❡✉❡-✳ ▲❡- -♦✉- ✜❣✉*❡-
❞❡ ❧❛ ✜❣✉*❡ ✽✳✶✸ ♣*3-❡♥%❡♥% ❧✬✐♥%❡♥-✐%3 ❞❡- ✈❡❝%❡✉*- ❝♦❧♦♥♥❡- *❡♣*3-❡♥%❛%✐❢ ❞❡- ❜❛♥❞❡-✳ ❊♥-✉✐%❡ ♦♥
❝♦♠♣❛*❡ ❧❡ *3-✉❧%❛% F ✉♥ -❡✉✐❧ ✜①3 F ❞❡✉① ❢♦✐- ❧❛ ♠3❞✐❛♥❡ ❞❡ ❧❛ ❜❛♥❞❡ ✭❝❢✳ ✜❣✉*❡ ✽✳✶✸✱ ❝♦✉*❜❡-
*♦✉❣❡-✮✳ ❈❡ -❡✉✐❧ ❞3♣❡♥❞ ❞♦♥❝ ❞❡ ❧❛ ❜❛♥❞❡ ❞❡ ❧✬✐♠❛❣❡ 3%✉❞✐3❡✳ ▲❡ ❝❤♦✐① ❞❡ ❧❛ ♠3❞✐❛♥❡ ❞❡ ❧❛ ❜❛♥❞❡
-✬❡-% ❡✛❡❝%✉3 ♣♦✉* 3✈✐%❡* ❞✬♦❜%❡♥✐* ❜❡❛✉❝♦✉♣ ❞❡ -❛✉%- ❞❡ ♣❤❛-❡ ❞❛♥- ✉♥❡ ❜❛♥❞❡ @✉✐ ♣♦✉**❛✐% T%*❡
❜*✉✐%3❡ ♣♦✉* ✉♥❡ *❛✐-♦♥ @✉❡❧❝♦♥@✉❡ ✭❛♠❛- ❞❡ ❝❛✐❧❧♦✉①✱ ❞❡ ❜♦✉%-✱ ♣*♦❜❧R♠❡ ❞✬❡♥*❡❣✐-%*❡♠❡♥% ❞❡
❧❛ ✈✐❞3♦✮✳ ◆♦✉- ❛✈♦♥- ✜①3 ✉♥ -❡✉✐❧ -✉✣-❛♠♠❡♥% 3❧❡✈3 ❞❡ ❢❛E♦♥ F 3✈✐%❡* ❞✬♦❜%❡♥✐* ✉♥❡ @✉❛♥%✐%3
✐♠♣♦*%❛♥%❡ ❞❡ -❛✉%- ❞❡ ♣❤❛-❡ @✉✐ ♥❡ ❝♦**❡-♣♦♥❞*❛✐❡♥% ♣❛- F ❞❡- ❝♦♥%♦✉*- ❞✬♦❜❥❡%-✳ ❖♥ ♣❡✉%
✽✳✷✳ ▼➱❚❍❖❉❊ ❇❆❙➱❊ ❙❯❘ ▲❆ 0❍❆❙❊ ✶✶✼
❋✐❣✉$❡ ✽✳✶✶ ✕ ❱❛❧❡✉* ♠,❞✐❛♥❡ ❞✉ ❢♦♥❞
*,2✉♠❡* ❝❡44❡ ♣❛*4✐❡ ♣❛* ❧❛ ❢♦*♠✉❧❡ 2✉✐✈❛♥4❡ ✿
x− y > 2z
❛✈❡❝ ① ❧❛ ♠♦②❡♥♥❡ ❞❡ ❧❛ ❜❛♥❞❡ ♥✱ ② ❧❛ ♠,❞✐❛♥❡ ❞✉ ❢♦♥❞ ❡4 ③ ❧❛ ♠,❞✐❛♥❡ ❞❡ ❧❛ ❜❛♥❞❡ ♥
✭✽✳✶✮
❋✐❣✉$❡ ✽✳✶✷ ✕ ■♠❛❣❡ ✐❧❧✉24*❛♥4 ❧❡2 ❜❛♥❞❡2 ✈❡*4✐❝❛❧❡2 2✉* ❧❡2B✉❡❧❧❡2 2♦♥4 ❜❛2,❡2 ❧❛ ♠,4❤♦❞❡✳ ❊♥
❜❧❡✉ ❧❡2 ❜❛♥❞❡2 ❞✬✐♥❞✐❝❡ ✐♠♣❛✐* ❡4 ❡♥ *♦✉❣❡ ❧❡2 ❜❛♥❞❡2 ❞✬✐♥❞✐❝❡ ♣❛✐*
◆♦✉2 ❝♦♠♣❛*♦♥2 ❡♥2✉✐4❡ ❧❡2 2❛✉42 ❡♥*❡❣✐24*,2✳ ❙✐ ❛✉ ♠♦✐♥2 ❞❡✉① 2❛✉42 ❞❡ ♣❤❛2❡ ♦♥4 ✉♥ ,B✉✐✲
✈❛❧❡♥4 ❞❛♥2 ✉♥❡ ❛✉4*❡ ❜❛♥❞❡✱ ❛❧♦*2 ♥♦✉2 ❛✈♦♥2 ❝♦♥2✐❞,*, B✉✬✉♥ ♦❜❥❡4 ,4❛✐4 ♣*♦❜❛❜❧❡♠❡♥4 ❞❛♥2
❧✬✐♠❛❣❡✳ ◆♦✉2 ❝❤❡*❝❤♦♥2 ❧❡2 2❛✉42 ❞✬♦*❞♦♥♥,❡2 ❧❛ ♣❧✉2 ❢❛✐❜❧❡ ❡4 ❧❛ ♣❧✉2 ❢♦*4❡ ❛✐♥2✐ B✉❡ ❧❡2 ❜❛♥❞❡2
❞❛♥2 ❧❡2B✉❡❧❧❡2 ✐❧2 ♦♥4 ,4, ❞,4❡❝4,2✳ ▲❛ ❜♦✐4❡ ❞,✜♥✐❡ ♣❛* ❝❡2 ❞❡✉① ♦*❞♦♥♥,❡2 ❡4 ❝❡2 ❞❡✉① ❧❛*❣❡✉*2
❡24 ❝♦♥2✐❞,*,❡ ❝♦♠♠❡ ❧❛ ❜♦✐4❡ ❡♥❣❧♦❜❛♥4❡ ❞❡ ❧✬♦❜❥❡4 ✭❝❢✳ ✜❣✉*❡ ✽✳✶✹✮✳ ❈❡44❡ ♠,4❤♦❞❡ ♥♦✉2 ♣❡*♠❡4
❞✬♦❜4❡♥✐* ✉♥❡ ♣*,❝✐2✐♦♥ ❞❡ ❧✬♦*❞*❡ ❞✉ ♣✐①❡❧ ❡♥ ❤❛✉4❡✉* ❡4 ❞❡ ❧❛ ❧❛*❣❡✉* ❞❡ ❧❛ ❜❛♥❞❡ ❡♥ ❧❛*❣❡✉*✳ ❉❡2
❡①❡♠♣❧❡2 ❞❡ *,2✉❧4❛42 2✉* ❧❛ ♠✐♥❡ ▼❛♥4❛ 2♦♥4 ♣*,2❡♥4,2 2✉* ❧❛ ✜❣✉*❡ ✽✳✶✹✳ ❈❡2 *,2✉❧4❛42 ♠♦♥4*❡♥4
B✉❡ ❧❛ ❜♦✐4❡ ❡♥❣❧♦❜❛♥4❡ ♣❡✉4 ❛✈♦✐* ❧❛ ❧❛*❣❡✉* ❞✬✉♥❡ ❜❛♥❞❡ ✭❝❢✳ ✜❣✉*❡ ✽✳✶✹❜✮✱ ❞❡ ♣❧✉2✐❡✉*2 ❜❛♥❞❡2
✭❝❢✳ ✜❣✉*❡ ✽✳✶✹❝✮ ❡4 B✉❡ ❧✬❛❧❣♦*✐4❤♠❡ ❢♦♥❝4✐♦♥♥❡ ❛✉22✐ ♣♦✉* ❞❡2 ♠✐♥❡2 B✉✐ ♥❡ 2♦♥4 ♣❛2 ❡♥4✐P*❡♠❡♥4
♣*,2❡♥4❡2 ❞❛♥2 ❧✬✐♠❛❣❡ ✭❝❢✳ ✜❣✉*❡ ✽✳✶✹❛✮✳ ▲❛ ❞✐✛,*❡♥❝❡ ❞❡ ❧❛*❣❡✉* ❡♥4*❡ ❞❡2 ❜♦✐4❡2 ❡♥❣❧♦❜❛♥4❡2
2✬❡①♣❧✐B✉❡ ❢❛❝✐❧❡♠❡♥4 ✿ ♥♦✉2 ❝♦♠♣❛*♦♥2 ❧❛ ♠♦②❡♥♥❡ ❞❡ ❧❛ ❜❛♥❞❡ R ❧❛B✉❡❧❧❡ ♦♥ ❛ 2♦✉24*❛✐4 ❧❛ ♠,✲
❞✐❛♥❡ ❞✉ ❢♦♥❞ ❛✉ ❞♦✉❜❧❡ ❞❡ ❧❛ ♠,❞✐❛♥❡ ❞❡ ❧❛ ❜❛♥❞❡✳ ❉❛♥2 ❧❡ ❝❛2 ❞❡ ❧❡ ✜❣✉*❡ ✽✳✶✹❜✱ ❧❛ ♠✐♥❡ ✭❞♦♥4
❧❡2 ♣✐①❡❧2 ♦♥4 ✉♥❡ ❢♦*4❡ ✐♥4❡♥2✐4,✮ ♦❝❝✉♣❡ ❧❛ ♠❛❥♦*✐4, ❞❡ ❧❛ ❤❛✉4❡✉* ❞❡ ❧✬✐♠❛❣❡✳ ▲❡2 ✈❛❧❡✉*2 ❞❡ ❧❛
♠♦②❡♥♥❡ ❡4 ❞❡ ❧❛ ♠,❞✐❛♥❡ 2♦♥4 ,❧❡✈,❡2✳ ▲❡ 2❡✉✐❧❧❛❣❡ ♥❡ ♣❡*♠❡4 ♣❛2 ❞✬♦❜4❡♥✐* ❞❡2 2❛✉42 ❞❡ ♣❤❛2❡
❞❛♥2 ♣❧✉2✐❡✉*2 ❜❛♥❞❡2 ❞❡ ❧✬✐♠❛❣❡✳
▲✬❛❧❣♦*✐4❤♠❡ ♣*,2❡♥4, ❢♦✉*♥✐4 ❧❡2 *,2✉❧4❛42 ♣*,2❡♥4,2 2✉* ❧❛ ✜❣✉*❡ ✽✳✽✳ ❈♦♠♠❡ ♥♦✉2 ❧❡ ❞✐2✐♦♥2
❞❛♥2 ❧❛ ♣❛*4✐❡ ♣*,❝,❞❡♥4❡✱ ❧❡ 4❛✉① ❞❡ ❜♦♥♥❡2 ❞,4❡❝4✐♦♥2 ❡24 ❞❡ ✻✽✳✷✶✪✱ ❧❡ 4❛✉① ❞❡ ❢❛✉22❡2 ❛❧❛*♠❡2
❡24 ❞❡ ✷✳✼✹✪✱ ❧❡ 4❛✉① ❞❡ ♥♦♥ ❞,4❡❝4✐♦♥ ❢❛✉22❡2 ❡24 ❞❡ ✷✹✳✽✽✪ ❡4 ❧❡ 4❛✉① ❞❡ ♥♦♥ ❞,4❡❝4✐♦♥ ✈*❛✐❡ ❡24
✶✶✽ ❈❍❆#■❚❘❊ ✽✳ ❉➱❚❊❈❚■❖◆
✭❛✮ ❇❛♥❞❡ ✶ ✭❜✮ ❇❛♥❞❡ ✷ ✭❝✮ ❇❛♥❞❡ ✸
✭❞✮ ❇❛♥❞❡ ✹ ✭❡✮ ❇❛♥❞❡ ✺ ✭❢✮ ❇❛♥❞❡ ✻
❋✐❣✉$❡ ✽✳✶✸ ✕ ❱❛❧❡✉*+ ❞❡+ ♠♦②❡♥♥❡+ ❛✉①2✉❡❧❧❡+ ❛ 343 +♦✉+4*❛✐4❡ ❧❛ ♠3❞✐❛♥❡ ❞✉ ❢♦♥❞ ✭❡♥ ❜❧❡✉✮✳
❊♥ *♦✉❣❡ ✿ +❡✉✐❧
✭❛✮ ❘12✉❧5❛5 2✉6 ❧✬✐♠❛❣❡ ✶✶✶✺ ✭❜✮ ❘12✉❧5❛5 2✉6 ❧✬✐♠❛❣❡ ✶✺✽✷ ✭❝✮ ❘12✉❧5❛5 2✉6 ❧✬✐♠❛❣❡ ✶✻✺✸
❋✐❣✉$❡ ✽✳✶✹ ✕ ❘3+✉❧4❛4+ ❞❡ ❧✬❛❧❣♦*✐4❤♠❡ ❞❡ ❞34❡❝4✐♦♥ ❜❛+3 +✉* ❧❛ ♣❤❛+❡ +✉* ❧❡+ ✐♠❛❣❡+ ❚♦♣✈✐+✐♦♥
❞❡ ✾✼✳✸✸✪✳ ❆✈❡❝ ▼❛4❧❛❜ ❡4 ❧❡ J❈ ■❙❊◆ ✭✈♦✐* ❧❡+ ❝❛*❛❝43*✐+4✐2✉❡+ ❞❛♥+ ❧✬❛♥♥❡①❡ ❊✮✱ ❧❡ 4❡♠♣+ ❞❡
❝❛❧❝✉❧ ♥3❝❡++❛✐*❡ ♠♦②❡♥ ❡+4 ❞❡ ✵✳✵✽ +✴✐♠ +♦✐4 ✉♥❡ ❢*32✉❡♥❝❡ ❞❡ ✶✷ ❍③✳ ❊♥ ❛♥❛❧②+❛♥4 ❧❡+ *3+✉❧4❛4+ ❡4
❡♥ ✈✐+✉❛❧✐+❛♥4 ❧❡+ ③♦♥❡+ ❞34❡❝43❡+ +✉* ❧❡+ ✐♠❛❣❡+✱ ✐❧ ♥♦✉+ ❛ ♣❛*✉ ♥3❝❡++❛✐*❡ ❞✬♦♣4✐♠✐+❡* ❝❡+ *3+✉❧4❛4+
♣♦✉* ❛✉❣♠❡♥4❡* ❧❡ 4❛✉① ❞❡ ❜♦♥♥❡+ ❞34❡❝4✐♦♥+ ❡4 *3❞✉✐*❡ ❧❡ 4❛✉① ❞❡ ♥♦♥ ❞34❡❝4✐♦♥+ ❢❛✉++❡+✳
❯♥❡ ♣*❡♠✐V*❡ ♦♣4✐♠✐+❛4✐♦♥ ❛ 343 ❡✛❡❝4✉3❡✳ J♦✉* ❧✐♠✐4❡* ❧❡+ ❢❛✉++❡+ ❛❧❛*♠❡+ ❡4 ❧❡+ ❛**X4+ ❞❡
❞34❡❝4✐♦♥✱ ♥♦✉+ ❛✈♦♥+ ❛❥♦✉43 ✉♥ ❧✐++❛❣❡ +✐♠♣❧❡ ✿ ❧♦*+2✉✬❛✉❝✉♥ +❛✉4 ♥✬❡+4 ❞34❡❝43✱ ♦♥ *❡❣❛*❞❡ ❧❡+
*3+✉❧4❛4+ ♦❜4❡♥✉+ +✉* ❧❡+ ❞✐① ❞❡*♥✐V*❡+ ✐♠❛❣❡+✳ ❙✬✐❧ ② ❛ ❡✉ ❞❡+ ❞34❡❝4✐♦♥+ ✭❛✉ ♠♦✐♥+ ❝✐♥2 +✉* ❧❡+
❞✐① ❞❡*♥✐V*❡+ ✐♠❛❣❡+✮✱ ♦♥ ❝♦♥+✐❞V*❡ 2✉❡ ❧✬♦♥ ❛ ✉♥❡ ❞34❡❝4✐♦♥ ❞❛♥+ ❧✬✐♠❛❣❡ 34✉❞✐3❡ ✭✉♥ ♦❜❥❡4 ♥❡
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◆♦✉1 ❛✈♦♥1 ❛✉11✐ ❛♣♣❧✐6✉4 ❝❡--❡ ♠4-❤♦❞❡ 1✉+ ✉♥❡ ✈✐❞4♦ ❞❡ ♠✐♥❡ ❝②❧✐♥❞+✐6✉❡✳ ■♥✐-✐❛❧❡♠❡♥-✱ ❧❡
-❛✉① ❞❡ ❞4-❡❝-✐♦♥ 4-❛✐- ❞❡ ✻✼✳✵✸✪✱ ❧❡ -❛✉① ❞❡ ❢❛✉11❡1 ❛❧❛+♠❡1 ❞❡ ✺✳✷✾✪✱ ❧❡ -❛✉① ❞❡ ♥♦♥ ❞4-❡❝-✐♦♥1
❢❛✉11❡1 ❞❡ ✷✾✳✷✾✪ ❡- ❧❡ -❛✉① ❞❡ ♥♦♥ ❞4-❡❝-✐♦♥1 ✈+❛✐❡1 ❞❡ ✾✻✳✵✼✪✳ ❆♣+S1 ❧❡1 ♦♣-✐♠✐1❛-✐♦♥1✱ ❧❡ -❛✉①
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4✐,❤♠❡%✳ ❊♥ ❡✛❡,✱ ❧❡% ✜❝❤✐❡4% ❞❡ 4.%✉❧,❛,% ❢♦✉4♥✐% ♣❛4 ❧❡% ❞✐✛.4❡♥,% ❛❧❣♦4✐,❤♠❡% ❝♦♥,✐❡♥♥❡♥, ❧❛
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✈❡4,✮✱ ♣4.%❡♥,. ❞❛♥% ❧❛ ♣❛4,✐❡ ✽✳✸✳✷
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4.%✉❧,❛,% ❞❡ ❧✬❛❧❣♦4✐,❤♠❡ ❜❛%. %✉4 ❧❛ %♦✉%,4❛❝,✐♦♥ ❞✉ ❢♦♥❞✳ ❊♥ ✈❡4,✱ ❧❡% 4.%✉❧,❛,% ❞❡ ❧✬❛❧❣♦4✐,❤♠❡
❜❛%. %✉4 ❧❛ %♦✉%,4❛❝,✐♦♥ ❞✉ ❢♦♥❞ ♦♣,✐♠✐%.✳ ❊♥ 4♦✉❣❡✱ ❧❡% 4.%✉❧,❛,% ❞❡ ❧✬❛❧❣♦4✐,❤♠❡ ❞❡ 4.❢.4❡♥❝❡✳
▲❡ ,❛✉① ❞❡ ❞.,❡❝,✐♦♥ ❞❡% ♠✐♥❡% ▼❛♥,❛ ✭❞❡✉①✐Z♠❡ ❧✐❣♥❡ ❞✉ ,❛❜❧❡❛✉ ✽✳✼✮ ❡%, ❞❡ ✶✾✪ ❛✈❡❝ ❧✬❛❧✲
❣♦4✐,❤♠❡ ❜❛%. %✉4 ❧❛ ♣❤❛%❡✳ ❈❡❧❛ %✬❡①♣❧✐C✉❡ ♣❛4 ❧❡ ❢❛✐, C✉❡ ❧❡% ✐♠❛❣❡% %♦♥, ♣❡✉ ❝♦♥,4❛%,.❡%✳ Q❛4
❝♦♥%.C✉❡♥,✱ ❧❛ ❞.,❡❝,✐♦♥ ❞❡ ❝♦♥,♦✉4% ❜❛%.❡ %✉4 ❧❛ ♣❤❛%❡ ❞✉ %♣❡❝,4❡ ♥❡ ❞♦♥♥❡ ♣❛% ❞❡ ❜♦♥% 4.%✉❧,❛,%✳
▲✬❛❧❣♦4✐,❤♠❡ ❞❡ 4.❢.4❡♥❝❡ ♦❜,✐❡♥, ✉♥ ,❛✉① ❞❡ ❞.,❡❝,✐♦♥ ❝♦♠♣❛4❛❜❧❡✳ ❊♥ ❡✛❡,✱ ❝❡, ❛❧❣♦4✐,❤♠❡ ❡%,
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♣❡✉( ❛♠.❧✐♦-❡- ❧❡% -.%✉❧(❛(% ♦❜(❡♥✉%✳ ❆②❛♥( ✉♥❡ %♦❧✉(✐♦♥ G✉✐ ❢♦♥❝(✐♦♥♥❡ ❝♦--❡❝(❡♠❡♥( ♥♦✉% ❛✈♦♥%
❞.❝✐❞. ❞❡ ♥❡ ♣❛% ♣❛%%❡- (-♦♣ ❞❡ (❡♠♣% %✉- ❝❡((❡ ♠.(❤♦❞❡✳
✽✳✺✳✷✳✷ ▲❡1 ❝❤❛✐♥❡1 ❞❡ ▼❛(❦♦✈
E♦✉- ❢♦-♠❛❧✐%❡- ❧❡% ❝♦♥%✐❞.-❛(✐♦♥% ❡( ❝♦♥(-❛✐♥(❡% G✉❡ ♥♦✉% ❛✈♦♥% ❛♣♣♦-(.% / ♥♦% ♣-♦❣-❛♠♠❡%
✐♥✐(✐❛✉①✱ ✐❧ ❡%( ♣♦%%✐❜❧❡ ❞✬✉(✐❧✐%❡- ❧❡% ❝❤❛✐♥❡% ❞❡ ▼❛-❦♦✈ ❬✶✷✺❪✳ ❊♥ ❡✛❡(✱ ❧❡% ❝❤❛✐♥❡% ❞❡ ▼❛-❦♦✈
-❡♣-.%❡♥(❡♥( ✉♥ %②%(C♠❡ / ♣❧✉%✐❡✉-% .(❛(% ❡( ❧❡% ❝♦♥❞✐(✐♦♥% ♣♦✉- ♣❛%%❡- ❞✬✉♥ .(❛( / ❧✬❛✉(-❡✳ ▲❡
%②%(C♠❡ ❡%( ❞.❝-✐( ♣❛- ✉♥❡ ❤②♣♦(❤C%❡ %✉- ❧✬.(❛( ✐♥✐(✐❛❧✱ x0✳ ❯♥❡ ♠❛(-✐❝❡ ❞❡ (-❛♥%✐(✐♦♥ P ♥♦✉%
❞♦♥♥❡ ❧❛ ♣-♦❜❛❜✐❧✐(. ❞✉ %②%(C♠❡ ❞❡ %❡ (-♦✉✈❡- ❞❛♥% ❧✬.(❛( ◆ ❛✉ (❡♠♣% ♥ ✿ xn = x0Pn✱ ♦c xn
-❡♣-.%❡♥(❡ ❧❡ %②%(C♠❡ ❛✉ (❡♠♣% ♥✳ ❘❡♣-.%❡♥(♦♥% ✉♥ %②%(C♠❡ / ✸ .(❛(% N1✱ N2✱ N3 ✭❝❢✳ ✜❣✉-❡
✽✳✶✾✮✳
x0 = [ 1 0 0 ]
P =

 N1→ N1 N1→ N2 N1→ N3N2→ N1 N2→ N2 N2→ N3
N3→ N1 N3→ N2 N3→ N3


✽✳✻✳ ❈❖◆❈▲❯❙■❖◆ ✶✷✾
✽✳✺✳✷✳✸ ❈♦♥❝❧✉+✐♦♥
◆♦✉& ❛✈♦♥& ❝♦♠♠❡♥❝- ❧✬-0✉❞❡ ❞❡ ❞❡✉① ♠-0❤♦❞❡& ♣♦✉5 ❝5-❡5 ❞❡& ✈❡5&✐♦♥& ♦♣0✐♠✐&-❡& 5♦✲
❜✉&0❡& ❞❡ ♥♦& ❛❧❣♦5✐0❤♠❡& ❡♥ ✉0✐❧✐&❛♥0 ❞❡& ❝♦♥05❛✐♥0❡& ✏♠❛0❤-♠❛0✐;✉❡&✑✳ ▲❡& -0✉❞❡& ♠❡♥-❡& ♥✬♦♥0
♣❛& ♣❡5♠✐& ❞✬❛❜♦✉0✐5 ? ✉♥❡ &♦❧✉0✐♦♥ ✜❛❜❧❡✳ ❈❡♣❡♥❞❛♥0✱ ♥♦✉& ❛✈♦♥& ♣5-&❡♥0- ❞❛♥& ❝❡00❡ ♣❛50✐❡
;✉❡❧;✉❡& ♣✐&0❡& ❞❡ ♣♦✉5&✉✐0❡ ❞❡ ❝❡& 05❛✈❛✉①✳ ❉❡ ♣❧✉& ♥♦✉& &♦♠♠❡& ❝♦♥❢5♦♥0-& ? ❧❛ 05❛❞✉❝0✐♦♥
✏♠❛0❤-♠❛0✐;✉❡&✑ ❞❡& ❝♦♥05❛✐♥0❡& ;✉❡ ♥♦✉& ❛✈♦♥& ✜①-❡&✳ ❆♣♣♦50❡5 ✉♥❡ 5-♣♦♥&❡ ? ❝❡00❡ ;✉❡&0✐♦♥
♣❡5♠❡005❛ ❞✬❛♠-❧✐♦5❡5 ❧✬✉0✐❧✐&❛0✐♦♥ ❞❡& ❞❡✉① ❛❧❣♦5✐0❤♠❡& ♣5-&❡♥0-&✳
✽✳✻ ❈♦♥❝❧✉)✐♦♥
◆♦✉& ❛✈♦♥& ❞-✈❡❧♦♣♣- ❞❡✉① ❛❧❣♦5✐0❤♠❡& ❞❡ ❞-0❡❝0✐♦♥ &✉5 ❧❡& ✐♠❛❣❡& ? ♥♦05❡ ❞✐&♣♦&✐0✐♦♥✳ ▲❡&
5-&✉❧0❛0& ❢♦✉5♥✐& ♣❛5 ❝❡& ❛❧❣♦5✐0❤♠❡& ♦♥0 -0- ❛♠-❧✐♦5-& ❛✈❡❝ ❞❡& ❝♦♥&✐❞-5❛0✐♦♥& ✏!✐♠♣❧❡!✑ ❜❛&-❡& &✉5
❧❡& ✐♥❢♦5♠❛0✐♦♥& ❞❡ ♥❛✈✐❣❛0✐♦♥✳ ❈❡00❡ ✐♥05♦❞✉❝0✐♦♥ ❞❡& ✐♥❢♦5♠❛0✐♦♥& ❞❡ ♥❛✈✐❣❛0✐♦♥ ♣♦✉5 ❛♠-❧✐♦5❡5
❧❛ ❞-0❡❝0✐♦♥ ❞❡& ♦❜❥❡0& ❛✉ ❝♦✉5& ❞❡ ❧❛ ✈✐❞-♦ ❡&0 ✉♥❡ ♠-0❤♦❞❡ ♥♦✉✈❡❧❧❡ ;✉✐ ❛ ♠♦♥05- &♦♥ ❡✣❝❛❝✐0-
&✉5 ♥♦& 5-&✉❧0❛0&✱ ? ❧❛ ❢♦✐& ❡♥ 0❡5♠❡ ❞❡ 0❛✉① ❞❡ ❞-0❡❝0✐♦♥ ❡0 ❡♥ 0❡5♠❡ ❞❡ 0❡♠♣& ❞❡ ❝❛❧❝✉❧ ✭❧❡&
❛♠-❧✐♦5❛0✐♦♥& ❜❛&-❡& ✉♥✐;✉❡♠❡♥0 &✉5 ❧❡& ✐♥❢♦5♠❛0✐♦♥& ❞❡ ♥❛✈✐❣❛0✐♦♥ ♥❡ ❞❡♠❛♥❞❡♥0 ♣❛& ♣❧✉& ❞❡
0❡♠♣& ❞❡ ❝❛❧❝✉❧✱ ❝♦♥05❛✐5❡♠❡♥0 ❛✉① ❛♠-❧✐♦5❛0✐♦♥& ♥-❝❡&&✐0❛♥0 ❞❡& ❝❛❧❝✉❧& &✉5 ❧❡& ✐♠❛❣❡&✮✳ ❉❡
♣❧✉& ❧❛ ❝♦♠♣❛5❛✐&♦♥ ❛✈❡❝ ✉♥ ❛✉05❡ ❛❧❣♦5✐0❤♠❡ ♠♦♥05❡ ❧✬❛✈❛♥❝-❡ ❛♣♣♦50-❡ ♣❛5 ♥♦& ♠-0❤♦❞❡&✳ ❉❡&
5-✢❡①✐♦♥& ♦♥0 ❡♥&✉✐0❡ -0- ♠❡♥-❡& ❞❛♥& ❧❛ ♣❡5&♣❡❝0✐✈❡ ❞✬❛♣♣♦50❡5 ❞❛✈❛♥0❛❣❡ ❞❡ 5♦❜✉&0❡&&❡ ? ♥♦05❡
♣5♦❣5❛♠♠❡ ♣❛5 ❧❛ ❢♦5♠❛❧✐&❛0✐♦♥ ❞❡& ❛♠-❧✐♦5❛0✐♦♥& ❡0 ❞❡& ❝♦♥05❛✐♥0❡& ;✉❡ ♥♦✉& ❛✈♦♥& ❛❥♦✉0-❡&✳
✶✸✵ ❈❍❆#■❚❘❊ ✽✳ ❉➱❚❊❈❚■❖◆

✶✸✷ ❈❍❆#■❚❘❊ ✾✳ ❈▲❆❙❙■❋■❈❆❚■❖◆ ❊❚ ■❉❊◆❚■❋■❈❆❚■❖◆
♠✐♥❡' ✭❝❢✳ ❝❤❛♣✐-.❡ ✼ ❡- ♣❛.-✐❡ ✾✳✶✮✳ ◆♦✉' ♣.6'❡♥-❡.♦♥' ❞❛♥' ❝❡ ❝❤❛♣✐-.❡ ❧❡' ❜❛'❡' ❞✬✐♠❛❣❡' ❞❡
.6❢6.❡♥❝❡ ❞❡ '②♥-❤>'❡ ❛✐♥'✐ ❝.66❡'✱ ❧❛ ❢✉'✐♦♥ ❞❡ ❝❡' ✐♠❛❣❡' ❡- ❧✬❛♣♣❧✐❝❛-✐♦♥ ❛✉① ✈✐❞6♦' ❚♦♣✈✐'✐♦♥
❡- ❱❆▼❆ ✈✐❛ ❞❡✉① ♠6-❤♦❞❡'✳
✾✳✶ #$❡♠✐❡$( )❡()(
❈♦♠♠❡ ♣.6'❡♥-6 ❞❛♥' ❧❡ ❝❤❛♣✐-.❡ ✼✱ ♥♦✉' ❛✈♦♥' -♦✉- ❞✬❛❜♦.❞ ❝.66 ❞❡' ✜❧-.❡' ❞❡ ❝♦..6❧❛-✐♦♥
H ♣❛.-✐. ❞✬✐♠❛❣❡' ✐''✉❡' ❞❡ ❧❛ ✈✐❞6♦ ❚♦♣✈✐'✐♦♥✵✵✸✳ ❈❡' ✐♠❛❣❡' ♦♥- 6-6 ♣.6-.❛✐-6❡' '❡❧♦♥ ❧❛ ❝❤❛✐♥❡
❛❞❛♣-6❡ ❛✉① ✐♠❛❣❡' ❚♦♣✈✐'✐♦♥ ✭❝❢✳ '❡❝-✐♦♥ ✷✳✸✳✶✮✳ ❊♥'✉✐-❡ ♥♦✉' ❛✈♦♥' ❝.66 ❝✐♥K ✜❧-.❡' L❖❋ ❞❛♥'
❧❡ ❜✉- ❞❡ .❡❝♦♥♥❛✐-.❡ ❧❛ ♠✐♥❡ ❞❛♥' ✉♥❡ ③♦♥❡ ♣.6❝✐'❡ ❞❡ ❧❛ ✈✐❞6♦ ✭❡♥-.❡ ❧❡' ✐♠❛❣❡' ✻✺✵ ❡- ✽✼✺✮✳
❈❡--❡ ♠6-❤♦❞❡ ♣.6'❡♥-❡ ❞❡' .6'✉❧-❛-' ❝♦..❡❝-' ❞❛♥' ❧❛ ③♦♥❡ ♣♦✉. ❧❛K✉❡❧❧❡ ❧❡' ✜❧-.❡' '♦♥- ❞6✜♥✐'✳
▼❡'✉.6' '✉. ❧✬❡♥'❡♠❜❧❡ ❞❡ ❧❛ ✈✐❞6♦ ❚♦♣✈✐'✐♦♥✵✵✸✱ ❧❡' .6'✉❧-❛-' '♦♥- ♠♦②❡♥' ✭❝❢✳ ✜❣✉.❡ ✼✳✸✱ ♣❛❣❡
✶✵✺✮✳ ❆✈❡❝ ✉♥ '❡✉✐❧ ❞❡ ✵✳✵✶ '✉. ❧❡' ✈❛❧❡✉.' ❞✉ L❈❊✱ ♥♦✉' ♦❜-❡♥♦♥' ✿
✕ ✉♥❡ ♣.♦❜❛❜✐❧✐-6 ❞❡ ❞6-❡❝-✐♦♥ ❞❡ ✹✼✳✾✻✪✱
✕ ✉♥❡ ♣.♦❜❛❜✐❧✐-6 ❞❡ ♥♦♥ ❞6-❡❝-✐♦♥ ❢❛✉''❡ ❞❡ ✺✷✳✵✹✪✱
✕ ✉♥❡ ♣.♦❜❛❜✐❧✐-6 ❞❡ ❢❛✉''❡ ❛❧❛.♠❡ ❞❡ ✵✳✶✪
✕ ❡- ✉♥❡ ♣.♦❜❛❜✐❧✐-6 ❞❡ ♥♦♥ ❞6-❡❝-✐♦♥ ✈.❛✐❡ ❞❡ ✾✾✳✾✪✳
▲❛ ♣.♦❜❛❜✐❧✐-6 ❞❡ ♥♦♥ ❞6-❡❝-✐♦♥ ❢❛✉''❡ 6❧❡✈6❡ ♠♦♥-.❡ K✉❡ ❝❡--❡ ♠6-❤♦❞❡ ♥✬❡'- ♣❛' -.>' .♦❜✉'-❡
♣♦✉. ❝❡--❡ ❛♣♣❧✐❝❛-✐♦♥✳ ❈❡♣❡♥❞❛♥- ❧❛ ♣.♦❜❛❜✐❧✐-6 ❞❡ ❢❛✉''❡' ❛❧❛.♠❡' ❡'- -.>' ❢❛✐❜❧❡ ❝❡ K✉✐ ♠♦♥-.❡
K✉❡ ❝❡- ❛❧❣♦.✐-❤♠❡ ❡'- ❞✐'❝.✐♠✐♥❛♥-✳
❆✈❡❝ ❧❡ ♠X♠❡ '❡✉✐❧✱ ❧❡ ❝②❧✐♥❞.❡ ❡'- .❡❝♦♥♥✉ ❝♦♠♠❡ 6-❛♥- ✉♥❡ ♠✐♥❡ ▼❛♥-❛ H ✼✳✵✷✪✳ ▲❡ -❡♠♣'
❞❡ ❝❛❧❝✉❧ '✉. ❧❡ L❈ ■❙❊◆ ✭❝❢✳ ❛♥♥❡①❡ ❊ ♣♦✉. ❧❡' ❝❛.❛❝-6.✐'-✐K✉❡'✮✱ ❡'- ❞❡ ✵✳✼' ♣❛. ✐♠❛❣❡ '♦✐- ✉♥❡
❢.6K✉❡♥❝❡ ❞❡ ❝❛❧❝✉❧ ❞❡ ✶✳✹ ❍③✳
❈❡--❡ ♠6-❤♦❞❡ ♣.6'❡♥-❡ ❛✉''✐ ❞❡' ✐♥❝♦♥✈6♥✐❡♥-' ✐♠♣♦.-❛♥-'✳ ❚♦✉- ❞✬❛❜♦.❞✱ ❧❡' ✐♠❛❣❡' ❞❡
.6❢6.❡♥❝❡ '♦♥- ✐''✉❡' ❞❡' ✈✐❞6♦' .6❡❧❧❡'✳ ◆♦✉' ♥❡ ♣♦✉✈♦♥' ❞♦♥❝ ♦❜-❡♥✐. K✉❡ K✉❡❧K✉❡' ♣♦✐♥-' ❞❡
✈✉❡ ❞❡' ♠✐♥❡' ❡- K✉❡❧K✉❡' 6❝❤❡❧❧❡'✳ ❖. '✐ ♥♦-.❡ '②'->♠❡ ❡'- ✐♥-6❣.6 H ✉♥ ❞.♦♥❡ '♦✉' ♠❛.✐♥✱ ✐❧
❡'- ♣♦''✐❜❧❡ ❞❡ .❡♥❝♦♥-.❡. ❞❡' ♠✐♥❡' K✉✐ '❡.♦♥- ✈✉❡' '♦✉' ❞✬❛✉-.❡' ♣♦✐♥-' ❞❡ ✈✉❡ ❡- 6❝❤❡❧❧❡' K✉❡
❝❡✉① ♣.6'❡♥-' ❞❛♥' ❧❡' ✈✐❞6♦' ❚♦♣✈✐'✐♦♥✳ ❉❛♥' ❝❡ ❝❛'✱ ♥♦✉' ♥❡ '❡.♦♥' ♣.♦❜❛❜❧❡♠❡♥- ♣❛' ❝❛♣❛❜❧❡
❞❡ .❡❝♦♥♥❛✐-.❡ ❝❡' ♠✐♥❡'✳ ▲❡ ❞❡✉①✐>♠❡ ✐♥❝♦♥✈6♥✐❡♥- ♠❛❥❡✉. ❞❡ ❝❡--❡ ♠6-❤♦❞❡ ❡'- ❧❛ ♥6❝❡''✐-6 ❞❡
♣.6-.❛✐-❡. ❧❡' ✐♠❛❣❡' ❞❡ .6❢6.❡♥❝❡✳ ❈♦♠♠❡ ❧❡' ✐♠❛❣❡' ❞❡ .6❢6.❡♥❝❡ '♦♥- ✐''✉❡' ❞❡ ✈✐❞6♦' .6❡❧❧❡'✱
❡❧❧❡' '♦♥- ❜.✉✐-6❡' ❡- ♥6❝❡''✐-❡♥- ❞❡' ♣.6-.❛✐-❡♠❡♥-'✳ ❖. ✐❧ ❡'- ♣♦''✐❜❧❡ K✉❡ ❧❡' ♣.6-.❛✐-❡♠❡♥-'
♥✬❡♥❧>✈❡♥- ♣❛' -♦✉- ❧❡ ❜.✉✐- ❡- K✉❡ ❧❛ ♠✐♥❡ ♥❡ '♦✐- ♣❛' ❝♦♠♣❧>-❡♠❡♥- ❝♦♥-❡♥✉❡ ❞❛♥' ❧✬✐♠❛❣❡✳ L♦✉.
6✈✐-❡. ❝❡' ✐♥❝♦♥✈6♥✐❡♥-'✱ ♥♦✉' ❛✈♦♥' ✈♦✉❧✉ ✉-✐❧✐'❡. ❞❡' ✐♠❛❣❡' ✸❉ ❞❡ '②♥-❤>'❡ ❞❡' ♠✐♥❡'✳
✾✳✷ ▲❡( ✜❧)$❡( ❞❡ ❝♦$$1❧❛)✐♦♥
◆♦✉' ❛✈♦♥' ❝❤♦✐'✐✱ ❞❛♥' ❧❡ ❝❤❛♣✐-.❡ '✉. ❧❡ ❝♦♥-❡①-❡ ❞❡ ❝❡--❡ -❤>'❡ ✭❝❢✳ ❝❤❛♣✐-.❡ ✶✮✱ ❞❡ ❞6-❡❝-❡.
❡- .❡❝♦♥♥❛✐-.❡ ❧❡' ♠✐♥❡' '♣❤6.✐K✉❡'✱ ❝②❧✐♥❞.✐K✉❡'✱ ▼❛♥-❛ ❡- ❘♦❝❦❛♥✳ ❈❡' ♠✐♥❡' '♦♥- ❧❡' ♣❧✉'
'-❛♥❞❛.❞' ❡- ❧❡✉.' ❞✐♠❡♥'✐♦♥' '♦♥- ❝♦♥♥✉❡'✳ ◆♦✉' ❛✈♦♥' ❞♦♥❝ ❝.66 ❞❡' ♠♦❞>❧❡' ✸❉ ❞❡ '②♥-❤>'❡
❝♦..❡'♣♦♥❞❛♥- H ❝❡' ♠✐♥❡' ✭❝❢✳ ✜❣✉.❡ ✾✳✷✮✳ ◆♦✉' ❛✈♦♥' ✉-✐❧✐'6 ▼❛-❧❛❜ ♣♦✉. ♦❜-❡♥✐. ❧❡' ❞✐✛6.❡♥-'
♣♦✐♥-' ❞❡ ✈✉❡ ❞❡ ❝❡' ♠✐♥❡' H ❞✐✛6.❡♥-❡' 6❝❤❡❧❧❡'✳
✭❛✮ ▼✐♥❡ '♣❤*+✐,✉❡ ✭❜✮ ▼✐♥❡ ❝②❧✐♥❞+✐,✉❡ ✭❝✮ ▼✐♥❡ ▼❛♥3❛ ✭❞✮ ▼✐♥❡ ❘♦❝❦❛♥
❋✐❣✉$❡ ✾✳✷ ✕ ■♠❛❣❡' ❞❡' ♠♦❞>❧❡' ❞❡ '②♥-❤>'❡ ❞❡' ♠✐♥❡'
✾✳✷✳ ▲❊❙ ❋■▲❚❘❊❙ ❉❊ ❈❖❘❘➱▲❆❚■❖◆ ✶✸✸
✾✳✷✳✶ ❇❛&❡ ❞✬✐♠❛❣❡& ❞❡ -.❢.-❡♥❝❡
❆✈❛♥& ❞✬❡♥*❡❣✐-&*❡* ❧❡- ✐♠❛❣❡- ❞❡ *0❢0*❡♥❝❡ 3✉✐ -❡*♦♥& ✉&✐❧✐-0❡- ♣♦✉* ❢❛❜*✐3✉❡* ❧❡- ✜❧&*❡- ❞❡
❝♦**0❧❛&✐♦♥✱ ✐❧ ❢❛✉& ❡✛❡❝&✉❡* ❞❡- ❝❤♦✐① ✿ ❝♦♠♠❡♥& ❛♣♣❧✐3✉❡* ❧❛ *♦&❛&✐♦♥ ❛✉① ♠♦❞>❧❡- ♣♦✉* -❛✈♦✐*
*❡&*♦✉✈❡* ❧✬❛♥❣❧❡ ❡& ❧✬❛①❡ ❞❡ *♦&❛&✐♦♥ ❢❛❝✐❧❡♠❡♥&✱ 3✉❡❧- ❞0&❛✐❧- -♦♥& ♥0❝❡--❛✐*❡- ❞❛♥- ❧❡- ✐♠❛❣❡- ❞❡
*0❢0*❡♥❝❡ -❡❧♦♥ ❧❡- ♠✐♥❡- ❝♦♥-✐❞0*0❡- ♣♦✉* ❛✈♦✐* ✉♥❡ ❝♦**0❧❛&✐♦♥ ✜❛❜❧❡✳ ■❧ ❢❛✉& ❛✉--✐ ♣*❡♥❞*❡ ❡♥
❝♦♠♣&❡ ❧✬❡✛❡& ❞❡ ❧❛ ❝❛♠0*❛ -✉* ❧❡- ✐♠❛❣❡-✳
✾✳✷✳✶✳✶ ▲❡& ❞✐✛*+❡♥-❡& ❞*✜♥✐-✐♦♥& ❞❡ ❧❛ +♦-❛-✐♦♥
❯♥❡ *♦&❛&✐♦♥ ❞❡ ❧✬♦❜❥❡& ♣❡✉& C&*❡ ❞0✜♥✐❡ ♣❛* ✉♥❡ ♠❛&*✐❝❡ ❞❡ *♦&❛&✐♦♥✱ ♣❛* ❧❡- ❛♥❣❧❡- ❞✬❊✉❧❡*✱
♣❛* ❞❡- ✈❡❝&❡✉*- ♦✉ ♣❛* ❞❡- 3✉❛&❡*♥✐♦♥- ❬✶✷✻❪✳ ◆♦✉- ❛✈♦♥- ❝❤♦✐-✐ ❞✬✉&✐❧✐-❡* ❧❡- 3✉❛&❡*♥✐♦♥-✳ ■❧-
-♦♥& 03✉✐✈❛❧❡♥&- J ❧❛ *❡♣*0-❡♥&❛&✐♦♥ ✈❡❝&♦*✐❡❧❧❡ ✈✐❛ ❧❛ ❢♦*♠✉❧❡ ✿
q = cos(
θ
2
) + sin(
θ
2
)(inx + jny + knz) ✭✾✳✶✮
♦N q ❡-& ❧❡ 3✉❛&❡*♥✐♦♥✱ n ❧❡ ✈❡❝&❡✉* ❝♦**❡-♣♦♥❞❛♥& J ❧✬❛①❡ ❞❡ *♦&❛&✐♦♥ ❡& θ ❧✬❛♥❣❧❡ ❞❡ *♦&❛&✐♦♥✳
O♦✉* ♣❧✉- ❞❡ ✈✐-✐❜✐❧✐&0✱ ♥♦✉- ❛✈♦♥- ❞0✜♥✐ ❧❡- ❛①❡- ❞❡ *♦&❛&✐♦♥ ❡& ❢❛✐& ✈❛*✐❡* ❧❡- ❛♥❣❧❡- ❞❡ *♦&❛&✐♦♥ ❞❡
✲✶✽✵✝J ✰✶✽✵✝✳ ❊♥-✉✐&❡ ♥♦✉- ❛✈♦♥- ❝❛❧❝✉❧0 ❧❡- 3✉❛&❡*♥✐♦♥- ❝♦**❡-♣♦♥❞❛♥&- ❞❡ ❢❛U♦♥ J ❛♣♣❧✐3✉❡*
❧❛ *♦&❛&✐♦♥ ✈♦✉❧✉❡ J ❧❛ ♠✐♥❡✳ ❊♥✜♥ ❧✬✐♠❛❣❡ ❞❡ *0❢0*❡♥❝❡ ❞❡ -②♥&❤>-❡ ❡-& ❡♥*❡❣✐-&*0❡✳
✾✳✷✳✶✳✷ ◆✐✈❡❛✉ ❞❡ ❞*-❛✐❧& ❝❤♦✐&✐ ♣♦✉+ ❝❤❛8✉❡ ♠✐♥❡
■❧ ❡-& ♣♦--✐❜❧❡ ❛✈❡❝ ▼❛&❧❛❜ ❞✬❛❥♦✉&❡* J ♥♦- ♠♦❞>❧❡- ❞❡ -②♥&❤>-❡ ❞❡ ❧❛ ❧✉♠✐>*❡ ❛✐♥-✐ 3✉❡ ❞❡ ❧❛
❝♦✉❧❡✉* ♣♦✉* ❞✐-&✐♥❣✉❡* ❧❡- ❞✐✛0*❡♥&❡- -✉*❢❛❝❡- ♣❛* ❡①❡♠♣❧❡✳
▲❛ ♠✐♥❡ -♣❤0*✐3✉❡ ♥❡ ♥0❝❡--✐&❡ ♥✐ ❝♦✉❧❡✉* ♥✐ ❧✉♠✐>*❡ ❝❛* ❡❧❧❡ ♥❡ ♣♦-->❞❡ ♣❛- ❞❡ *❡❧✐❡❢ ♥✐ ❞❡ -♦♠✲
♠❡&- J ❢❛✐*❡ *❡--♦*&✐*✳ ❉❡ ♣❧✉- ❝❡&&❡ ♠✐♥❡ ♣♦-->❞❡ ❞❡- -②♠0&*✐❡- 3✉✐ ♣❡*♠❡&&❡♥& ❞❡ ♥✬❡♥*❡❣✐-&*❡*
3✉✬✉♥❡ ✐♠❛❣❡ ♣❛* 0❝❤❡❧❧❡✳
O♦✉* ❧❛ ♠✐♥❡ ❝②❧✐♥❞*✐3✉❡✱ ♥♦✉- ❛✈♦♥- ❝❤♦✐-✐ ❞✬✉&✐❧✐-❡* ❞❡- ♠♦❞>❧❡- ❛✈❡❝ ✷ ❝♦✉❧❡✉*-✳ ❈❡❧❛ ♣❡*♠❡&
❞❡ ❞✐-&✐♥❣✉❡* ❧❡- ❢❛❝❡- ❝✐*❝✉❧❛✐*❡- ❞✉ ❝♦*♣- ❞✉ ❝②❧✐♥❞*❡ ✭❝❢✳ ✜❣✉*❡ ✾✳✸❛✮✳ ▲✬❛❥♦✉& ❞❡ ❧✉♠✐>*❡ ♥✬❡-&
♣❛- ♥0❝❡--❛✐*❡ ❝❛* ❧❡- ♠♦❞>❧❡- ♥❡ ❝♦♥&✐❡♥♥❡♥& ♣❛- ❞❡ ❞0&❛✐❧- J ❢❛✐*❡ *❡--♦*&✐*✳ ▲❛ ♠✐♥❡ ❝②❧✐♥❞*✐3✉❡
♣♦-->❞❡ ✉♥ ❛①❡ ❞❡ -②♠0&*✐❡ 3✉✐ ♣❡*♠❡& ♣♦✉* ❝❡*&❛✐♥- ❛①❡- ❞❡ *♦&❛&✐♦♥ ❞❡ ♥✬❡♥*❡❣✐-&*❡* 3✉✬✉♥❡
✐♠❛❣❡✳
O♦✉* ❧❛ ♠✐♥❡ ▼❛♥&❛✱ ♥♦✉- ❛✈♦♥- ❝❤♦✐-✐ ❞✬✉&✐❧✐-❡* ✉♥ ♠♦❞>❧❡ ❜✐❝♦❧♦*❡✳ ❊♥-✉✐&❡ ♥♦✉- ❛✈♦♥- ❝*00
❞❡✉① ❜❛-❡- ❞❡ *0❢0*❡♥❝❡- ✿ ✉♥❡ ❛✈❡❝ ❡& ✉♥❡ -❛♥- ❧✉♠✐>*❡ ✭❝❢✳ ✜❣✉*❡- ✾✳✸❜ ❡& ✾✳✸❝✮✳ ❊♥ ❡✛❡&✱ ❧❛ ♠✐♥❡
▼❛♥&❛ ♣♦-->❞❡ ❞❡- ❝*♦❝❤❡&- -✉* ❧❡- ❝[&0- 3✉✐ ♣❡*♠❡&&❡♥& ❞✬❛❝❝*♦❝❤❡* ❧❛ ♠✐♥❡ ♣♦✉* ❧❛ ❞0♣♦-❡* -✉*
❧❡ -♦❧✳ ▲❛ ♣*0-❡♥❝❡ ❞❡ ❧✉♠✐>*❡ ♣❡*♠❡& ❞❡ ❢❛✐*❡ *❡--♦*&✐* ❝❡- ❝*♦❝❤❡&-✳ ❈❡♣❡♥❞❛♥& ✐❧- ♥❡ -♦♥& ♣❛-
✈✐-✐❜❧❡- -✉* &♦✉&❡- ❧❡- ✈✐❞0♦-✳ ■❧ ❢❛✉❞*❛ ❞0&❡*♠✐♥❡* -✐ ❧❛ ♣*0-❡♥❝❡ ❞❡ ❝❡ ❞0&❛✐❧ ❡-& ✐♠♣♦*&❛♥&❡ ♦✉
♥♦♥ ❞❛♥- ❧❛ *❡❝♦♥♥❛✐--❛♥❝❡ ❞❡ ❧❛ ♠✐♥❡✳ ❉❛♥- ✉♥ ♣*❡♠✐❡* &❡♠♣-✱ ♥♦✉- ✉&✐❧✐-❡*♦♥- ❧❡- ✐♠❛❣❡- -❛♥-
❧✉♠✐>*❡✳
O♦✉* ❧❛ ♠✐♥❡ ❘♦❝❦❛♥✱ ♥♦✉- ❛✈♦♥- ❝❤♦✐-✐ ❞✬✉&✐❧✐-❡* ✉♥ ♠♦❞>❧❡ ❜✐❝♦❧♦*❡ ❡& ❛✈❡❝ ❞❡ ❧❛ ❧✉♠✐>*❡
✭❝❢✳ ✜❣✉*❡ ✾✳✸❞✮✳ ▲❛ ❧✉♠✐>*❡ ♣❡*♠❡& ❞❡ ❞✐-&✐♥❣✉❡* ❧❡ *❡❧✐❡❢ ❞❡ ❧❛ ♠✐♥❡ 3✉✐ -❡*❛ ❞0&❡❝&0 ❞❛♥- ❧❡-
✈✐❞0♦-✳ ▲❛ ♠✐♥❡ ❘♦❝❦❛♥ ♥❡ ♣♦-->❞❡ ♣❛- ❞✬❛①❡ ❞❡ -②♠0&*✐❡✳ ■❧ ❢❛✉& ❞♦♥❝ ❡♥*❡❣✐-&*❡* &♦✉&❡- ❧❡-
✐♠❛❣❡- ❝❛❧❝✉❧0❡-✳
✭❛✮ ▼✐♥❡ ❝②❧✐♥❞+✐,✉❡ ✭❜✮ ▼✐♥❡ ▼❛♥/❛ 0❛♥0
❧✉♠✐2+❡
✭❝✮ ▼✐♥❡ ▼❛♥/❛ ❛✈❡❝
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angle = 2 ∗ arctan(
L
2F
)
F =
L
2 ∗ tan(angle2 )
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O♦✉& ❝&+❡& ❧❡2 ❞✐✛+&❡♥,2 ✜❧,&❡2✱ ♥♦✉2 ❛✈♦♥2 ♣&✐2 ❧❛ ♣&❡♠✐*&❡ ✐♠❛❣❡ ❞❡ ❧❛ ❜❛2❡ Q ♣❛&,✐& ❞❡ ❧❛9✉❡❧❧❡
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♥♦♠❜&❡ ❞❡ ♣✐①❡❧2 9✉❡ ❧✬✐♠❛❣❡ ✐♥✐,✐❛❧❡ Q ±10% ❡2, ❛❥♦✉,+❡ ❛✉ ✜❧,&❡✳ ▲❡2 ✜❧,&❡2 2♦♥, ❞❡2 ✜❧,&❡2 O❖❋
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❛✉.❛♥. ❞❡ ✜❧.*❡, @✉❡ ❞✬✐♠❛❣❡,✳ ▲❡, ♠✐♥❡, ❝②❧✐♥❞*✐@✉❡, ❡. ▼❛♥.❛ ♣♦,,6❞❡♥. ❞❡, ❛①❡, ❞❡ ,②♠+.*✐❡
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❝✬❡,. ♣❡✉ ,✉*.♦✉. @✉❡ ❝❡..❡ ♠✐♥❡ ♥❡ ♣*+,❡♥.❡ ♣❛, ❞✬❛①❡, ❞❡ ,②♠+.*✐❡✳ ❈❡ ❢❛✐❜❧❡ ♥♦♠❜*❡ ❡,. ❞O
❛✉① ❢♦*♠❡, *❡❝.✐❧✐❣♥❡, ♦❜.❡♥✉❡, ❧♦*, ❞❡ ❧❛ .*❛♥,❢♦*♠❛.✐♦♥ ❞❡ ❧✬✐♠❛❣❡ ❞❡ ,②♥.❤6,❡ ❡♥ ✐♠❛❣❡ ❞❡
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♥♦✉2 ❝❤♦✐2✐=♦♥2 ❧❛ ♠A*❤♦❞❡ ♠✉❧*✐✲A❝❤❡❧❧❡ ♣♦✉= ❧❛ ❞A*❡❝*✐♦♥ ❞❡ ❝♦♥*♦✉=2 ❝❛= ❡❧❧❡ ❡2* ♣❧✉2 2✐♠♣❧❡ I
♠❡**=❡ ❡♥ J✉✈=❡ ❡* ♣❧✉2 =❛♣✐❞❡✳
▲❡2 *❛✉① ❞❡ ❝♦==❡❝*❡ ✐❞❡♥*✐✜❝❛*✐♦♥✱ Pdc 2♦♥* ❢❛✐❜❧❡2 ✭✐♥❢A=✐❡✉=2 I ✸✵✪ 2❛✉❢ ♣♦✉= ❧❛ ♠✐♥❡
❝②❧✐♥❞=✐>✉❡ ❛✈❡❝ ❧❛ ❞A*❡❝*✐♦♥ ❜❛2A❡ 2✉= ❧✬❛♣♣=♦❝❤❡ ♠✉❧*✐✲A❝❤❡❧❧❡✮✳ '❛= ❝♦♥2A>✉❡♥* ❧❛ ♣=♦❜❛❜✐❧✐*A
*②♣❡ Ptype ❡2* A❧❡✈A❡ ♣✉✐2>✉❡ ♥♦✉2 ❛✈♦♥2 ✉♥❡ ✐❞❡♥*✐✜❝❛*✐♦♥ ♣♦✉= ❝❤❛>✉❡ ✐♠❛❣❡ ♦R ✉♥ ♦❜❥❡*
❛ A*A ❞A*❡❝*A✳ ▲❡ *❛✉① ❞❡ ❢❛✉22❡2 ❛❧❛=♠❡2 ❡2* ♣❧✉2 A❧❡✈A >✉❡ ❞❛♥2 ❧❡ ❝❛2 ❞❡ ❧❛ ❞A*❡❝*✐♦♥ 2❡✉❧❡
✭❝❢✳ *❛❜❧❡❛✉ ✽✳✶✮✳ ❈❡❧❛ ♠♦♥*=❡ >✉❡ ❧❡2 ❝♦==A❧❛*✐♦♥2 ❞A*❡❝*❡♥* ❞❡2 ♦❜❥❡*2 ❛✉ ♠❛✉✈❛✐2 ❡♥❞=♦✐* ❞❡
❧✬✐♠❛❣❡✱ ❡♥ ♣❧✉2 ❞❡2 ❢❛✉22❡2 ❞A*❡❝*✐♦♥2 ✏❤A=✐*A❡2✑ ❞❡ ❧✬A*❛♣❡ ❞❡ ❞A*❡❝*✐♦♥✳ ❉❡ ♠X♠❡ ❧❡2 *❛✉① ❞❡
♥♦♥ ❞A*❡❝*✐♦♥2 ❢❛✉22❡2 2♦♥* ✉♥ ♣❡✉ ♣❧✉2 A❧❡✈A2 ✭❝❢✳ *❛❜❧❡❛✉ ✽✳✶✮✳ ■❧2 ❝♦==❡2♣♦♥❞❡♥* ❛✉ *❛✉① ❞❡ ♥♦♥
❞A*❡❝*✐♦♥2 ❢❛✉22❡2 ❞❡ ❧✬A*❛♣❡ ❞❡ ❞A*❡❝*✐♦♥ ❛✉❣♠❡♥*A ❞❡2 ✐♠❛❣❡2 ❞❛♥2 ❧❡2>✉❡❧❧❡2 ❛✉❝✉♥ ❝♦♥*♦✉=2
♥✬❛ A*A ❞A*❡❝*A ❛❧♦=2 >✉✬✉♥ ♦❜❥❡* ❡2* ♣=A2❡♥* ❞❛♥2 ❧✬✐♠❛❣❡✳
✾✳✸✳✸ ❖♣%✐♠✐(❛%✐♦♥( ❛♣♣♦,%-❡( / ♥♦%,❡ ❛❧❣♦,✐%❤♠❡
❈♦♠♠❡ ❝❡=*❛✐♥❡2 ✈✉❡2 ❞❡ ♠✐♥❡2 ♣❡✉✈❡♥* 2❡ ❝♦♥❢♦♥❞=❡ ✭❧❛ 2♣❤Z=❡✱ ❧❡2 ❢❛❝❡2 ❝✐=❝✉❧❛✐=❡2 ❞❡ ❧❛
♠✐♥❡ ❝②❧✐♥❞=✐>✉❡ ❡* ❧❡2 ❢❛❝❡2 ❝✐=❝✉❧❛✐=❡2 ❞❡ ❧❛ ♠✐♥❡ ▼❛♥*❛✮✱ ♥♦✉2 ❛✈♦♥2 ❛❥♦✉*A ✉♥❡ A*❛♣❡ >✉✐ ♥♦✉2
✐♥❢♦=♠❡ >✉❡ ❧✬♦❜❥❡* ♣=A2❡♥* ❞❛♥2 ❧✬✐♠❛❣❡ ♣❡✉* X*=❡ ✉♥❡ ♠✐♥❡ 2♣❤A=✐>✉❡✱ ✉♥❡ ♠✐♥❡ ▼❛♥*❛ ♦✉ ✉♥❡
♠✐♥❡ ❝②❧✐♥❞=✐>✉❡✳ ◆♦✉2 ♣❡♥2♦♥2 >✉❡ ❧❛ 2A>✉❡♥❝❡ ✈✐❞A♦ ✭❛♣♣=♦❝❤❡ ❞❡ ❧❛ ♠✐♥❡✮ ♥♦✉2 ♣❡=♠❡**=❛ ❞❡
❞✐2*✐♥❣✉❡= ❧❡ *②♣❡ ❞❡ ❧❛ ♠✐♥❡✳
'❛=*❛♥* ❞✉ ♣=✐♥❝✐♣❡ >✉✬✉♥❡ ♠✐♥❡ ❡2* ❧❛ ♠X♠❡ *♦✉* ❛✉ ❧♦♥❣ ❞❡ ❧❛ ✈✐❞A♦ ❡* 2✉=*♦✉* >✉✬❡❧❧❡ ♥❡ ♣❡✉*
♣❛2 ❝❤❛♥❣❡= ❞✬✉♥❡ ✐♠❛❣❡ I ❧✬❛✉*=❡✱ ♥♦✉2 ❛✈♦♥2 ❞A❝✐❞A ❞✬❛♣♣♦=*❡= ✉♥❡ ❛♠A❧✐♦=❛*✐♦♥ 2✐♠♣❧❡ I ♥♦*=❡
❛❧❣♦=✐*❤♠❡✳ ◆♦✉2 =❡❣❛=❞♦♥2 ❧❡ *②♣❡ ❞❡ ♠✐♥❡ ❞❡2 ❞❡✉① ♠❡✐❧❧❡✉=2 '❈❊ ♣♦✉= ❝❤❛>✉❡ ❝♦==A❧❛*✐♦♥✳
❙✐ ❧❡ ♠❡✐❧❧❡✉= '❈❊ ❞❡ ❧✬✐♠❛❣❡ i ❝♦==❡2♣♦♥❞ ❛✉① ♠❡✐❧❧❡✉=2 '❈❊ ❞❡2 ✐♠❛❣❡2 i − 1 ❡* i − 2 ❛❧♦=2
❧❡ *②♣❡ =❡2*❡ ❧❡ ♠X♠❡✳ ❙✐ ❧❡2 ♠❡✐❧❧❡✉=2 '❈❊ ♥❡ ❞♦♥♥❡♥* ♣❛2 *♦✉2 ❧❡ ♠X♠❡ *②♣❡ ❞❡ ♠✐♥❡✱ ♥♦✉2
=❡❣❛=❞♦♥2 ❧❡2 ✻ *②♣❡2 ❞❡ ♠✐♥❡2 ❞A*❡❝*A2✳ ❙✐ ❛✉ ♠♦✐♥2 ✉♥ *②♣❡ ❞❡ ♠✐♥❡ =❡✈✐❡♥* 2✉= ✷ ✐♠❛❣❡2 ❛❧♦=2
❧❛ ♠✐♥❡ ❡2* ❞❡ ❝❡ *②♣❡ ❧I✳ ❈❡❧❛ ❝♦==❡2♣♦♥❞ ✏❛✈❡❝ ❧❡2 ♠❛✐♥2✑ I ✉♥ ❛❧❣♦=✐*❤♠❡ ❞❡ *②♣❡ ❛❧❣♦=✐*❤♠❡
❞❡ ❱✐*❡=❜✐✱ >✉✐ ❝♦♥2✐2*❡ I ❝❤❡=❝❤❡= ❧❛ ♠❡✐❧❧❡✉=❡ ♣♦22✐❜✐❧✐*A ♣❛=♠✐ ♣❧✉2✐❡✉=2 ❤②♣♦*❤Z2❡2 =❡*❡♥✉❡2 I
❝❤❛>✉❡ A*❛♣❡ ❬✶✷✸❪✳
▲❡2 *❛✉① ❞❡ =❡❝♦♥♥❛✐22❛♥❝❡ ♣=A2❡♥*A2 ❞❛♥2 ❧❛ ♣❛=*✐❡ ♣=A❝A❞❡♥*❡ ✭❝❢✳ *❛❜❧❡❛✉① ✾✳✸ ❡* ✾✳✹✮
A*❛♥* ❢❛✐❜❧❡2 ✭✐♥❢A=✐❡✉=2 I ✸✵✪ 2❛✉❢ ❞❛♥2 ❧❡ ❝❛2 ❞❡2 ♠✐♥❡2 ❝②❧✐♥❞=✐>✉❡2 ❛✈❡❝ ❧✬❛♣♣=♦❝❤❡ ♠✉❧*✐✲
A❝❤❡❧❧❡✮ ❛✈❡❝ ❜❡❛✉❝♦✉♣ ❞✬❡==❡✉=2 2✉= ❧❡ *②♣❡ ❞❡ ❧❛ ♠✐♥❡✱ ❧❡2 ♦♣*✐♠✐2❛*✐♦♥2 ❛♣♣♦=*A❡2 ♥❡ ♣❡=♠❡**❡♥*
♣❛2 ❞✬❛♠A❧✐♦=❡= ❧❡2 =A2✉❧*❛*2✳ ▲❡2 *❛✉① ❞❡ =❡❝♦♥♥❛✐22❛♥❝❡ ❜❛✐22❡♥* 2❡♥2✐❜❧❡♠❡♥* ♣♦✉= ❧❛ ♠✐♥❡
2♣❤A=✐>✉❡✱ 2♦♥* ❝♦♠♣❛=❛❜❧❡2 ♣♦✉= ❧❛ ♠✐♥❡ ❝②❧✐♥❞=✐>✉❡ ❡* ❧❛ ♠✐♥❡ ▼❛♥*❛✳
▼✐♥❡ '❞❝ '*②♣❡ '❢❛❝ '♥❞❢❝ '♥❞✈❝ ❚❡♠♣2 ❞❡ ❝❛❧❝✉❧
▼✐♥❡ ▼❛♥*❛ ✷✻✳✵✽✪ ✹✶✳✽✾✪ ✹✳✽✪ ✷✶✳✾✪ ✾✽✳✻✽✪ ✸✶ 2
▼✐♥❡ ❝②❧✐♥❞=✐>✉❡ ✶✼✳✻✼✪ ✹✽✳✽✸✪ ✶✼✳✶✵✪ ✻✳✵✼✪ ✾✽✳✾✵✪ ✸✸ 2
▼✐♥❡ 2♣❤A=✐>✉❡ ✼✳✺✻✪ ✹✺✳✶✼✪ ✾✳✸✺✪ ✷✹✳✹✹✪ ✶✵✵✪ ✸✷ 2
❱✐❞A♦2 ✈✐❞❡ ✷✵✳✼✪ ✼✾✳✸✵✪ ✸✸ 2
❚❛❜❧❡❛✉ ✾✳✺ ✕ ❘A2✉❧*❛*2 ♦❜*❡♥✉2 ❛✈❡❝ ❧❛ ❞A*❡❝*✐♦♥ ❞❡ ❝♦♥*♦✉=2 ❜❛2A❡ 2✉= ❧❡2 ❝♦♥*♦✉=2 ❛❝*✐❢2
✾✳✹✳ ❯❚■▲■❙❆❚■❖◆ ❉❊❙ ❉❖◆◆➱❊❙ ❉❊ ◆❆❱■●❆❚■❖◆ ✶✹✶
▼✐♥❡ &❞❝ &)②♣❡ &❢❛❝ &♥❞❢❝ &♥❞✈❝ ❚❡♠♣1 ❞❡ ❝❛❧❝✉❧
▼✐♥❡ ▼❛♥)❛ ✶✼✳✼✺✪ ✺✵✳✷✷✪ ✹✳✽✸✪ ✷✶✳✾✪ ✾✽✳✻✽✪ ✸✷ 1
▼✐♥❡ ❝②❧✐♥❞>✐?✉❡ ✺✷✳✻✽✪ ✶✸✳✾✸✪ ✶✼✳✶✵✪ ✺✳✾✻✪ ✾✽✳✾✪ ✷✾ 1
▼✐♥❡ 1♣❤A>✐?✉❡ ✵✳✶✪ ✺✷✳✽✶✪ ✾✳✸✽✪ ✷✹✳✷✷✪ ✶✵✵✪ ✸✶ *
❱✐❞.♦* ✈✐❞❡ ✷✶✳✷✸✪ ✼✽✳✼✼✪ ✸✶ *
❚❛❜❧❡❛✉ ✾✳✻ ✕ ❘.*✉❧;❛;* ♦❜;❡♥✉* ❛✈❡❝ ❧❛ ❞.;❡❝;✐♦♥ ❞❡ ❝♦♥;♦✉>* ❜❛*.❡ *✉> ❧✬❛♣♣>♦❝❤❡ ♠✉❧;✐✲.❝❤❡❧❧❡
✾✳✸✳✹ ❉✐&'✐♥❝'✐♦♥ ❡♥',❡ ❧❡& ♦❜❥❡'& ♠❛♥✉❢❛❝'✉,4& ❞❛♥❣❡,❡✉① ❡' ❧❡& ❛✉',❡& ♦❜❥❡'&
❉.;❡❝;❡> ❡; >❡❝♦♥♥❛✐;>❡ ❞❡* ♦❜❥❡;* ♠❛♥✉❢❛❝;✉>.* ❡*; ✉♥❡ ♣>❡♠✐G>❡ .;❛♣❡✳ ❊♥*✉✐;❡✱ ✐❧ ❢❛✉;
❞✐*;✐♥❣✉❡> ❧❡* ♦❜❥❡;* ❞❛♥❣❡>❡✉① ❞❡* ♦❜❥❡;* ♥♦♥ ❞❛♥❣❡>❡✉① ✭❛ ♣"✐♦"✐ ♠❛✐* ♥♦✉* ♥❡ *♦♠♠❡* ♣❛* M
❧✬❛❜>✐ ❞✬✉♥ ♦❜❥❡; ;>❛♥*❢♦>♠. ❡♥ ❡①♣❧♦*✐❢✮✳ ▲❡* ✈✐❞.♦* ✈✐❞❡* ❞❡ ❚♦♣✈✐*✐♦♥ ❝♦♥;✐❡♥♥❡♥; ✉♥❡ ✈✐❞.♦
✈✐❞❡ ❡; ✉♥❡ ✈✐❞.♦ ❝♦♥;❡♥❛♥; ❞❡* ❜♦✉;*✳ ■❧ ② ❛ ;>G* ♣❡✉ ❞❡ ❞.;❡❝;✐♦♥ ❡; ❞♦♥❝ ❞❡ >❡❝♦♥♥❛✐**❛♥❝❡ ❞❛♥*
❝❡* ❞❡✉① ✈✐❞.♦*✳ ◆♦✉* ♣❡♥*✐♦♥* ❞♦♥❝ ✐♥✐;✐❛❧❡♠❡♥; *❡✉✐❧❧❡> ❧❡ S❈❊ ♣♦✉> ❞✐*;✐♥❣✉❡> ❧❡* ❞❡✉① ;②♣❡*
❞✬♦❜❥❡;* ♠❛♥✉❢❛❝;✉>.*✳ ▲❡* ✈✐❞.♦* ❱❆▼❆ ♠❡;;❡♥; ❡♥ *❝G♥❡ ❞❡* ♦❜❥❡;* ♠❛♥✉❢❛❝;✉>.* ❝♦♠♠❡ ✉♥❡
♣♦✉❜❡❧❧❡ ♦✉ ✉♥ ;♦♥♥❡❛✉✱ ❞❡ ❢♦>♠❡* ♣>♦❝❤❡* ❞❡ ❝❡❧❧❡* ❞❡* ♠✐♥❡* >❡❝❤❡>❝❤.❡*✳ ▲❡* ;❡*;* ♠♦♥;>❡♥;
W✉❡ ❝❡ >❛✐*♦♥♥❡♠❡♥; ♥✬❡*; ♣❛* ✈❛❧❛❜❧❡✳
✾✳✸✳✺ ❈♦♥❝❧✉&✐♦♥ &✉, ❝❡''❡ ♣,❡♠✐;,❡ ♠4'❤♦❞❡
❈❡;;❡ ♠.;❤♦❞❡ ❞♦♥♥❡ ❞❡* >.*✉❧;❛;* ♣❡✉ ❡♥❝♦✉>❛❣❡❛♥;*✳ ▲❡ ;❡♠♣* ❞❡ ❝❛❧❝✉❧ ❡*; ✐♠♣♦>;❛♥;✱ ❞❡
❧✬♦>❞>❡ ❞❡ ✸✵ * ♣❛> ✐♠❛❣❡ ❡; ❧❡* >.*✉❧;❛;* ♣❡✉ *❛;✐*❢❛✐*❛♥;*✳ ▲❡ ;❛✉① ❞❡ >❡❝♦♥♥❛✐**❛♥❝❡ ❡*; ❢❛✐❜❧❡✳
❈❡❧❛ *✬❡①♣❧✐W✉❡ ♣❛> ❧❡ ♥♦♠❜>❡ ❞❡ ✜❧;>❡* W✉❡ ❧✬♦♥ ❢❛✐; ❝♦>>.❧❡> ❛✈❡❝ ✉♥❡ ✐♠❛❣❡ ❝✐❜❧❡✳ ❉❡ ♣❧✉*✱
❝❡ ;❛✉① ✈✐❡♥; ❛✉**✐ ❞❡* ♠✐♥❡* W✉✐ ♥❡ *♦♥; ♣❛* ❡♥;✐G>❡♠❡♥; ✈✐*✐❜❧❡* ❞❛♥* ❧❡* ✐♠❛❣❡* ♦✉ ❞♦♥; ❧❡*
❝♦♥;♦✉>* ♥❡ *♦♥; ♣❛* ❝♦>>❡❝;❡♠❡♥; ❡; ❡♥;✐G>❡♠❡♥; ❞.;❡❝;.*✳
◆♦✉* ❝❤❡>❝❤♦♥* ✉♥❡ ♠.;❤♦❞❡ ❞♦♥; ❧❛ ❢>.W✉❡♥❝❡ ❞❡ ❝❛❧❝✉❧ ❛♣♣>♦❝❤❡ ✷ ❍③ *♦✐; ✵✳✺ * ♣❛> ✐♠❛❣❡✳
▲✬❛❧❣♦>✐;❤♠❡ ❞.✈❡❧♦♣♣. ♥.❝❡**✐;❡ ❡♥✈✐>♦♥ ✸✵ * ♣❛> ✐♠❛❣❡ *✉> ❧❡ S❈ ■❙❊◆ ✭❝❢✳ ❝❛>❛❝;.>✐*;✐W✉❡*
❞❛♥* ❧✬❛♥♥❡①❡ ❊✮✳ ❈❡❧❛ *✬❡①♣❧✐W✉❡ ♣❛> ❧❛ ❝♦>>.❧❛;✐♦♥ ❞❡ ;♦✉* ❧❡* ✜❧;>❡* ❛✈❡❝ ❝❤❛W✉❡ ✐♠❛❣❡ ❝✐❜❧❡✳
▲❡* >.*✉❧;❛;* ♦❜;❡♥✉* *♦♥; ♣❡✉ *❛;✐*❢❛✐*❛♥;*✳ ▲❛ ♣>♦❜❛❜✐❧✐;. ❞❡ ❜♦♥♥❡ >❡❝♦♥♥❛✐**❛♥❝❡ ❞✬✉♥❡
♠✐♥❡ ❡*; ❞❡ ❧✬♦>❞>❡ ❞❡ ✷✵ ✪✳ ❈❡❧❛ *✬❡①♣❧✐W✉❡ ♣❛> ❧❛ ❞.;❡❝;✐♦♥ ❞❡* ❝♦♥;♦✉>* W✉✐ ♥❡ ❞♦♥♥❡ ♣❛*
;♦✉❥♦✉>* ❞❡ ❜♦♥* >.*✉❧;❛;*✳ ❈❡❧❛ ❡*; ❞\ M ❧❛ W✉❛❧✐;. ❞❡ ❧✬✐♠❛❣❡✱ ❛✉① ♠✐♥❡* W✉✐ ♥❡ *♦♥; ♣❛* ❝♦♠✲
♣❧G;❡♠❡♥; ❞❛♥* ❧✬✐♠❛❣❡✳ ❈♦♠♣❛>❛;✐✈❡♠❡♥; ❛✉① ✜❧;>❡* W✉✐ ❝♦♥;✐❡♥♥❡♥; ❧❡* ♠✐♥❡* ❡♥;✐G>❡♠❡♥; ❡;
❞♦♥; ❧❛ ❞.;❡❝;✐♦♥ ❞❡ ❝♦♥;♦✉>* ❛ ❞♦♥♥. ❞❡* ❢♦>♠❡* ;>G* ❣.♦♠.;>✐W✉❡*✱ ❝❡>;❛✐♥❡* ♠✐♥❡* ❝♦>>G❧❡♥;
;>G* ❜✐❡♥ ❛✈❡❝ ❞❡* ♠✐♥❡* ❞✬✉♥ ❛✉;>❡ ;②♣❡✳
❈❡;;❡ .;✉❞❡ ❛ ♠♦♥;>. W✉❡ ❧❛ W✉❛❧✐;. ❞❡* ✐♠❛❣❡* ❡*; ✐♠♣♦>;❛♥;❡ ♣♦✉> ❜✐❡♥ >❡❝♦♥♥❛✐;>❡ ✉♥
♦❜❥❡;✳ ❉❡ ♣❧✉* ❞❡* ♠.;❤♦❞❡* >❛♣✐❞❡* ❝♦♠♠❡ ❧❛ ❝♦>>.❧❛;✐♦♥ ♣❡✉✈❡♥; ♥.❝❡**✐;❡> ✉♥ ;❡♠♣* ❞❡ ❝❛❧❝✉❧
✐♠♣♦>;❛♥;✳
✾✳✹ ❯$✐❧✐'❛$✐♦♥ ❞❡' ❞♦♥♥-❡' ❞❡ ♥❛✈✐❣❛$✐♦♥
◆♦✉* ✈❡♥♦♥* ❞❡ ♣>.*❡♥;❡> ✉♥❡ ♠.;❤♦❞❡ ❞♦♥; ❧❡* >.*✉❧;❛;* ♠♦♥;>❡♥; ❧❡* ❧✐♠✐;❡*✳ S♦✉> >❡♠.❞✐❡>
M ❝❡ ♣>♦❜❧G♠❡✱ ♥♦✉* ❛✈♦♥* ✉;✐❧✐*. ❡♥;>❡ ❛✉;>❡* ❧❡* ✐♥❢♦>♠❛;✐♦♥* ❞❡ ♥❛✈✐❣❛;✐♦♥✳ ◆♦✉* ❝♦♥♥❛✐**♦♥*
❧❛ ❞✐*;❛♥❝❡ ❡♥;>❡ ❧✬♦❜❥❡; ❡; ❧❛ ❝❛♠.>❛✳ ◆♦✉* ❛✈♦♥* ❛✉**✐ ❧❛ ❞✐*;❛♥❝❡ ❝❛♠.>❛ ✲ ♠✐♥❡ ♣♦✉> ❝❤❛❝✉♥❡
❞❡* ✐♠❛❣❡* ❞❡ >.❢.>❡♥❝❡ ❞❡* ✜❧;>❡*✳ ◆♦✉* ♣♦✉✈♦♥* ❛✐♥*✐ *.❧❡❝;✐♦♥♥❡> ✉♥ *♦✉* ❡♥*❡♠❜❧❡ ❞❡ ✜❧;>❡*
❝♦>>❡*♣♦♥❞❛♥; M ❧✬♦>❞>❡ ❞❡ ❣>❛♥❞❡✉> ❞❡ ❧❛ ❞✐*;❛♥❝❡ ♠❡*✉>.❡ ❡♥;>❡ ❧❛ ❝❛♠.>❛ ❡; ❧❛ ♠✐♥❡✳ ❈❡;;❡
>.❞✉❝;✐♦♥ ❞✉ ♥♦♠❜>❡ ❞❡ ✜❧;>❡* M ❛♣♣❧✐W✉❡> ❛✉① ✐♠❛❣❡* ❝✐❜❧❡* ✈❛ ♣❡>♠❡;;>❡ ✉♥ ;❡♠♣* ❞❡ ❝❛❧❝✉❧ ♣❧✉*
❢❛✐❜❧❡✳ ◆♦✉* ♣♦✉✈♦♥* ❛✉**✐ ❡♥✈✐*❛❣❡> ❞❡ ♥❡ ♣❛* >.❞✉✐>❡ ❧❡ ;❡♠♣* ❞❡ ❝❛❧❝✉❧ ♠❛✐* ❞❡ ❢❛✐>❡ ❝♦>>.❧❡>
❞❛✈❛♥;❛❣❡ ❞❡ ✜❧;>❡*✱ ❝>..* ❛✈❡❝ ❞❡* ❝>✐;G>❡* ♣❧✉* *;>✐❝;*✳
✾✳✹✳✶ ❆❧❣♦,✐'❤♠❡ ✉'✐❧✐&4
❈♦♠♠❡ ❞.✜♥✐ ♣>.❝.❞❡♠♠❡♥;✱ ❧♦>*W✉✬✐❧ ♥✬② ❛ ♣❛* ❞❡ ❞.;❡❝;✐♦♥✱ ♥♦✉* ♥✬❡✛❡❝;✉♦♥* ♣❛* ❧✬.;❛♣❡
❞❡ ❝♦>>.❧❛;✐♦♥✳ ◆♦✉* ❛✈♦♥* ❛✉**✐ ✈✉ W✉✬✐❧ ❢❛✉; ❡✛❡❝;✉❡> ✉♥❡ .;❛♣❡ ❞❡ ❞.;❡❝;✐♦♥ ❞❡ ❝♦♥;♦✉>* ❛✈❛♥;
✶✹✷ ❈❍❆#■❚❘❊ ✾✳ ❈▲❆❙❙■❋■❈❆❚■❖◆ ❊❚ ■❉❊◆❚■❋■❈❆❚■❖◆
❞❡ ❝♦''(❧❡' ❧❡* ✐♠❛❣❡* ❝✐❜❧❡* ❛✈❡❝ ❧❡* ✜❧2'❡*✳ ◆♦✉* ❛✈♦♥* ❝❤♦✐*✐ ♣♦✉' ❝❡❧❛✱ ❧❛ ♠(2❤♦❞❡ ❜❛*(❡
*✉' ❧✬❛♣♣'♦❝❤❡ ♠✉❧2✐✲(❝❤❡❧❧❡✳ ❙✐ ❝❡22❡ ❛♣♣'♦❝❤❡ ♥❡ 2'♦✉✈❡ ♣❛* ❞❡ ❝♦♥2♦✉'* ❞❛♥* ❧✬✐♠❛❣❡✱ ♥♦✉*
❝♦♥*✐❞('♦♥* =✉✬✐❧ ♥✬② ❛✈❛✐2 ❡♥ ❢❛✐2 ♣❛* ❞✬♦❜❥❡2 A ❞(2❡❝2❡' ❞❛♥* ❧✬✐♠❛❣❡ ❡2 (2✉❞✐♦♥* ❧✬✐♠❛❣❡ *✉✐✈❛♥2❡✳
▲♦'*=✉✬✉♥ ♦❜❥❡2 ❡*2 ❞(2❡❝2( ❞❛♥* ❧✬✐♠❛❣❡ ❡2 =✉❡ ❧❛ ❞(2❡❝2✐♦♥ ❞❡ ❝♦♥2♦✉'* ❛ 2'♦✉✈( ❞❡* ❝♦♥2♦✉'*
✭✐❧ ♣❡✉2 *✬❛❣✐' ❞❡* ❝♦♥2♦✉'* ❞❡ ❧✬♦❜❥❡2 ❝♦♠♠❡ ❞❡ ❝♦♥2♦✉'* ❞✉ ❢♦♥❞✮✱ ♥♦✉* ❡✛❡❝2✉♦♥* ❧✬♦♣('❛2✐♦♥
❞❡ ❝♦''(❧❛2✐♦♥✳
❋✐❣✉$❡ ✾✳✶✵ ✕ ■♠❛❣❡ '(*✉❧2❛2 ❞❡ ❧❛ ❞(2❡❝2✐♦♥ ❞❡ ❝♦♥2♦✉'* ❜❛*(❡ *✉' ✉♥❡ ❛♣♣'♦❝❤❡ ♠✉❧2✐✲(❝❤❡❧❧❡✳
❱✐❞(♦ ❚♦✈✐*✐♦♥✵✵✽ '❡♣'(*❡♥2❛♥2 ✉♥❡ ♠✐♥❡ *♣❤('✐=✉❡
❚♦✉2 ❞✬❛❜♦'❞ ♥♦✉* ❡**❛②♦♥* ❞❡ ❢❛✐'❡ ❝♦''(❧❡' ❧❡* ❝♦♥2♦✉'* 2'♦✉✈(* ✭❝❢✳ ✜❣✉'❡ ✾✳✶✵✮ ❛✈❡❝ ✉♥
❝❡'❝❧❡✳ M♦✉' ❝❡❧❛✱ ♥♦✉* ❝❛❧❝✉❧♦♥* ❧❛ ❧❛'❣❡✉' ❡2 ❧❛ ❤❛✉2❡✉' ❞❡ ❧❛ ❜♦✐2❡ ❡♥❣❧♦❜❛♥2 ❧❡* ❝♦♥2♦✉'*✳ ◆♦✉*
❝❛❧❝✉❧♦♥* ❧❡ ❝❡'❝❧❡ ❝♦''❡*♣♦♥❞❛♥2 ❛✉ ♣❧✉* ♣❡2✐2 ❝N2( ✭❧❡ ♠✐♥✐♠✉♠ ❡♥2'❡ ❧❛ ❧❛'❣❡✉' ❡2 ❧❛ ❤❛✉2❡✉'✮
✭❝❢✳ ✜❣✉'❡ ✾✳✶✶✮✳
❋✐❣✉$❡ ✾✳✶✶ ✕ ❈❡'❝❧❡ ❝❛❧❝✉❧( A ♣❛'2✐' ❞❡ ❧✬✐♠❛❣❡ ❞❡ ❝♦♥2♦✉'*
◆♦✉* ❝'(♦♥* ✉♥ ✜❧2'❡ M❖❋ ❛✈❡❝ ❝❡ ❝❡'❝❧❡ ❡2 ♥♦✉* ❧❡ ❢❛✐*♦♥* ❝♦''(❧❡' ❛✈❡❝ ♥♦2'❡ ✐♠❛❣❡ ❞❡
❝♦♥2♦✉'*✳ ❙✐ ❧❡ M❈❊ ❡*2 *✉♣('✐❡✉' A ✉♥ *❡✉✐❧ ✜①( ❡♠♣✐'✐=✉❡♠❡♥2 ❛❧♦'* ❧✬♦❜❥❡2 ♣'(*❡♥2 ❞❛♥* ❧✬✐♠❛❣❡
❡*2 ✉♥❡ *♣❤T'❡✳ ❙✐♥♦♥ ♥♦✉* ❢❛✐*♦♥* ❝♦''(❧❡' ❧✬✐♠❛❣❡ ❞❡ ❝♦♥2♦✉'* ❛✈❡❝ ❧❡* ✜❧2'❡* *(❧❡❝2✐♦♥♥(*✳ ❈♦♠♠❡
♥♦✉* ❝♦♥♥❛✐**♦♥* ❧❛ ❞✐*2❛♥❝❡ ❡♥2'❡ ❧✬♦❜*❡'✈❛2❡✉' ❡2 ❧✬♦❜❥❡2 ❛✐♥*✐ =✉❡ ❧❛ ❞✐*2❛♥❝❡ ✜①(❡ ❡♥2'❡ ❧❛ ❝❛✲
♠('❛ ❡2 ❧❡* ♠✐♥❡* ❧♦'* ❞❡ ❡♥'❡❣✐*2'❡♠❡♥2 ❞❡* ✐♠❛❣❡* ❞❡ '(❢('❡♥❝❡✱ ♥♦✉* ♣♦✉✈♦♥* ❛✐♥*✐ *(❧❡❝2✐♦♥♥❡'
❧❡* ✜❧2'❡* ❞♦♥2 ❧❡* ❞✐*2❛♥❝❡* *♦♥2 ❧❡* ♣❧✉* ♣'♦❝❤❡* ❞❡ ❧❛ ❞✐*2❛♥❝❡ ❡♥2'❡ ❧❛ ❝❛♠('❛ ❡2 ❧✬♦❜❥❡2 A ✐❞❡♥✲
2✐✜❡'✳ ▲❛ ❝❛♠('❛ ❛②❛♥2 (2( ❞(♣❧❛❝(❡ ♣❛' ♣❛* ❞❡ ✵✳✺ ♠ ❧♦'* ❞❡ ❧✬❡♥'❡❣✐*2'❡♠❡♥2 ❞❡* ✐♠❛❣❡* ❡2 ❧❛
❞✐*2❛♥❝❡ ❡♥2'❡ ❧✬♦❜*❡'✈❛2❡✉' ❡2 ❧✬♦❜❥❡2 A ✐❞❡♥2✐✜❡' (✈♦❧✉❛♥2 ❞❡ ❢❛V♦♥ ❝♦♥2✐♥✉❡✱ ♥♦✉* ❛✈♦♥* ❞(❝✐❞(
❞❡ ❝♦''(❧❡' ❛✈❡❝ ❧❡* ✜❧2'❡* ❝♦''❡*♣♦♥❞❛♥2 ❛✉① ❞❡✉① ❞✐*2❛♥❝❡* ❧❡* ♣❧✉* ♣'♦❝❤❡*✳ ❊♥✜♥✱ ❝♦♠♠❡ ❞❛♥*
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✺✵✳✸✼✪ ✵✳✵✵✶✪ ✾✳✵✽✪ ✹✵✳✺✹✪ ✾✾✳✽✪
❚❛❜❧❡❛✉ ✾✳✽ ✕ ❘>)✉❧-❛-) ❞❡ ❧❛ ?❡❝♦♥♥❛✐))❛♥❝❡ )✉? ❧❡) ✈✐❞>♦) ❞❡ ♠✐♥❡) )♣❤>?✐B✉❡) ❱❆▼❆
❋✐❣✉$❡ ✾✳✶✸ ✕ ❘>)✉❧-❛-) ❞❡ ❧❛ ?❡❝♦♥♥❛✐))❛♥❝❡
▼✐♥❡ *❢❛ *♥❞✈
❉>-❡❝-✐♦♥ ✹✳✶✽✪ ✾✺✳✽✷✪
❘❡❝♦♥♥❛✐))❛♥❝❡ ✶✳✾✺✪ ✾✽✳✵✺✪
❚❛❜❧❡❛✉ ✾✳✾ ✕ ❘>)✉❧-❛-) ❞❡ ❧❛ ❞>-❡❝-✐♦♥ ❡- ❞❡ ❧❛ ?❡❝♦♥♥❛✐))❛♥❝❡ )✉? ❧❡) ✈✐❞>♦) ✈✐❞❡) ❱❆▼❆
✾✳✺ ❈♦♥❝❧✉)✐♦♥
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❈❡""❡ "❤$%❡ ❛✈❛✐" ♣♦✉, ❜✉" ❞❡ ♣,♦♣♦%❡, ❞❡% %♦❧✉"✐♦♥% ❛❧❣♦,✐"❤♠✐3✉❡% 4 ❧❛ ❞5"❡❝"✐♦♥✱ 4 ❧❛ ❝❧❛%✲
%✐✜❝❛"✐♦♥ ❡" 4 ❧✬✐❞❡♥"✐✜❝❛"✐♦♥ ❞❡% ♠✐♥❡% %♦✉% ♠❛,✐♥❡% ♣❛, ❝❛♠5,❛ ✈✐❞5♦✳ <♦✉, ",❛✐"❡, ❝❡ ♣,♦❜❧$♠❡✱
♥♦✉% ♥♦✉% %♦♠♠❡% ✐♥"5,❡%%5% ❛✉ ❝♦♥"❡①"❡ ❞✉ ♣,♦❜❧$♠❡ ❡" ❞❡ %❡% ❝♦♥",❛✐♥"❡% ✭♥5❝❡%%✐"5 ❞❡ ♣,5",❛✐✲
"❡, ❧❡% ✐♠❛❣❡%✮✱ ❛✐♥%✐ 3✉✬❛✉① ❞✐✛5,❡♥"❡% ♠5"❤♦❞❡% ✉"✐❧✐%5❡% ❡♥ ,❡❝♦♥♥❛✐%%❛♥❝❡ ♦♣"✐3✉❡✳ ❊♥%✉✐"❡✱
♥♦✉% ❛✈♦♥% ♣,5%❡♥"5 ❧❡% 5"✉❞❡% ♠❡♥5❡% ♣♦✉, ,5%♦✉❞,❡ ♥♦",❡ ♣,♦❜❧$♠❡✳
❚♦✉" ❞✬❛❜♦,❞✱ ❧✬5"✉❞❡ ❞✉ ♠✐❧✐❡✉ %♦✉% ♠❛,✐♥ ♥♦✉% ❛ ♣❡,♠✐% ❞✬5"✉❞✐❡, ❧❡% ♣,♦❜❧$♠❡% ❧✐5% 4
❧✬✉"✐❧✐%❛"✐♦♥ ❞❡ ❝❛♣"❡✉,% ♦♣"✐3✉❡%✳ ■❧ ❡♥ ,5%✉❧"❡ ✉♥❡ %♣5❝✐✜❝✐"5 ❞❡% ✐♠❛❣❡% %♦✉%✲♠❛,✐♥❡% 3✉✐ ♥♦✉%
❛ ❛♠❡♥5 4 ✐♥",♦❞✉✐,❡ ❞❡% ♣,5",❛✐"❡♠❡♥"%✳ <♦✉, ❝❡❧❛✱ ♥♦✉% ❛✈♦♥% ❢❛✐" ❞❡% ❝❤♦✐① ❡♥ ❢♦♥❝"✐♦♥ ❞❡%
✐♠❛❣❡% ❡" ❞❡% ✐♥❢♦,♠❛"✐♦♥% ❞♦♥" ♥♦✉% ❞✐%♣♦%✐♦♥%✳
▲✬5"❛" ❞❡ ❧✬❛," ❞❡% ♠5"❤♦❞❡% ❞❡ ❞5"❡❝"✐♦♥ ❡" ❞❡ ,❡❝♦♥♥❛✐%%❛♥❝❡ ❡♥ ♠✐❧✐❡✉ %♦✉% ♠❛,✐♥ ♥♦✉% ❛
❢❛✐" ❝❤♦✐%✐, ❧❛ ❝♦,,5❧❛"✐♦♥ ❝♦♠♠❡ ❜❛%❡ ❞❡ ♥♦",❡ ❛❧❣♦,✐"❤♠❡✳ ▼❛✐% ❛✈❛♥" ❞✬❛♣♣❧✐3✉❡, ❧❛ ❝♦,,5❧❛"✐♦♥
4 ❧❛ ❞5"❡❝"✐♦♥ ❡" ❧❛ ,❡❝♦♥♥❛✐%%❛♥❝❡ ❞❡% ♠✐♥❡%✱ ♥♦✉% ❧✬❛✈♦♥% 5"✉❞✐5❡ ❡♥ ❞5"❛✐❧%✱ ❛✜♥ ❞❡ ✈5,✐✜❡,
3✉✬❡❧❧❡ ❝♦,,❡%♣♦♥❞❛✐" 4 ♥♦% ❜❡%♦✐♥%✳ ◆♦✉% ❧✬❛✈♦♥% ❛✉%%✐ ❛❞❛♣"5❡ 4 ♥♦% ❝♦♥",❛✐♥"❡%✳
▲❡% "❡%"% ❡✛❡❝"✉5% ♦♥" ♠♦♥",5 3✉❡ ❧❛ ❝♦,,5❧❛"✐♦♥ ❡%" ✉♥❡ ♠5"❤♦❞❡ ❝♦,,❡%♣♦♥❞❛♥" 4 ♥♦",❡
❜❡%♦✐♥✳ ◆♦✉% ❧✬❛✈♦♥% ❛♣♣❧✐3✉5❡ 4 ❧❛ ❞5"❡❝"✐♦♥ ❡" 4 ❧❛ ,❡❝♦♥♥❛✐%%❛♥❝❡ ❞❡% ♠✐♥❡%✳ ❈❡❧❛ ♥✬❛ ♣❛% ❞♦♥♥5
❧❡% ,5%✉❧"❛"% ❛""❡♥❞✉%✳ ◆♦✉% ❛✈♦♥% ❞♦♥❝ ❞5❝♦✉♣5 ♥♦",❡ ❛❧❣♦,✐"❤♠❡ ❡♥ ❞❡✉① ♣❛,"✐❡% ❞✐%"✐♥❝"❡% ✿ ❧❛
❞5"❡❝"✐♦♥ ❡" ❧❛ ,❡❝♦♥♥❛✐%%❛♥❝❡✳
◆♦✉% ❛✈♦♥% ❞5✈❡❧♦♣♣5 ❞❡✉① ♠5"❤♦❞❡% ♣♦✉, ❞5"❡❝"❡, ❞❡% ♦❜❥❡"% ❞❛♥% ❧❡% ✐♠❛❣❡%✳ ▲❛ ♣,❡♠✐$,❡
♠5"❤♦❞❡ ❡%" ❜❛%5❡ %✉, ❧❛ ❞5"❡❝"✐♦♥ ❞❡ %❛✉"% ❞❛♥% ❧✬✐♠❛❣❡ %♣❛"✐❛❧❡ ❝♦,,❡%♣♦♥❞❛♥" 4 ❧❛ ♣❤❛%❡ ❞✉
%♣❡❝",❡ ❞❡ ❧✬✐♠❛❣❡ ❝✐❜❧❡✳ ❈❡""❡ ♠5"❤♦❞❡ ❞♦♥♥❡ ❞❡ ❜♦♥% ,5%✉❧"❛"% ✭"❛✉① ❞❡ ❞5"❡❝"✐♦♥ %✉♣5,✐❡✉, 4
✻✵✪✮ ❧♦,%3✉❡ ❧❡% ✐♠❛❣❡% %♦♥" ❝♦♥",❛%"5❡%✳ <♦✉, ❧❡% ✐♠❛❣❡% ❞♦♥" ❧❡% ♦❜❥❡"% ♥❡ ,❡%%♦,"❡♥" ♣❛%✱ ♥♦✉%
❛✈♦♥% ❞5✈❡❧♦♣♣5 ✉♥❡ ♠5"❤♦❞❡ ❜❛%5❡ %✉, ❧❛ %♦✉%",❛❝"✐♦♥ ❞✉ ❢♦♥❞ ✭❛♣♣,✐% ❡♥ ❞5❜✉" ❞❡ %53✉❡♥❝❡
✈✐❞5♦✮ ❡" %✉, ❧❛ ❝♦♠♣❛,❛✐%♦♥ ❞❡ ❧✬✐♠❛❣❡ ✐♥✐"✐❛❧❡ ❡" ❞❡ ❧✬✐♠❛❣❡ ",❛✐"5❡✳ ❈❡""❡ ♠5"❤♦❞❡ ❛ 5"5 ♦♣"✐✲
♠✐%5❡ ❡♥ ✉"✐❧✐%❛♥" ❧❡% ✐♥❢♦,♠❛"✐♦♥% ❞❡ ♥❛✈✐❣❛"✐♦♥ 3✉✐ ♣❡,♠❡""❡♥" ❞❡ ,5❞✉✐,❡ ❧❡% ❢❛✉%%❡% ❛❧❛,♠❡% ❡"
❧❡% ❛,,M"% ❞❡ ❞5"❡❝"✐♦♥✳ ❈❡""❡ ♠5"❤♦❞❡ ❛ ❛✉%%✐ 5"5 ❝♦♠♣❛,5❡ 4 ✉♥❡ ♠5"❤♦❞❡ ❛❝"✉❡❧❧❡♠❡♥" ✉"✐❧✐%5❡
❞❛♥% ✉♥ ❞,♦♥❡ ❡" ❞5✈❡❧♦♣♣5❡ ♣❛, ❚❯❙ ❡" ❈②❜❡,♥❡"✐①✳ ◆♦✉% ❛✈♦♥% ♠♦♥",5 3✉❡ ♥♦% ,5%✉❧"❛"% %♦♥"
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E= Ex
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x +Ey
→
y +Ez
→
z
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Ex = E0x cos(ωt− kz)
Ey = E0y cos(ωt− kz)
❡" E0x = E0y
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Ex = E0x cos(ωt− kz)
Ey = E0y cos(ωt− kz − ϕ)
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❛✈❡❝ A =


I
Q
U
V


❡1 M =


M11 M12 M13 M14
M21 M22 M23 M24
M31 M32 M33 M34
M41 M42 M43 M44


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♠♦♥1+❡ 8✉✬✐❧ ❡01 ♣+<❢<+❛❜❧❡ ❞❡ ♣❧❛❝❡+ ❧❡ ♣♦❧❛+✐0❡✉+ O ❧✬❡①1<+✐❡✉+ ❞✉ ❜♦✐1✐❡+ ❞♦♥1 ❧❛ ✏❢❛X❛❞❡✑ ❞♦✐1 a1+❡
✉♥ ❞d♠❡ ❡♥ ✈❡++❡✳ ❊♥ ❡✛❡1✱ ❝❡❧❛ ♣❡+♠❡1 ❞❡ ❧✐♠✐1❡+ ❧❡0 ❡✛❡10 0✉+ ❧❛ ♣♦❧❛+✐0❛1✐♦♥ ❞✉0 ❛✉ ♠❛1<+✐❛✉
✉1✐❧✐0< ♣♦✉+ ❧❡ ❜♦✐1✐❡+ ✭❝❢✳ ✜❣✉+❡0 ✾✳✶✺ ❡1 ✾✳✶✻✮✳
❆✈❡❝ ❝❡ 0②01*♠❡✱ ✐❧0 ❡♥+❡❣✐01+❡♥1 ❧✬✐♠❛❣❡ ❞✬✐♥1❡♥0✐1< ■
♠❛①
❡1 ❧✬✐♠❛❣❡ ❞✬✐♥1❡♥0✐1< ■
♠✐♥
✳ ❈❡0 ✷
✐♠❛❣❡0 ✏❡①1+a♠❡0✑ 0♦♥1 ♦❜1❡♥✉❡0 ♣♦✉+ ❞❡0 ♦+✐❡♥1❛1✐♦♥0 ♦+1❤♦❣♦♥❛❧❡0 ❞✉ ♣♦❧❛+✐0❡✉+✳ ■❧0 ❡01✐♠❡♥1 ❧❛
❧✉♠✐*+❡ +<1+♦❞✐✛✉0<❡✳ ❆ ❧✬❛✐❞❡ ❞✬✉♥ <❝❤❛♥1✐❧❧♦♥ ❞❡ 0❛❜❧❡ 0✉♣♣♦0< ❜❧❛♥❝✱ ✐❧0 ❝♦♠♣❡♥0❡♥1 0✐♠♣❧❡♠❡♥1
❧❡0 ❝❛♥❛✉① ❞❡ ❝♦✉❧❡✉+0 ❛✜♥ ❞❡ +❡1+♦✉✈❡+ ✉♥❡ ✐♠❛❣❡ ❛✉① ❝♦✉❧❡✉+0 ♣❧✉0 ♣+♦❝❤❡0 ❞❡0 ❝♦✉❧❡✉+0 +<❡❧❧❡0✳
▲❡ 0②01*♠❡ ❞<✈❡❧♦♣♣< ❡1 ❧✬❛❧❣♦+✐1❤♠❡ ❞❡ 1+❛✐1❡♠❡♥1 ❞❡0 ✐♠❛❣❡0 ♣❡+♠❡11❡♥1 ❞✬❛♠<❧✐♦+❡+ ❧❛ 8✉❛❧✐1<
❞❡0 ✐♠❛❣❡0 ❡1 ❞✬❛✉❣♠❡♥1❡+ ❧❛ ♣♦+1<❡ ✈✐0✉❡❧❧❡ ❬✸✷❪✳
 ❊❘❙ ❊❈❚■❱❊❙ ✶✺✶
❋✐❣✉$❡ ✾✳✶✺ ✕ ➱&✉❞❡ ❞❡ ❧❛ ♣♦.✐&✐♦♥ ❞✉ ♣♦✲
❧❛2✐.❡✉2 ❬✸✷❪
❋✐❣✉$❡ ✾✳✶✻ ✕ ➱&✉❞❡ ❞❡ ❧❛ ❢♦2♠❡ ❞✉ ❞:♠❡
❬✸✷❪
 !♦❜❧%♠❛(✐*✉❡
◆♦✉. ✈♦✉❧♦♥. ❞=&❡❝&❡2 ❡& 2❡❝♦♥♥❛✐&2❡ ❧❡. ♠✐♥❡. .♦✉. ♠❛2✐♥❡.✳ ◆♦✉. ❛✈♦♥. ✈✉ ?✉❡ ❧❛ ?✉❛❧✐&=
❞❡. ✐♠❛❣❡. ❡.& &2A. ✐♠♣♦2&❛♥&❡ ♣♦✉2 ♦❜&❡♥✐2 ❞❡ ❜♦♥. 2=.✉❧&❛&.✳ ▲❛ ♣♦❧❛2✐.❛&✐♦♥ ❡.& ✉♥❡ ♣✐.&❡ ♣♦✉2
❛♠=❧✐♦2❡2 ❝❡&&❡ ?✉❛❧✐&=✳ ❉❡. =&✉❞❡. ♠❡♥=❡. ❬✺✻✱✺✼❪ ♦♥& ♠♦♥&2= ?✉❡ ❧✬✉&✐❧✐.❛&✐♦♥ ❞❡ ❧❛ ♣♦❧❛2✐.❛&✐♦♥
❝✐2❝✉❧❛✐2❡ ♣❡2♠❡& ❞✬❛✉❣♠❡♥&❡2 ❧❡ ❝♦♥&2❛.&❡ ❡& ❧❛ ❞✐.&❛♥❝❡ ❞❡ ✈✐.✐❜✐❧✐&=✳
◆♦✉. ♥❡ ❝♦♥♥❛✐..♦♥. H ♣2✐♦2✐ ♣❛. ❧❛ ❝♦♠♣♦.✐&✐♦♥ ❞❡. ♠✐♥❡. H ❞=&❡❝&❡2✳ ▲❡. ❞✐✛=2❡♥&. ♠❛&=2✐❛✉①
♥❡ ✈♦♥& ♣❛. ❞♦♥♥❡2 ❧❡. ♠K♠❡. 2=.✉❧&❛&. .✉2 ❧❡. ✐♠❛❣❡. ♣♦❧❛2✐.=❡.✳ ❊♥ ❡✛❡&✱ ❝❡2&❛✐♥. ♠❛&=2✐❛✉①
.♦♥& ♣❧✉. ❞=♣♦❧❛2✐.❛♥&. ?✉❡ ❞✬❛✉&2❡. ✭❧❡ ♣❧❛.&✐?✉❡ ❞=♣♦❧❛2✐.❡ ❞❛✈❛♥&❛❣❡ ❧❛ ❧✉♠✐A2❡ ?✉❡ ❧❡ ♠=&❛❧✮✳
❉❡ ♣❧✉. ❧❛ ♣❡✐♥&✉2❡ ❞♦♥& ✐❧. .♦♥& 2❡❝♦✉✈❡2&. ♣❡✉& ✐♥✢✉❡♥❝❡2 ❧❛ 2=♣♦♥.❡ H ❧❛ ❧✉♠✐A2❡ ♣♦❧❛2✐.=❡✳
❊♥✜♥ ❧✬=✈♦❧✉&✐♦♥ ❞❡. ♠✐♥❡. ❛✉ ❝♦✉2. ❞✉ &❡♠♣. ❡.& H =&✉❞✐❡2✳ ❊♥ ❡✛❡&✱ .✐ ❧❛ ♠✐♥❡ ♣❛..❡ ❜❡❛✉❝♦✉♣
❞❡ &❡♠♣. ❞❛♥. ❧✬❡❛✉✱ .♦♥ ❛.♣❡❝& ✈❛ ❝❤❛♥❣❡2 ✿ ❞=♣:& ❞❡ .❛❜❧❡✱ ❞✬❛❧❣✉❡.✱ ❞❡ ❝♦?✉✐❧❧❛❣❡✳ ▲❡. ♠✐♥❡.
❡❧❧❡. ♠K♠❡ ♣❡✉✈❡♥& ❥♦✉❡2 .✉2 ❧✬❡✣❝❛❝✐&= ❞❡ ❧❛ ♣♦❧❛2✐.❛&✐♦♥ ♣♦✉2 &2❛✐&❡2 ♥♦&2❡ ♣2♦❜❧A♠❡✳
■❧ ❢❛✉& ❛✉..✐ ❞=&❡2♠✐♥❡2 .✐ ♥♦&2❡ ❛❧❣♦2✐&❤♠❡ ♣❡✉& ❞=&❡❝&❡2 ❧❡. ♦❜❥❡&. ❞❛♥. ❧❛ ♣❧❛❣❡ ❞❡ ❞✐.&❛♥❝❡
❛✐♥.✐ ❝♦✉✈❡2&❡✳ ❊♥ ❡✛❡&✱ .✐ ❧✬♦❜❥❡& ❡.& ❞=&❡❝&= H ♣❧✉. ❣2❛♥❞❡ ❞✐.&❛♥❝❡✱ ♥♦✉. ♣♦✉✈♦♥. ❛❝?✉=2✐2 ❧❛
❝❡2&✐&✉❞❡ ❞❡ ❧❛ ♣2=.❡♥❝❡ ❞❡ ❧✬♦❜❥❡&✳
❉❡ ♣❧✉. .✐ ❧❡ ❝♦♥&2❛.&❡ ❡.& ❛♠=❧✐♦2=✱ ✐❧ ❢❛✉& =&✉❞✐❡2 ❞❛♥. ?✉❡❧❧❡ ♠❡.✉2❡ ❝❡❧❛ ✐♠♣❛❝&❡ ♥♦&2❡ ❛❧❣♦✲
2✐&❤♠❡✳ ▲❡. ❛❧❣♦2✐&❤♠❡. ❞❡ ♣2=&2❛✐&❡♠❡♥& ❡& ❞❡ ❞=&❡❝&✐♦♥ ♣❡✉✈❡♥& K&2❡ H ❛❞❛♣&❡2✳ V❛2 ❝♦♥.=?✉❡♥&✱
❧❡. 2=.✉❧&❛&. ♣❡✉✈❡♥& K&2❡ ♠♦❞✐✜=. ❞❡ ♠K♠❡ ?✉❡ ❧❡ &❡♠♣. ❞❡ ❝❛❧❝✉❧✳
▼❛(%!✐❡❧ . ❞✐0♣♦0✐(✐♦♥ ❡( (❡0(0 . ♠❡((!❡ ❡♥ ♣❧❛❝❡
❉❛♥. ❧❡ ❧❛❜♦2❛&♦✐2❡ ✈✐.✐♦♥ ❞❡ ❧✬■❙❊◆✱ ♥♦✉. ❞✐.♣♦.♦♥. ❞✬✉♥ ❜❛♥❝ ❞✬❡..❛✐ ❛✈❡❝ ❞✉ ♠❛&=2✐❡❧ ❞❡
&❡.& ♣♦✉2 ❛❝?✉=2✐2 ❞❡. ✐♠❛❣❡. ♣♦❧❛2✐.=❡.✱ ❞♦♥& ✉♥ ✏❛?✉❛2✐✉♠✑✳ ❉❛♥. ✉♥ ♣2❡♠✐❡2 &❡♠♣.✱ ♥♦✉.
❛❧❧♦♥. =&✉❞✐❡2 ?✉❡❧?✉❡. ✐♠❛❣❡. ❞✬♦❜❥❡&. ✭♣✐A❝❡ ❞❡ ♠♦♥♥❛✐❡✱ ♣♦❧②.&②2A♥❡✱ ♣❧❛.&✐?✉❡✮ ❛✜♥ ❞✬=&✉❞✐❡2
❧❡. ✐♠❛❣❡. ♣♦❧❛2✐.=❡. ❡& ❞✬✐♥&❡♥.✐&= ❝♦22❡.♣♦♥❞❛♥&❡.✳ ◆♦✉. =&✉❞✐❡2♦♥. ❧✬❡✛❡& ❞❡ ❧✬❡❛✉✱ ❞❡ ❧✬❡❛✉
❛✈❡❝ ❞✉ .❡❧ ❛✐♥.✐ ?✉❡ ❞✉ ❧❛✐&✳ ◆♦✉. =&✉❞✐❡2♦♥. ❛✉..✐ ❧❡. .✐❣♥❛&✉2❡. ♣♦❧❛2✐♠=&2✐?✉❡. ❞❡. ❞✐✛=2❡♥&.
♠❛&=2✐❛✉①✳ ◆♦✉. ♣♦✉22♦♥. ❝♦♠♠❡♥❝❡2 H 2=✢=❝❤✐2 ❛✉① ❛❧❣♦2✐&❤♠❡. H ♠❡&&2❡ ❡♥ ♣❧❛❝❡ ♣♦✉2 ❞=&❡❝&❡2
❡& ✐❞❡♥&✐✜❡2 ❛✉ ♠✐❡✉① ❧❡. ♦❜❥❡&.✳
▲✬■❙❊◆ ♣♦..A❞❡ ❛✉..✐ ✉♥ ❜❛..✐♥ ❞❛♥. ❧❡?✉❡❧ ♥♦✉. ♣♦✉22♦♥. =&✉❞✐❡2 ♥♦&2❡ .②.&A♠❡ ❞❛♥. ✉♥
✈♦❧✉♠❡ ❞✬❡❛✉ ♣❧✉. ✐♠♣♦2&❛♥&✱ ❛✈❡❝ ✉♥❡ ❞✐.&❛♥❝❡ ❝❛♠=2❛ ✲ ♦❜❥❡& ♣❧✉. ❣2❛♥❞❡✳ ❈❡. ♠❡.✉2❡. ♣❡2♠❡&✲
&2♦♥& ❞❡ ♥♦✉. 2❛♣♣2♦❝❤❡2 ❞❡ ❝♦♥❞✐&✐♦♥. 2=❡❧❧❡. ❞✬❛❝?✉✐.✐&✐♦♥ ❞❡. ✐♠❛❣❡.✳ ■❧ .❡2❛ ❞♦♥❝ ✐♥&=2❡..❛♥& ❞❡
❝♦♠♣❛2❡2 ❧❡. 2=.✉❧&❛&. ❞❡ ♥♦. ❛❧❣♦2✐&❤♠❡. .✉2 ❧❡. ✐♠❛❣❡. ❞✬✐♥&❡♥.✐&= ❡& .✉2 ❧❡. ✐♠❛❣❡. ♣♦❧❛2✐.=❡.✳
✶✺✷  ❊❘❙ ❊❈❚■❱❊❙
 !❡♠✐❡!% &❡%&%
◆♦✉& ❛✈♦♥& ❝♦♠♠❡♥❝- ♣❛/ ♣❧❛❝❡/ ✉♥❡ ♣✐2❝❡ ❞❡ ♠♦♥♥❛✐❡ ❞❛♥& ❧✬❛5✉❛/✐✉♠ /❡♠♣❧✐ ❞✬❡❛✉ ❝❧❛✐/❡✳
◆♦✉& ❛✈♦♥& 7❡&7- ♣❧✉&✐❡✉/& ♣♦❧❛/✐&❛7✐♦♥& ✿ ❧✐♥-❛✐/❡✱ ✈❡/7✐❝❛❧❡✱ ♦/✐❡♥7-❡ : ✹✺✝❡7 ❝✐/❝✉❧❛✐/❡✳ ❱✐&✉❡❧✲
❧❡♠❡♥7✱ ❧❡& ✐♠❛❣❡& ❛❝5✉✐&❡& ❡♥ ♣♦❧❛/✐&❛7✐♦♥ ❝✐/❝✉❧❛✐/❡ &♦♥7 ♣❧✉& ❝♦♥7/❛&7-❡& 5✉❡ ❧❡& ❛✉7/❡& ✐♠❛❣❡&
❛❝5✉✐&❡&✳ ◆♦✉& ♣/-&❡♥7♦♥& ✐❝✐ ❧✬✐♠❛❣❡ ❞✬✐♥7❡♥&✐7- ✭❝❢✳ ✜❣✉/❡ ✾✳✶✼✮ ❛✐♥&✐ 5✉❡ ❧✬✐♠❛❣❡ ❡♥ ❞❡❣/- ❞❡
♣♦❧❛/✐&❛7✐♦♥ ✭❝❢✳ ✜❣✉/❡ ✾✳✶✽✮ ❛&&♦❝✐-❡✱ ❞-✜♥✐❡ ♣❛/ ❧❛ ❢♦/♠✉❧❡ &✉✐✈❛♥7❡ ✿
DOP =
Ipara − Iperp
Ipara + Iperp
✭✾✳✾✮
♦G ■
♣❛"❛
/❡♣/-&❡♥7❡ ❧✬✐♥7❡♥&✐7- ❞✉ ❢❛✐&❝❡❛✉ ♣♦❧❛/✐&- ♣❛/❛❧❧2❧❡♠❡♥7 ❛✉ ❢❛✐&❝❡❛✉ ✐♥❝✐❞❡♥7 ❡7 ■
♣❡"♣
❧✬✐♥7❡♥&✐7- ❞✉ ❢❛✐&❝❡❛✉ ♣♦❧❛/✐&- ♣❡/♣❡♥❞✐❝✉❧❛✐/❡ ❛✉ ❢❛✐&❝❡❛✉ ✐♥❝✐❞❡♥7✳
❙✉/ ❧✬✐♠❛❣❡ ❞✬✐♥7❡♥&✐7-✱ ✜❣✉/❡ ✾✳✶✼✱ ❧❛ ♣✐2❝❡ ❞❡ ♠♦♥♥❛✐❡ ❡&7 ✈✐&✐❜❧❡ ♠❛✐& ❧❡& ❞-7❛✐❧& &❡ ❞❡✈✐♥❡♥7
&❡✉❧❡♠❡♥7✳ ❊❧❧❡ ❡&7 ♠❛&5✉-❡ ♣❛/ ❧❛ /-7/♦❞✐✛✉&✐♦♥✱ 5✉✐ ❛❥♦✉7❡ ✉♥ ✈♦✐❧❡ &✉/ ❧✬✐♠❛❣❡✳ ❙✉/ ❧✬✐♠❛❣❡ ❡♥
❞❡❣/- ❞❡ ♣♦❧❛/✐&❛7✐♦♥ ❛&&♦❝✐-❡✱ ✜❣✉/❡ ✾✳✶✽✱ ♥♦✉& ❛✈♦♥& /-✉&&✐ : ❢♦/7❡♠❡♥7 ❧✐♠✐7❡/ ❧❛ /-7/♦❞✐✛✉&✐♦♥✳
❆✐♥&✐ ❧❛ ♣✐2❝❡ ❡7 &❡& ❞-7❛✐❧& ❛♣♣❛/❛✐&&❡♥7 ♥❡77❡♠❡♥7✳
❋✐❣✉$❡ ✾✳✶✼ ✕ ■♠❛❣❡ ❞✬✐♥7❡♥&✐7-
◆♦✉& ❛✈♦♥& ❡♥&✉✐7❡ ❛❥♦✉7- ✉♥ ♣❡✉ ❞❡ ❧❛✐7 -❝/-♠- ❞❛♥& ❧✬❛5✉❛/✐✉♠✳ ❯♥ ✈♦❧✉♠❡ ❞❡ ✹✵ ♠▲ ❞❡ ❧❛✐7
❞❛♥& ✉♥ ✈♦❧✉♠❡ ❞❡ ✶✵▲ ❞✬❡❛✉ ♣❡/♠❡7 ❞❡ ❝/-❡/ ✉♥ ♠✐❧✐❡✉ ♣❧✉& 7✉/❜✐❞❡ 5✉❡ ❧✬♦❝-❛♥ ✿ ❧❡ ❝♦❡✣❝✐❡♥7
❞❡ ❞✐✛✉&✐♦♥ 7②♣✐5✉❡ ❞❡ ❧✬❡❛✉ 7✉/❜✐❞❡ ❡&7 ❞❡ 0.04 ❝♠✲✶ ❡7 ❧❡ ❝♦❡✣❝✐❡♥7 ❞❡ ❞✐✛✉&✐♦♥ ❞❡ ♥♦7/❡
♠-❧❛♥❣❡ ❡&7 ❞❡ 0.16 ❝♠✲✶✳ ❙✉/ ❧❡& ✜❣✉/❡& ✾✳✶✾ ❡7 ✾✳✷✵✱ ♥♦✉& ♣/-&❡♥7♦♥& /❡&♣❡❝7✐✈❡♠❡♥7 ❧✬✐♠❛❣❡
❞✬✐♥7❡♥&✐7- 7♦7❛❧❡ ❞❡ ❧❛ ♣✐2❝❡ ❞❛♥& ❝❡77❡ ❡❛✉ 7/♦✉❜❧❡ ❡7 ❧✬✐♠❛❣❡ ❡♥ ❞❡❣/- ❞❡ ♣♦❧❛/✐&❛7✐♦♥ ❝✐/❝✉❧❛✐/❡
❝♦//❡&♣♦♥❞❛♥7❡✳ ◆♦✉& ♣♦✉✈♦♥& ❝♦♥&7❛7❡/ 5✉❡ &✉/ ❧✬✐♠❛❣❡ ❞✬✐♥7❡♥&✐7- ❧❛ ♣✐2❝❡ ❡&7 : ♣❡✐♥❡ ✈✐&✐❜❧❡✱
♠❛&5✉-❡ ♣❛/ ❧❛ /-7/♦❞✐✛✉&✐♦♥ 7❛♥❞✐& 5✉❡ &✉/ ❧✬✐♠❛❣❡ ❡♥ ❞❡❣/- ❞❡ ♣♦❧❛/✐&❛7✐♦♥ ♥♦✉& ❞✐&7✐♥❣✉♦♥&
❥✉&5✉✬❛✉① ❞-7❛✐❧& ❞❡ ❧❛ ♣✐2❝❡✳
 ❊❘❙ ❊❈❚■❱❊❙ ✶✺✸
❋✐❣✉$❡ ✾✳✶✽ ✕ ■♠❛❣❡ ❡♥ ❞❡❣./ ❞❡ ♣♦❧❛.✐4❛5✐♦♥
◆♦✉4 ❛✈♦♥4 ❡✛❡❝5✉/ ✉♥ 5❡45 4✐♠♣❧❡ ❛✜♥ ❞❡ ✈/.✐✜❡. <✉❡ ❧❛ ♣.✐4❡ ❞❡ ❞/❝✐4✐♦♥ ❛♣.=4 ✉♥❡ ❝♦../❧❛5✐♦♥
❡45 ❢❛❝✐❧✐5/❡ ❛✈❡❝ ❧❡4 ✐♠❛❣❡4 ♣♦❧❛.✐4/❡4✳ ?♦✉. ❝❡❧❛✱ ♥♦✉4 ❛✈♦♥4 ❝.// ✉♥ ❝❡.❝❧❡ ❞❡ ❧❛ 5❛✐❧❧❡ ❞❡ ❧❛ ♣✐=❝❡✳
◆♦✉4 ❛✈♦♥4 ❝.// ✉♥ ✜❧5.❡ ❞❡ ❝♦../❧❛5✐♦♥ ?❖❋✳ ◆♦✉4 ❛✈♦♥4 ❢❛✐5 ❝♦../❧❡. ❝❡ ✜❧5.❡ ❛✈❡❝ ❧❡4 <✉❛5.❡
✐♠❛❣❡4 ♣./4❡♥5/❡4 ❝✐✲❞❡44✉4✳ ◆♦✉4 ♦❜5❡♥♦♥4 ❧❡4 ♣❧❛♥4 ❞❡ ❝♦../❧❛5✐♦♥ ♣./4❡♥5/4 4✉. ❧❛ ✜❣✉.❡ ✾✳✷✶✳
◆♦✉4 ♣♦✉✈♦♥4 .❡♠❛.<✉❡. <✉❡ ❧❡4 ✐♠❛❣❡4 ❞✬✐♥5❡♥4✐5/ ✭✜❣✉.❡4 ✾✳✷✶❛ ❡5 ✾✳✷✶❝✮ ♥❡ ♣❡.♠❡55❡♥5 ♣❛4
❞✬✐❞❡♥5✐✜❡. ❧❛ ♣✐=❝❡ ♣./4❡♥5❡ ❞❛♥4 ❧✬✐♠❛❣❡✳ ▲❡4 ✐♠❛❣❡4 ❡♥ ❞❡❣./ ❞❡ ♣♦❧❛.✐4❛5✐♦♥ ✭✜❣✉.❡4 ✾✳✷✶❜ ❡5
✾✳✷✶❞✮ ♣./4❡♥5❡♥5 ❞❡4 ♣✐❝4 ❞❡ ❝♦../❧❛5✐♦♥ <✉✐ ♣❡.♠❡55❡♥5 ❞❡ ♣.❡♥❞.❡ ✉♥❡ ❞/❝✐4✐♦♥ 4✉. ❧❛ ♣./4❡♥❝❡
❞❡ ❧❛ ♣✐=❝❡✳ ▲❡ ❧❛✐5 ❛❥♦✉5/ K ❧✬❡❛✉ ❝.// ✉♥❡ 5✉.❜✐❞✐5/ <✉✐ ❞/❣.❛❞❡ ✉♥ ♣❡✉ ❧❡ ♣❧❛♥ ❞❡ ❝♦../❧❛5✐♦♥
✭✜❣✉.❡ ✾✳✷✶❞✮ ♠❛✐4 ❧❡ ♣✐❝ ❡45 5♦✉❥♦✉.4 ♣./4❡♥5 ❡5 ❞/5❡❝5❛❜❧❡✳
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❏✉04✉✬5 ♣710❡♥/✱ ♥♦✉0 ❛✈♦♥0 /7❛✈❛✐❧❧1 0✉7 ▼❛/❧❛❜✳ ■❧ ❢❛✉/ ❝❡♣❡♥❞❛♥/ 7❛♣♣❡❧❡7 4✉❡ ❧❡0 /7❛✈❛✉①
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◆♦✉0 ❡♥✈✐0❛❣❡♦♥0 ❞♦♥❝ ❞❡ ❧❡0 ✉/✐❧✐0❡7 ♣♦✉7 7❡♥❞7❡ ♥♦/7❡ ❛❧❣♦7✐/❤♠❡ ❢❛❝✐❧❡♠❡♥/ ✉/✐❧✐0❛❜❧❡ 0✉7 ✉♥
❞7♦♥❡ ❛✉/♦♥♦♠❡✳
▲❡" ❝✐❜❧❡" ♣(♦❣(❛♠♠❛❜❧❡"
■❧ ❡①✐0/❡ ♣❧✉0✐❡✉70 /②♣❡0 ❞❡ ❝✐❜❧❡0 ♣7♦❣7❛♠♠❛❜❧❡0 4✉✐ ♣❡✉✈❡♥/ 0❡ 7❡❣7♦✉♣❡7 ❡♥ /7♦✐0 ❢❛♠✐❧❧❡0 ✿
❧❡0 ❝✐7❝✉✐/0 5 ❛7❝❤✐/❡❝/✉7❡0 ❣1♥17❛❧✐0/❡0✱ ❧❡0 ❝✐7❝✉✐/0 5 ❛7❝❤✐/❡❝/✉7❡0 ❞1❞✐1❡0 ❡/ ❧❡0 ❝✐7❝✉✐/0 5 ❛7❝❤✐✲
/❡❝/✉7❡0 ♣7♦❣7❛♠♠❛❜❧❡0 ❬✶✷✽❪✳
▲❡0 ❝✐7❝✉✐/0 5 ❛7❝❤✐/❡❝/✉7❡0 ❣1♥17❛❧✐0/❡0 ✉/✐❧✐0❡♥/ ❞❡0 ♣7♦❝❡00❡✉70 ❝♦♠♠❡ ♣❛7 ❡①❡♠♣❧❡ ❧❡0 ❈J❯✱
✏❈❡♥$%❛❧ (%♦❝❡++✐♥❣ ❯♥✐$✑ ❡/ ❧❡0 ●J❯✱ ✏●%❛♣❤✐❝❛❧ (%♦❝❡++✐♥❣ ❯♥✐$✑✳ ❈❡❧❛ ❧❡✉7 ❝♦♥❢C7❡ ✉♥❡ ❣7❛♥❞❡
✢❡①✐❜✐❧✐/1 ♣♦✉7 ❡①1❝✉/❡7 ❡✣❝❛❝❡♠❡♥/ ♣7♦❣7❛♠♠❡0 ❡/ ❧♦❣✐❝✐❡❧0✳ ▲❡✉7 ❝❛♣❛❝✐/1 ❞❡ ❝❛❧❝✉❧ ❛✉❣♠❡♥/❡
❛✈❡❝ ❧✬❛✉❣♠❡♥/❛/✐♦♥ ❞❡ ❧❛ ❢714✉❡♥❝❡ ❞❡ ❧✬❤♦7❧♦❣❡ ❡/ ❧✬✉/✐❧✐0❛/✐♦♥ ❞✉ ♣❛7❛❧❧1❧✐0♠❡✳
▲❡0 ❝✐7❝✉✐/0 5 ❛7❝❤✐/❡❝/✉7❡0 ❞1❞✐1❡0 ❝♦♥0✐0/❡♥/ 5 ❝♦♥❝❡✈♦✐7 ❞❡0 ❛7❝❤✐/❡❝/✉7❡0 0♣1❝✐✜4✉❡0 ♣♦✉7
❞❡0 ❛♣♣❧✐❝❛/✐♦♥0 ❜✐❡♥ ✐❞❡♥/✐✜1❡0 ❡♥ ✉/✐❧✐0❛♥/ ❞❡0 ❝✐7❝✉✐/0 ✐♥/1❣710 ❞✐/0 ❆❙■❈ ✭♣7♦❣7❛♠♠❛❜❧❡0 ✉♥❡
0❡✉❧❡ ❢♦✐0✮✳ ❈❡0 ❝✐7❝✉✐/0 ♣❡7♠❡//❡♥/ ❞✬♦❜/❡♥✐7 ✉♥❡ 7❛♣✐❞✐/1 ✐♠♣♦7/❛♥/❡✳ ▲❛ ✢❡①✐❜✐❧✐/1 ❞❡0 ❆❙■❈0
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❋✐❣✉$❡ ✾✳✷✵ ✕ ■♠❛❣❡ ❡♥ ❞❡❣./ ❞❡ ♣♦❧❛.✐4❛5✐♦♥
❡45 5.64 ❢❛✐❜❧❡ ♣✉✐4:✉✬✐❧4 4♦♥5 ❞/✈❡❧♦♣♣/4 ♣♦✉. ✉♥❡ 4❡✉❧❡ ❛♣♣❧✐❝❛5✐♦♥✳
▲❡4 ❝✐.❝✉✐54 ? ❛.❝❤✐5❡❝5✉.❡4 ♣.♦❣.❛♠♠❛❜❧❡4 ✭♣❛. ❡①❡♠♣❧❡ ❧❡4 ❋D●❆✱ ✏❋✐❡❧❞ D.♦❣.❛♠♠❛❜❧❡
●❛5❡ ❆..❛②✑✮ 4♦♥5 ✉♥❡ ❢❛♠✐❧❧❡ ✐♥5❡.♠/❞✐❛✐.❡✳ ❈❡4 ❝✐.❝✉✐54 4♦♥5 ❝♦♠♣♦4/4 ❞❡ ♣♦.5❡4 ❧♦❣✐:✉❡4✱ ❞❡
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♥E❝❡00❛✐)❡0✳ ❊♥ ❡✛❡>✱ ❜❡❛✉❝♦✉♣ ❞❡ ❢♦♥❝>✐♦♥0 ✏❞❡ ❜❛0❡✑ 0♦♥> ♣)♦♣♦0E❡0 ❞❛♥0 ▼❛>❧❛❜✳ ❈❡ ♥✬❡0> ♣❛0 ❧❡
❝❛0 ❡♥ ❧❛♥❣❛❣❡ ❈✱ ♣♦✉) ❧❡ ●'❯ ♦✉ ❡♥ ❱❍❉▲✱ ♣♦✉) ❧❡ ❋'●❆✳ ❉❡ ♣❧✉0✱ ❧❛ ❢❛❝✐❧✐>E ❞❡ ♣)♦❣)❛♠♠❛>✐♦♥
♥✬❡0> ♣❛0 ❧❛ ♠T♠❡✳
✶✺✽  ❊❘❙ ❊❈❚■❱❊❙
❆♥♥❡①❡$
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❆♥♥❡①❡ ❆
❈♦♠♣❛%❛✐'♦♥ ❡♥*%❡ ❧❡' ✜❧*%❡' ❆❙/❖❋✱
❆▼/❖❋✱ ▼❆❈❊✱ ❝♦♠♣♦'✐*❡ ❡*
'❡❣♠❡♥*7
❆✳✶ ▲❡ ♣&✐♥❝✐♣❡ ❞✉ ✜❧.&❡ ❆▼0❖❋
▲❡ ✜❧$%❡ ❆▼(❖❋✱ ✏❆♠♣❧✐&✉❞❡ ▼♦❞✉❧❛&❡❞ -❤❛/❡ ❖♥❧② ❋✐❧&❡4✑✱ ♣%-.❡♥$- ♣❛% ❆✇✇❛❧ ❡& ❛❧✳ ❬✶✸✶❪✱
❝♦♥.✐.$❡ 9 ♣♦♥❞-%❡% ❧❡ ✜❧$%❡ (❖❋ ❞❡ ❧❛ ❢❛<♦♥ .✉✐✈❛♥$❡ ✿
H(µ, ν) =
a|F (µ, ν)|exp(−jφ(µ, ν)
(b+ c|F (µ, ν)|+ d|F (µ, ν)|2)m
✭❆✳✶✮
❛✈❡❝ F ❧❛ $%❛♥.❢♦%♠-❡ ❞❡ ❋♦✉%✐❡% ❞❡ ❧✬✐♠❛❣❡ %-❢-%❡♥❝❡✱ a✱ b✱ c✱ d ❡$ d .♦♥$ ❞❡. ❢❛❝$❡✉%. ♣❡%♠❡$$❛♥$
❞❡ ❝❛❧❝✉❧❡% ✉♥ ✜❧$%❡ ❛❞❛♣$- ✭a = b = m = 1 ❡$ c = d = 0✮✱ (❖❋ ✭b = d = 0✱ a = c ❡$
m = 1✮ ♦✉ ❆▼(❖❋ ✭❛✉$%❡. ✈❛❧❡✉%.✮✳ ▲❛ ❞✐✈✐.✐♦♥ ♣❛% ✉♥❡ ❢♦♥❝$✐♦♥ ❞❡ ❧✬❛♠♣❧✐$✉❞❡ ❞✉ .♣❡❝$%❡ ❞❡
❧✬✐♠❛❣❡ %-❢-%❡♥❝❡ ♣❡%♠❡$ ❞✬♦❜$❡♥✐% ❞❡. ♣✐❝. ❞❡ ❝♦%%-❧❛$✐♦♥ -$%♦✐$.✳ ▲❡. %-.✉❧$❛$. ♦❜$❡♥✉. .✉% ❧❛
%❡❝♦♥♥❛✐..❛♥❝❡ ❞❡. ❧❡$$%❡. .❛♥. ❜%✉✐$ ♠♦♥$%❡♥$ G✉❡ ❝❡ ✜❧$%❡ ❡.$ $%H. ❞✐.❝%✐♠✐♥❛♥$ ✭❝❢✳ ✜❣✉%❡ ✺✳✶✹✮✳
❆✳✷ ▲❡ ✜❧.&❡ ▼❆❈❊
❆✳✷✳✶ $%✐♥❝✐♣❡ ❞✉ ✜❧/%❡
▲❡ ✜❧$%❡ ▼❆❈❊✱ ✏▼✐♥✐♠✉♠ ❛✈❡4❛❣❡ ❝♦44❡❧❛&✐♦♥ ❡♥❡4❣②✑ ❛ ♣♦✉% ❜✉$ ❞❡ ♠✐♥✐♠✐.❡% ❧✬-♥❡%❣✐❡
♠♦②❡♥♥❡ ❞✉ ♣❧❛♥ ❞❡ ❝♦%%-❧❛$✐♦♥✱ $♦✉$ ❡♥ ❝♦♥$%❛✐❣♥❛♥$ ❧❛ ✈❛❧❡✉% G✉❡ ❞♦✐$ ❛✈♦✐% ❧❡ ♣✐❝ ❞❡ ❝♦%%-❧❛$✐♦♥
❬✶✶✷❪✳ (♦✉% %❡♠♣❧✐% ❝❡. ❝♦♥❞✐$✐♦♥.✱ ❧❡ ✜❧$%❡ ❞♦✐$ ❛✈♦✐% ♣♦✉% ❡①♣%❡..✐♦♥ ✿
H = D−1S(S¯D−1S)−1c¯ ✭❆✳✷✮
❛✈❡❝ D ✉♥❡ ♠❛$%✐❝❡ ❞✐❛❣♦♥❛❧❡ ❞❡ $❛✐❧❧❡ d×d ✭d -$❛♥$ ❧❡ ♥♦♠❜%❡ ❞❡ ♣✐①❡❧. ❞❛♥. ❧✬✐♠❛❣❡✮ ❝♦♥$❡♥❛♥$
.✉% ❧❛ ❞✐❛❣♦♥❛❧❡ ❧✬-♥❡%❣✐❡ ❞❡. ♣✐①❡❧. ❞❡. .♣❡❝$%❡. ❞❡. ✐♠❛❣❡. %-❢-%❡♥❝❡.✳ S ❡.$ ✉♥❡ ♠❛$%✐❝❡ ❞❡ $❛✐❧❧❡
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♥❡ .♦♥$ ♣❛. ❝♦♥$❡♥✉❡. ❞❛♥. ❧❡ ✜❧$%❡ ✭③♦♥❡. ❆ ❡$ ❈✮ ♥❡ .♦♥$ ♣❛. %❡❝♦♥♥✉❡.✳ ◆♦✉. ♣♦✉✈♦♥. ❛✉..✐
❝♦♥.$❛$❡% G✉❡ ❧❡. ♣❡%❢♦%♠❛♥❝❡. ❞❡ ❝❡ ✜❧$%❡ .❡ ❞-❣%❛❞❡♥$ ❧♦%.G✉❡ ❧❡. ✐♠❛❣❡. ❝✐❜❧❡. .♦♥$ ♣❡%$✉%❜-❡.
♣❛% ❞✉ ❜%✉✐$✳ ◆♦✉. ❛✈♦♥. $❡.$- ❧❛ %♦❜✉.$❡..❡ ❛✉ ❜%✉✐$ ❜❧❛♥❝ ✭✜❣✉%❡ ❆✳✷✮ ❡$ ❛✉ ❜%✉✐$ $❡①$✉%- ✭✜❣✉%❡
❆✳✸✮✳
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❝♦♥1❡♥❛♥1 ✶✵ 25❢52❡♥❝❡.
❆✳✸ ❘♦❜✉'(❡''❡ ❛✉ ❜+✉✐( ❞✉ ✜❧(+❡ ❆❙1❖❋
◆♦✉. ❛✈♦♥. 1❡.15 ❧❛ 2♦❜✉.1❡..❡ ❞✉ ✜❧12❡ ❆❙@❖❋ .✉2 ❧❛ 2❡❝♦♥♥❛✐..❛♥❝❡ ❞✬✐♠❛❣❡. ❜2✉✐15❡. ❝♦♠✲
♣❛2❛1✐✈❡♠❡♥1 ❛✉① 25.✉❧1❛1. ♦❜1❡♥✉. ❛✈❡❝ ❧❡. ✜❧12❡. ❝♦♠♣♦.✐1❡ @❖❋✱ .❡❣♠❡♥15 @❖❋ ❡1 ❆▼@❖❋✳
@♦✉2 ❝❡❧❛✱ ♥♦✉. ❛✈♦♥. ✉1✐❧✐.5 ❧❡. ✐♠❛❣❡. .✉2 ❧❡.I✉❡❧❧❡. ✉♥ ❜2✉✐1 ❜❧❛♥❝ ❛ 515 ❛❥♦✉15 ✭❝❢✳ ✜❣✉2❡ ❆✳✹✮
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P (t) = S + tV ✭❉✳✶✮
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"❛②♦♥ ,❡ ❝❛❧❝✉❧❡ ❛✈❡❝ ❧❛ ❢♦"♠✉❧❡ ✿
t = −
L.S
L.V
✭❉✳✷✮
❯♥ )"✐❛♥❣❧❡ ❡,) ❞+✜♥✐ ♣❛" ,❡, )"♦✐, ,♦♠♠❡), ✿ P0✱ P1 ❡) P2✳ ❆ ❧✬❛✐❞❡ ❞❡ ❝❡, ,♦♠♠❡), ❡) ❞❡
❧❛ ♥♦"♠❛❧❡ N ❛✉ )"✐❛♥❣❧❡✱ ♦♥ ♣❡✉) ❝❛❧❝✉❧❡" ✉♥ ✈❡❝)❡✉" F ✹ ❞✐♠❡♥,✐♦♥, ✿ L =< N,−N.P0 >✱ /✉✐
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w2
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=
1
Q21Q
2
2 − (Q1Q2)
2
(
Q22 −Q1Q2
−Q1Q2 Q
2
1
)(
RQ1
RQ2
)
❛✈❡❝ Q1 = P1 − P0
❛✈❡❝ Q2 = P2 − P0
❛✈❡❝ R = P − P0
✭❉✳✸✮
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w1 + w2 ≤ 1
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ABSTRACT
In this paper, we explore the use of optical correlation-based recognition to identify and position underwater
man-made objects (e.g. mines). Correlation techniques can be defined as a simple comparison between an
observed image (image to recognize) and a reference image; they can be achieved extremely fast. The result
of this comparison is a more or less intense correlation peak, depending on the resemblance degree between
the observed image and a reference image coming from a database. However, to perform a good correlation
decision, we should compare our observed image with a huge database of references, covering all the appearances
of objects we search. Introducing all the appearances of objects can influence speed and/or recognition quality.
To overcome this limitation, we propose to use composite filter techniques, which allow the fusion of several
references and drastically reduce the number of needed comparisons to identify observed images. These recent
techniques have not yet been exploited in the underwater context. In addition, they allow for integrating some
preprocessing directly in the correlation filter manufacturing step to enhance the visibility of objects. Applying
all the preprocessing in one step reduces the processing by avoiding unnecessary Fourier transforms and their
inverse operation. We want to obtain filters that are independent from all noises and contrast problems found
in underwater videos. To achieve this and to create a database containing all scales and viewpoints, we use as
references 3D computer-generated images.
Keywords: Automatic target recognition, underwater optical images, fast correlation-based methods, composite
filter.
1. INTRODUCTION
In underwater mine warfare, unmanned underwater vehicles (UUVS) are used as a complement to divers,
to detect mines and eventually destroy them. Currently, Remotely Operated Vehicles (ROVs) are used. They
typically have a sonar and a camera. They require the constant attention of an operator and they have a short
range since they are tethered to a mothership. Thus the planed evolution to ROVs are Autonomous Underwater
Vehicles (AUVs). In a typical mine hunting scenario, the mothership uses its sonars to study an area in order to
detect and classify mines. Once mines have been detected, ROVs are launched to perform an identification and
eventually destroy the mine. During the transit to the target, the vehicles are guided by their sonar. When close
to the mine, video can be used. Because of the reduced visibility in the underwater medium, the range at which
video is usable is limited to a few meters only. Video is used to detect, localize and identify the underwater
object. The specificities of the underwater medium such as light absorption and scattering lead to images with
noise, no contrast and unusable color information. Depending on the location and the recording environment
(like water turbidity), these effects can be more or less accentuated in the images. For these reasons, and because
correlation is sensitive to these problems, images need preprocessing. Our studies concern a system that is able
to perform detection, localization and identification at same time while preprocessing images. Moreover, we add
a constraint on the processing time: we want a real-time process.
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Research on pattern recognition has been carried out for various purposes like handwritten, fingerprint or
face recognition, to name only a few well-known ones. Recognition is a difficult problem since there are many
objects to identify and lots of points of view of them and imaging conditions can modify their appearance. In
this article, we compare a few methods, selected according to criteria like the processing time and the number
of required operations, the idea being to provide elements justifying the choice behind our own approach.
Our paper is organized as follows. First, we present the setting, the studied targets and the context of under-
water optical imaging. Then we expose the state of the art and discuss our choice of using optical correlation-
based methods to recognize underwater objects. We explain our integrated preprocessing features to improve
target images without increasing processing time, our filter manufacturing and our decision of trying the use of
computer-generated images instead of underwater images. Finally we present first results obtained with data
acquired at sea that seem to validate our approach.
2. CONTEXT OF STUDY
2.1 Use of video in the underwater environment
Video is used in several applications. Some are briefly developed here.
A first category is visual servoing. For some biological surveys applications, it is required to follow fishes.
The fish must be kept in the center of the image recorded by the camera.1 This application needs to have a
robot that is able to adapt to the speed of the fishes and to their orientation changes. Cables and pipes following
is another example.2
A last example is station keeping:1 the robot modifies its position depending on the chosen feature displace-
ment, which is measured in comparison with its initial position.
Target recognition is the second application of video, as in the case with mine warfare, but also the retrieval
of lost objects, such as flight recorders.
2.2 Underwater image
In underwater imaging, visibility is a major problem. It varies from about 30 m in very clear water to about
0.75 m in very turbid water like a harbor water.
The received image IR is the addition of the attenuated image IA, the forward scattered image IFS and the
backscattered component IBS :
3
IR = IA + IFS + IBS (1)
The light attenuation increases exponentially with distance (according to the Beer-Lambert law) and limits
visibility. The backscattered component corresponds to the light that has been reflected by particles towards the
video camera (see Figure 1). This hides objects present in the scene. The forward scattered component is the
light reflected by the object that has been diffused by particles on its way back to the camera, which produces
blurred images (see Figure 1).
Figure 1. Diagram of the light propagation in an underwater medium
It is possible to add artificial lighting in the scene; this increases the visibility range but it produces a
non-uniform lighting. Video detects also particles on which light is reflected, called marine snow.1
These consequences of the underwater medium are annoying, especially backscattering that is the most
important effect. Thus underwater images need preprocessing.
2.3 Studied targets
The studied targets are underwater mines (Figure 2). There are many kinds of mines. In this work we focus
on three of them: spherical mines (Figure 2-a), cylindrical mines (Figure 2-b) and Manta mines (Figure 2-c) (the
Manta mine is a truncated cone).
Figure 2. Grayscale images representing three studied targets that come from underwater videos: a spherical mine (a), a
cylindrical mine (b) and a Manta mine(c)
3. IMAGE RECOGNITION METHODS: A BRIEF STATE OF ART
Pattern recognition is a problem which has received a great deal of attention in the literature. The purpose
of this paper is not to give an exhaustive review of all existing methods. In this paragraph, we expose a few
methods selected according to criteria like short time processing and the ability to provide the location and/or the
orientation of the mine. First we expose methods that have already been used for underwater target recognition
purposes. Then we expose some other methods used in other fields, which could have the potential of being
adapted for the underwater environment.
Some methods applied on underwater images are based on contours analysis. Thales’s module for underwater
mine detection preprocesses images before applying segmentation to extract contours.4 These contours are
compared with lines and ellipses, to keep only man-made object contours. The center of contours determines the
mine location. To identify a mine, they compare the mine shape with reference shapes and they correlate this
information with navigational information, in order to obtain a measure of match quality. We do not use this
method because it needs contours extraction and processing of these contours: in the underwater environment,
the contours may be too faintly visible for the match to be good.
In their article,5 Olmos et al. suggest and validate a method that consists in distinguishing man-made objects
from natural objects in underwater videos. Therefore, they extract edges with a Canny detector and a measure
of uniformity which consists in comparing the uniformity of the intensities of each side of the contour. Assuming
that man-made objects have straight edges, they use lengths, regularity and the number of found contours to
classify natural and man-made objects. As the previous method, this one needs a Canny edge detector. This
detector may not be able to find all the interesting contours in very noisy images.
Bazeille et al. identify known objects with color analysis.6 They base their studies on the Beer-Lambert
law and showed that a color has a set of compatible colors in the underwater medium. Their algorithm has a
training step to find the compatible color range of a known object (through a logarithmic transform and principal
analysis component). Then it analyzes image pixels to search objects. Since we have color and grayscale images,
we cannot use exclusively color-based methods.
Underwater imaging is also used for tracking. Trucco et Plakas made a review of some recent papers.2 We can
note that developed methods are essentially applied to mosaics, cables and pipes following or positioning. These
methods are based on Hough transforms, on corner detection, and on correlation-based algorithms. Hough
transform-based methods need another processing to analyze results that may complicate a system. Hough
transforms are essentially based on contours, which, as we said above, may be too faintly visible in the image.
Corner detectors “lock” on any feature of the image where the gradient is strong in any direction. Any feature
such as text painted on the object will be caught by the corner detector. Since the presence of such features is
unpredictable, it makes corner detectors hard to use for image recognition.
All existing pattern recognition methods have not yet been applied to underwater target recognition. There-
fore, we look after some other methods from terrestrial applications.
In a recognition application for vehicles in terrestrial images, Olson et al. proposed an approach based on
the use of both edge maps of images and references.7 They compare the position and the gradient of pixels from
the input image to the position and the gradient of pixels from references. The decision is based on a threshold
on the number of corresponding pixels. This method has two drawbacks: it needs a good edge detection method
and it does comparison on a per-pixel basis.
In another approach, Cole et al. proposed a method adapted to Lego pieces recognition.8 Therefore, they
have a database divided in classes. Each class represents one Lego piece and contains an average image and a
cluster image. Each image to identify is compared to average images with a normalized cross correlation and a
threshold. Then the image is compared to clusters with which there might be a match to obtain the name of the
Lego piece. This method needs two comparisons: the first one with a huge database and the second one with a
reduce database that leads to the decision.
In the Ref. 9, Schiele and Crowley use color histogram matching to recognize objects. The first step is to
calculate the color image histograms. Then they compare them to reference histograms with a χ2 test. Different
tests9 prove that this method is robust to orientation change, scale change, partial occlusion and viewing point
change. This method is a simple, robust, and has a short processing time. But it depends on color and light
intensity, that are underwater image problems.
SpikeNet is a real-time method, developed by Thorpe et al.10,11 They have developed a very fast program
that simulates neuron network with very few parameters, to recognize faces. The first version of their algorithm
has four steps: a step to know at which state the image pixel correspond to (by analogy with the retina which
have two states of its cells: on and off), two steps to recognize contour orientations and then specific features that
the program had learnt and a final step to analyze results. Following this version, they proposed an optimized
version that is able to recognize all kinds of objects if learnt specific features contain oriented structures. This
method needs a good contour visibility and objects from which we can extract specific features. In our case, this
means specific features for each mine, each orientation and each scale and as a consequence a huge database of
reference features.
In the same category, Viola and Jones used the AdaBoost classifier to rapidly detect faces in grayscale
images.12 They select some classifiers that they assemble in a cascade. Thus they achieve a low error rate on
their training database. The drawback to this approach is that AdaBoost, like neural-network-based methods,
is of the black box kind: it is hard to debug.
4. THEORETICAL JUSTIFICATION: WHY CORRELATION?
4.1 Choice
As shown in part “context of study” (part 2, p. 2), in the water medium, color is attenuated and objects’
color changes on each video. Moreover, in our studies, we have color images as well as grayscale images. Thus
color methods6 cannot be used. Schiele and Crowley’s method9 is not able to provide orientation information.
We do not use methods based on edge maps7 and/or binary images.5 Indeed, noise present in images affects
object contours. These are not clear in all images, which can perturb recognition results.
For these reasons, we chose the correlation method. It compares an image to a reference image. The presence
of a correlation peak indicates the resemblance and therefore the mine’s orientation with respect to the video
camera. The correlation peak location also gives the location of the mine in the image. This method mainly
recognizes contours that can be obtained from grayscale images. Recognition can be obtained even if entire
contours are not visible in the studied image.
4.2 Correlation
Correlation is a signal and image processing method that compares a target image with a reference image.
The result of this comparison is a more or less intense correlation peak, depending on the resemblance degree
between these two images. Mathematically, correlation can be written:
c(x0, y0) = h(x0, y0) ∗
c s(x0, y0) (2)
c(x0, y0) =
∫ ∫ +∞
−∞
h∗(x, y)s(x+ x0, y + y0)dxdy (3)
where “c” is the result of the correlation operation, “∗c” is the correlation product,“∗” is the complex conjugate
operator, “h” is a filter or reference, “s” is the image to analyze, “(x0, y0)” are spatial coordinates and “(x,y)”
are integration variables. The correlation operation can be expressed with a Fourier transform:
C(µ, ν) = H∗(µ, ν).S(µ, ν) (4)
where µ and ν are the coordinates in the frequency plane, C, S and H∗ are the respective Fourier transforms
of functions c, s and h∗.
The classical matched filter13 has been modified by introducing information in order to obtain some robustness
to noise or orientation change for instance.14 Here we develop only three filters: classical matched filter,13 phase
only filter (POF)15 and optimal trade-off filter (OT filter).16 Other filters have been developed, in the literature,
like the binary phase only filter17 and the inverse filter.18 These filters, expressed in the Fourier plane, may then
replace “H∗” in equation 4.
The most known filter is the classical matched filter (FCMF ) defined in the Fourier plane as:
13
FCMF (µ, ν) =
αS∗(µ, ν)
B(µ, ν)
(5)
where “S∗(µ, ν)” denotes the complex conjugate of the reference, “B” the spectral density of the background
and “α” is a constant. This filter is robust but has a low discriminating power.14
The phase only filter (FPOF ) is defined in the Fourier plane as:
15
FPOF (µ, ν) =
S∗(µ, ν)
|S∗(µ, ν)|
(6)
where “|S∗(µ, ν)|” is the module of the reference spectrum. This filter gives a sharp correlation peak, it is
very discriminative15 but also noise sensitive.
The optimal trade-off filter (FOT ) is defined in the Fourier plane as:
16
FOT (µ, ν) =
S∗(µ, ν)
αB(µ, ν) + (1− α)|S∗(µ, ν)|2
(7)
From now on, in this article, we will use only the POF filter. Since we need a discriminative filter. We don’t
use the OT filter because in order to obtain good performances we have to know the spectral density of the
background which must be very close to the one in the actual images.19 In underwater applications, it is very
difficult to know the spectral density of the background because of the ocean floor, turbidity and all noises that
perturb an image and vary throughout the video.
Correlation is extremely fast. The fast Fourier transform takes O(n log(n)) arithmetical operations20 and
each image multiplication takes O(n2) arithmetical operations, where n is one of the two size of the image to
analyze (here, we suppose that image is a square image).
To perform a good correlation decision, we should compare our image with a huge database of references,
covering all the appearances of mines. Using the filter defined previously, this operation takes a lot of time
(proportional to the number of references). To overcome this problem, we use at first the classical composite
filter techniques14 and the POF technique. In future works, we plan to use an optimized version of the composite
filter called the segmented composite filter.21 The classical composite filter technique used in this work consists
in linearly adding several references (Figure 3): first each reference image is Fourier transformed. Then we add
all the reference spectra to obtain a composite filter in the Fourier domain.
One problem we can meet when using this technique, is a saturation problem. The values stored in the filter
are quantized in a fixed amount of values, e.g. 255 for 8-bits images. If there are too many references, this
Figure 3. Composite filter technique
maximum value will be reached and adding another reference to the filter will not allow to recognize it in an
image. To overcome this problem, we can use the segmented filter technique. In this latest method, the fusion
of different references is performed according to a segmentation criterion. This criterion consists in dividing the
Fourier plane into separate areas: a first area is common to the different spectra, where the different images have
similar spectra (these areas being more or less important depending on the degree of resemblance between the
reference images), and other areas are specific to the reference image spectra (for each area, specific information
to the reference image spectrum is introduced).
Figure 4. Segmented filter technique
The correlation method has some drawbacks, which can be annoying like the non-robustness to noise, rotation
and scale modifications or the fact that it considers only one point of view. Objects can be seen with any point
of view and they can have any scale, depending on distance between the object and the video camera. Therefore,
we have a huge database of references. Composite filter techniques allow reducing the database size and therefore
the number of needed operations. The result of the correlation indicates the resemblance degree between the
object and the reference image thus we obtain orientation information. The location of the correlation peak
gives the location of the object in the image. The method also allows for inserting information in filters. Indeed,
in the algorithm, we multiply the target image spectrum and the filter spectrum in the Fourier domain. The
“context of study” section of this paper (part 2, p. 2) shows that underwater images cannot be used in the
raw state and need preprocessing. Many of preprocessing we need have to be performed in the Fourier domain.
It is possible to integrate them directly into filters and reduce the whole processing time by avoiding several
Fourier transforms. Moreover, the correlation method has some advantages like its small computation time and
robustness to translation.
Optical correlation is cheap and efficient technique. It is also possible to implement correlation using optical
hardware, by using either the Vander Lugt13 or the Weaver and Goodman setup.22 A hardware implementation
has the advantage of being extremely fast compared to a digital implementation. However, it is less reconfigurable
and also more expensive, thus not desirable when used aboard one-shot mine destruction vehicles. As a result,
only a digital implementation of correlation has been considered.
5. CORRELATION APPLIED TO UNDERWATER MINE RECOGNITION
Our algorithm is divided in several steps (Figure 4).
Figure 5. Our algorithm diagram
We have an oﬄine part that consists in preprocessing reference images and compositing them to create filters.
The second part of our algorithm consists in preprocessing images. Then we perform correlation by multiplying
filters and the preprocessed image. We apply the PCE criterion (part 5.5, p. 9) to decide if searched mines are
in the studied image.
5.1 Preprocessing
To save processing time, images are resized to suppress navigational information. To suppress the moire´ effect,
we suppress the high frequencies corresponding specifically to the moire´ pattern in the spectrum as proposed by
Sidorov and Kokaram.23 The moire´ effect is due to the use of analog cameras; it can be avoided by the use of
digital cameras.
To enhance the contrast of the images, we implement the preprocessing algorithm described in Ref. 24. From
the initial image, we apply a low pass filter to create a low pass image. This low pass image will be used twice.
Firstly, it will be subtracted to the initial image to suppress backscattered light in the additive model. Secondly,
it will divide the initial image in order to suppress the illumination component in the illumination-reflectance
model. After clipping values, final image is the result of the division or the result of the subtraction function of
the gradient of each image.
Figure 6. before (left) and after (right) contrast enhancement
5.2 Phase images and filtering with a Gabor wavelet
To efficiently recognize objects, we work on grayscale images where the information is related to contours.
However, contrarily to typical contour-based methods, we do not threshold a gradient, but use the phase of the
image. Edges correspond to sharp phase change while information contained by the amplitude are not interesting
in our case.25 Using the phase is a way to avoid any thresholding: indeed, thresholding is a problem when the
signal to noise ratio for the edge strength is low, as is the case for underwater images. To achieve this, we work
on the Fourier domain. It is the processed image, once processed in the Fourier plane, that can be expressed as:
I = r.eiθ. The amplitude information is contained by r and the phase information by the exponential function.
To keep only the phase information, all values are divided by their amplitude: I = eiθ.
Since there is still some noise, we use a band pass created with a Gabor wavelet: f(x) = cos( 2pix
λ
)e−
x
2
σ
2 , where
“λ” is the wavelength and “σ” is the standard deviation of the Gaussian exponential function. This operation
remove some noise but the edges are not as straight as in the phase image. To solve this problem we combine
these two images by addition.
Figure 7. initial image (top left), phase image (top right), phase and wavelet image (bottom left), combination of phase
image and wavelet image (bottom right)
On Figure 7, there are images of different steps of our preprocessing. We can notice the apparition of contours
in the phase image. The wavelet image filters some noise but edges are not as sharp as in the phase image. The
combined image has advantages of the phase image and the wavelet image: we can see quite sharp edges and
less important noise.
5.3 Introduction of preprocessing in the filter step
Suppressing the moire´ effect, normalizing the amplitude, filtering by a wavelet, is all done in the Fourier
domain. All these operations could be done one after the other before computing the Fourier transforms of the
images. But, since the Fourier transform is linear, it is much more efficient to do them in one step directly after
computing the Fourier transform of the image, which is already needed to do the correlation.
5.4 Sector filter
Composite filter techniques allow for reducing the database size by grouping several reference images in a
single filter. However, as we want to know the mine orientation, we use sector filters. This approach means
that we divide the reference database into so-called sectors: one sector contains several reference images that
represent the mine under orientations that are close to each other, and with one scale. There is one filter per
sector. Thus, the presence of the correlation peak will indicate the presence of the mine, its orientation and its
approximate location.
To create filters, we automatically assemble close reference images obtained by computing edges of reference
images. The criteria used to assemble two references are the size and the orientation of the mine shape. For
each image in the reference database, we compare the mine size and its orientation to reference mines that have
already been studied. If the values of the criteria are close to the criteria of an already processed image, we add
this image to the corresponding filter. If it does not correspond, we create a new filter. This way, it is possible
to use a huge reference database. These filters are created oﬄine and once for all.
5.5 Decision with the PCE criterion
To measure the performance of our correlation algorithm, we need a method to evaluate the resemblance.
We have chosen the peak to correlation energy (PCE) criterion:
PCE =
correlation peak energy
correlation plane energy
(8)
This criterion evaluates energy contained in the correlation peak, in comparison to energy contained in the
correlation plane.
There are other existing criteria like the signal to noise ratio or the Horner efficiency.18
PCE criterion varies depending on each correlation plane. It needs some modifications. Indeed, the PCE
criterion is not a normalized criterion. Thus PCE values can strongly vary from one video to another and
according to the implemented algorithm. To compare different methods, some normalization is needed. This
could be done with the normalized cross correlation that use as normalization tools the local mean and the
standard deviation of the image and of each reference image.
6. IMAGES FROM VIDEOS AND COMPUTER GENERATED IMAGES
It is not advisable to use reference images extracted from videos, since those images will be corrupted by
noise and not necessarily visible from all orientations and angles. Also, the background is also present, which
is a problem when trying to correlate the reference with an observed image. As a result, we decided to use
computer-generated images as references. This choice is guided by the fact that computer-generated images are
independent from noise and provide us with all scales and all viewpoints we want. Thus, we obtain an extensible
database: for each mine we are able to create images for each scale and each point of view.
Figure 8. A computer-generated image of a Manta mine
The use of several colors and light gives more details when we perform the contour image. With more details,
it is easier to discriminate objects when these details are to be detected in videos. We first create a computer-
generated images based database representing the Manta mine. For future works, we will generate database for
the spherical and the cylindrical mines.
7. FIRST RESULTS
7.1 Results obtained with filters created with images from videos
As a first, quick experiment, we created filters with images from a video sequence to recognize the Manta
mine from image 650 to image 850. On Figure 9, we can notice that filters do indeed recognize these images.
Images around image 1700 have PCE values indicating some degree of recognition as well. This result could be
expected since the appearance of the mine in this place is close to the appearance of the mine contained in filters.
The black line represents the comparison of Manta based filters and a video of a cylinder mine. Obtained values
of PCE means that the mine is not recognized as a Manta mine.
Figure 9. Results obtained with filters created with images from videos
7.2 Results obtained with filters based on computer-generated images
We created five filters with computer-generated images that represent the main mine appearances we can
see in the studied video. Each filter contains five reference images. Between two reference images there is an
angle difference of 2◦. Figure 10 shows that the mine is recognized almost everywhere it is present in the video.
However, in images located from 1200 to 1400, there is no mine but we see the video camera and it is recognized
as a mine by the system. The cylinder mine is not recognized as a Manta mine. This is explained by the fact
that the Manta mine is mainly view as a circle or a cone and there is no view of the circular side of the cylinder
in the video used to obtain these results.
7.3 Results
Our algorithm has been run using Matlab, version R2007a. The computer we use is a Intel Core 2 Quad
CPU cadenced at 2.66GHz.
Table 1. Results
Method Video images based sector filters Computer-generated images based sector filters
Number of filters 5 5
Execution time 0.7s per image 0.4s per image
Recognition rate 50.4% 79.5%
No detection rate 49.6% 20.5%
Error rate 6% 15%
False detection rate 0% 2.9%
The recognition rate and the no detection rate correspond to the number of images containing a mine that
have been correctly or not identified in comparison to the total number of images containing a mine. The error
rate corresponds to images containing another type of mine identified as a manta mine in comparison to the
Figure 10. Results obtained with filters created with computer-generated images
number of studied images. The false detection rate corresponds to images without mines that have been identified
as an image containing a mine, in comparison to the number of images that does not contain a mine.
In these examples, the decision threshold was manually set at 0.01 to achieve a good tradeoff between the
recognition rate and the false alarm rate. In Table 1, the error rate has been obtained using a video where the
circular side of the cylindrical mine is presented. That is not the case of the video used to record the Figures 9 and
10. These results are encouraging: they validate the use of the correlation method and composite filter techniques
to automatic target recognition in the underwater medium. Moreover, the use of computer-generated images to
create filters provides good recognition rates. Error rates are low since there are few images representing the
spherical side of the cylinder mine. Seen from some point of views, spherical mines, Manta mines and cylindrical
mines have almost identical appearances and this can produce errors.
8. CONCLUSION
Our aim is to realize an algorithm that is able to detect, identify and locate underwater mines with a short
processing time. Orientation information is important too. With these criteria, we chose the correlation method,
in comparison with other methods selecting on these criterion.
To obtain a short processing time we have integrated preprocessing that need a Fourier transform in the
filter step. This integration avoids several Fourier transforms and their inverse. To correlate the images with a
huge database in a short execution time, we use composite filter techniques which drastically reduce the size of
the database. First results seem to validate the use of this technique. Moreover, the use of computer-generated
images to create filters is validated by recognition of the mine in videos.
To optimize our filters and recognition, we have several opportunities like the use of a segmentation criterion
to composite our filters instead of adding reference images. We will look after a decision criterion since the PCE
criterion provides us a decision but without normalization, we cannot compare different methods.
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ABSTRACT 
In this paper, we propose a new technique for rotation invariant recognition and tracking of the face of a target person in 
a given scene. We propose an optimized method for face tracking based on the Fringe-adjusted JTC architecture. To 
validate our approach, we used the PHPID data base containing1 faces with various in-plane rotations. To enhance the 
robustness of the proposed method, we used a three-step optimization technique by: (1) utilizing the fringe-adjusted filter 
(HFAF) in the Fourier plane, (2) adding nonlinearity in the Fourier plane after applying the HFAF filter, and (3) using a new 
decision criterion in the correlation plane by considering the correlation peak energy and five largest peaks outside the 
highest correlation peak.  Several tests were made to reduce the number of reference images needed for fast tracking 
while ensuring robust discrimination and efficient of the desired target. 
Keywords: correlation, nonlinear fringe-adjusted JTC, face recognition. 
1. INTRODUCTION 
Correlation is a robust and efficient pattern recognition technique widely studied in the literature [1]. Correlation based 
discrimination measures the degree of similarity between a target image (image to be recognized) and a reference image 
(belonging to a known database). Two families of architectures are used by most researchers to implement the 
correlation technique: (1) the VanderLugt Correlator (VLC) [2] and (2) the Joint Transform Correlator (JTC) [3].  
In this paper, we utilize the JTC-based correlation architecture for the proposed face tracking system as it is more 
suitable for near real time operation. In addition, the proposed system must be robust to changes in in-plane rotation of 
the face while ensuring accurate discrimination between multiple targets. Our objective is to track the face of person in a 
given scene.  
To enhance the performance of the proposed tracking system, we used an optimized version of the JTC architecture, 
namely the fringe-adjusted JTC [4]. In addition, nonlinearity is introduced in the Fourier plane of the fringe-adjusted JTC 
correlator. Special attention is given to establishing an optimized correlation based decision criterion an adaptive version 
of the enhanced peak-to-correlation energy is proposed and validated. Finally, test results are presented to verify the 
effectiveness of the proposed technique. 
1. ANALYTICAL MODELING 
 
The JTC correlation architecture has been described in detail in the literature, but we briefly review the principle of JTC  
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architecture in this paper. For more information, we invite the reader to consult the many works proposed and validated 
in this area by several researchers and groups working in this field, such as [1-4]. 
In a JTC, the known reference image "r" and the unknown input scene "i" (image to be recognized) are displayed side-
by-side in the input plane of the correlator. This plane can be represented mathematically by function "f" described in Eq. 
(1). To simplify its mathematical representation, we consider only a shift distance "x0" along the x axis between the 
target image and the reference image.  
 
 f(x, y) = i(x + x0, y) + r(x í x0, y) (1)  
 
After applying Fourier transform to Eq. (1) i.e., the input plane, we can record the intensity or the joint power spectrum 
(JPS) using a square law device such as a CCD detector array. In a classical JTC [3], an inverse Fourier transform of the 
JPS yields the correlation output in the output plane. This correlation output contains two important items: (1) a central 
autocorrelation peak, and (2) two crosscorrelation peaks corresponding to the correlation between image "i" and image 
reference "r". These two crosscorrelation peaks are located on either side of the central zero-order peak at a distance 
proportional to "x0". 
 
To optimize this basic architecture, Alam et al. [4] proposed to introduce a real-valued filter, fringe-adjusted filter (HFAF), 
in the Fourier plane of the correlator, defined as 
 
       2,, ,, QPQP QPQP RA BHFAF   (2)  
 
where “R” denotes the intensity corresponding to the Fourier transform of the reference image, “B” is a constant or a 
function used to control the gain, and “A” is a function used for avoiding the pole problem and/or reducing the effects of 
noise. Before discussing the results obtained with this fringe-adjusted JTC architecture, we present the application 
considered in this paper. Our application consists in recognizing and tracking a face that changes according to different 
rotation angles as shown in Fig. 1. The system proposed in this paper should allow robust tracking and discrimination of 
a face turning in different rotation angles ranging from -90° to +90°. 
 
Figure 2 presents the results obtained with fringe-adjusted JTC using a single reference image to construct the filter HFAF 
(the face of the subject presented in Fig. 1 without rotation). The reference image is introduced on one side of the input 
plane. The background is defined as information outside a square around the face in the reference image considered. 
Then we display the target image on the other side of the input plane. The target faces are obtained from the database 
presented in Fig. 1, one at a time starting from -90 ° to +90° in a sequential manner.  
 
 
Figure 1. Examples of facial rotation (-90 ° to +90 °). Subject number (1), Base PHPID [6]. 
 
We initialize the system with a known reference image, i.e., the subject's face (number 1) to be tracked so that initial 
position of subject’s face is known. By comparing this reference face with the target image, we ascertain the presence or 
absence of the subject (number 1) in the target image and the position of the subject's face in the target image. 
Thereafter, only the information around the position of the face is selected in this target image.  
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To do this, we multiply the target image with a filter equal to "1" around the position of the face found and "0" 
elsewhere. Afterwards, we introduce the preprocessed image as the reference image in the fringe-adjusted JTC input 
plane. Then a new target image (subject number 2) is introduced in the input plane and the process is repeated until all 
images from the database are processed.  
 
 
Figure 2. Results obtained with a classical FJTC using only one reference image position without any rotation in the HFAF 
Filter to define the background noise.   
 
With the various tests performed by using this algorithm, we have identified a tolerance rotation angle equal to 15° 
between the target image and reference image in which the correlation remains robust. Beyond this value between the 
reference and target images, the correlation becomes less robust and may lose track of the subject's face. With a tolerance 
angle equal to 15°, the tracking problem of a person with in-plane rotation (between -90 and +90°),  consists of 
correlating "13" airs of images: (-90, -75), (-75 , 60), ..., (-15, -0), (0, +15) ... (+60, +75), and (+75, +90).  
 
The tracking results of subject number (1) are shown in Figure (2) (blue curve). The PCE criterion was used for decision 
making in the correlation plane [7]. Figure 2 also shows the results when subject number 2 i.e., undesirable subject is 
present in the input scene (false alarm: red curve). The results depicted in Fig. 2 show that the proposed fringe-adjusted 
JTC yields good results. However, for some cases, the values of the two cases are too close for a making robust system. 
 
To optimize the performance of the fringe-adjusted JTC system, we propose to utilize an adaptive fringe-adjusted filter 
(HFAF) in the Fourier plane [8]. In this technique, the background noise is calculated for each reference. For this purpose 
and after finding the position of head in the target image at time t0, we multiply the target image with a filter equal which 
has a value of 0 around the position of the face and "1" elsewhere. One can also replace the 0 value with the average of 
the values around the 0 value zone.  
 
The target image obtained at time t0, becomes the reference image at time t1 in the proposed tracking system. Thereafter, 
we introduce the preprocessed image as the background noise in the fringe-adjusted filter formulation. The results 
obtained after the first iteration is shown in Fig. 3 which clearly shows that the adaptive fringe-adjusted JTC improved 
the discrimination performance when compared to the first case.  
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To further increase the performance of the proposed system, we propose to incorporate a decision criterion in the 
correlation plane. Moreover, we applied the k-th power nonlinearity to the fringe-adjusted JPS, where k is a real and 
positive number. The optimization procedure is described in the following section. 
 
2. TEST RESULTS 
 
To increase the performance of our system we carried out two other optimizations:  
 
1) Enhanced PCE decision criterion (P): we propose to take into account the correlation peak energy as well 
as the five highest peaks excluding the highest correlation peak. The Enhanced PCE decision (P) criterion 
is defined as 
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(3)  
 
where (i0,j0) denote the position of the correlation peak, C(i,j) denotes the value of the correlation plane at 
point (i,j), t is set to the number of neighboring pixels used around the considered peak, (ik,jk)  are  the 
positions of five highest peaks excluding the correlation peak, and (N,M) denote the size (in pixels) of the 
considered correlation plane.  
 
 
Figure 3. Results obtained using the adaptive fringe-adjusted JTC. 
2) The second optimization performed incorporated in the fringe-adjusted filter involves adding nonlinearity 
in the Fourier plane of the correlator [5] such that 
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 k
NL FF   (4)  
 
where F represents the filtered fringe-adjusted JPS. After several tests in our laboratory, we set the value 
of k to 0.75.   
 
Figure 4 shows the different test results obtained with our tracking system based on an optimized fringe-adjusted JTC. 
By comparing the results presented in Figs. 1 and 4, it is evident that that the proposed technique yields better 
discrimination. Indeed the difference between the two curves (red and blue) is larger.  
 
3. CONCLUSION 
In this paper we proposed and validated the first version of a robust tracking system based on the fringe-adjusted JTC 
architecture. By choosing a tolerance rotation angle of 15° (rotation between the target image and the reference image), 
we considerably reduced the number of correlations necessary and therefore increased the processing speed of the 
system. Moreover, the adaptive decision criterion used in the output plane minimized the number of false correlation 
peaks in the correlation plane thus reducing the false alarms. Finally, the addition of nonlinearity in the Fourier plane 
makes it possible to adapt or find a compromise between the robustness and discrimination of our tracking system by 
changing the value of parameter k. 
 
 
Figure 4. Results obtained with a non-linearity in the Fourier plane of the FA-JTC and the new criterion 
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We suggest a new type of optimized composite filter, i.e., the asymmetric segmented phase-only filter
(ASPOF), for improving the effectiveness of a VanderLugt correlator (VLC) when used for face identifica-
tion. Basically, it consists in merging several reference images after application of a specific spectral
optimization method. After segmentation of the spectral filter plane to several areas, each area is as-
signed to a single winner reference according to a new optimized criterion. The point of the paper is
to show that this method offers a significant performance improvement on standard composite filters
for face identification. We first briefly revisit composite filters [adapted, phase-only, inverse, compromise
optimal, segmented, minimum average correlation energy, optimal trade-off maximum average correla-
tion, and amplitude-modulated phase-only (AMPOF)], which are tools of choice for face recognition based
on correlation techniques, and compare their performances with those of the ASPOF. We illustrate some
of the drawbacks of current filters for several binary and grayscale image identifications. Next, we
describe the optimization steps and introduce the ASPOF that can overcome these technical issues
to improve the quality and the reliability of the correlation-based decision. We derive performance mea-
sures, i.e., PCE values and receiver operating characteristic curves, to confirm consistency of the results.
We numerically find that this filter increases the recognition rate and decreases the false alarm rate. The
results show that the discrimination of the ASPOF is comparable to that of the AMPOF, but the ASPOF is
more robust than the trade-off maximum average correlation height against rotation and various types of
noise sources. Our method has several features that make it amenable to experimental implementation
using a VLC. © 2012 Optical Society of America
OCIS codes: 070.0070, 100.3008, 100.5010, 100.5090.
1. Introduction
Intense interest in optical correlation techniques
over a prolonged period has focused substantially
on the filter designs. These techniques represent a
powerful tool for a wide range of applications like tar-
get tracking, identification, and classification. These
applications require real-time processing, must be
robust to several perturbations, e.g., face rotation,
and should be insensitive to noise. The optical corre-
lation technique is a good candidate for very fast
recognition systems. However, the principle of corre-
lation based on a comparison between the target im-
age and a correlation filter makes this method not
robust to rotation. One of the techniques used to
overcome this problem is the composite filter, i.e.,
it contains information coming from multiple images.
Based on the composite technique, the overall goal
of this line of research is to develop and optimize a
1559-128X/12/142638-13$15.00/0
© 2012 Optical Society of America
2638 APPLIED OPTICS / Vol. 51, No. 14 / 10 May 2012
novel filter for the VanderLugt correlator (VLC) used
in face recognition [1] that is able to fulfill the above
requirements and can handle a large database. In
this study, we use different faces with several view-
points from the Pointing Head Pose Image Database
(PHPID) [2]. The results will show the impact of
using the fusion criterion permitted to assign a single
reference to each filter pixel. Moreover, thanks to the
symmetry property of the spectrum, the number of
real references in the composite filter is increased.
This has improved significantly the decision making
process.
Following this brief introduction, we have divided
the rest of the paper as follows. A general overview
of optical correlation methods is given in Section 2,
providing technical details for the system under con-
sideration and a connection to earlier ideas. In
Section 3, we present a number of relevant examples
to illustrate our strategy for improving the effective-
ness of the VLC using the asymmetric segmented
phase-only filter (ASPOF). This face recognition algo-
rithm was compared to a whole set of composite cor-
relation filters: all systemswere trained and tested on
the same images. Our conclusion is that the increase
of performance obtained with the ASPOF indicates
that we were able to propose and validate a new com-
posite correlation filter, allowing us to increase
considerably the number of references to be incorpo-
rated in one filter. The receiver operating character-
istic (ROC) curves allow us to distinguish between
the good recognition and the true nonrecognition
values based on an optimized peak-to-correlation en-
ergy (PCE) criterion. Finally, we draw our conclusions
in Section 4.
2. Some Preliminary Considerations and Relation to
Previous Work
The optical correlation method can be traced back
to the pioneering research in the 1960s [1,3]. This
method consists of comparing a target image and a
reference image that comes from a database. This
comparison leads to correlation peak in the correla-
tion plane. This correlation peak is more or less
intense, depending on the degree of resemblance be-
tween the target and reference images. To optimize
recognition, several filters created from the reference
image have been studied [4–6]. However, the correla-
tion approach, which needs to compare the target
image with a large number of reference images in or-
der to increase its robustness, is time consuming. To
reduce the processing time, several composite filters
have been developed [6–11].
Over the past decade, there has been a resurgence
of interest, driven by recognition and identification
applications [12–16], of the correlation methods. For
example, Alsamman andAlam [16] demonstrated the
good performances of the correlation method com-
pared to all numerical ones based on the independent
component model. Another significant example in
this area of research is the work by Romdhani et al.
[17], which compared face recognition algorithms
with respect to those based on correlation. These re-
ferences are far from a complete list of important
advances, but fortunately the interested reader can
easily trace thehistorical evolutionof these ideaswith
Kumar’s review paper [7], Yu and Jutamulia’s book
[6], Tribillon’s book [18], and the chapter by Alfalou
and Brosseau containing an extensive bibliography
in [4]. According to the above considerations, our goal
is to propose and validate a new robust and discrimi-
nating composite correlation filter that is able to in-
clude a large set of training images into this filter,
which allows one to deal with the diversity of facial
expressions as input information. To proceed further,
we begin with a brief overview of the VLC method.
Next,wewish to specify thedefinition of standardper-
formance measures that will be used to compare
filters.
A. VLC
In this study, we consider only the VLC scheme, and
we focus on the design of a new type of optimized
composite filter. The VLC was preferred to the joint
transform correlator [19–22] because it allows exploi-
tation of all the finite bandwidth in the input plane
[23]. Figure (1) illustrates a simplified schematic of
the VLC [1,4]. It is based on the multiplication be-
tween the spectrum, obtained by Fourier transform-
ing the target image [Fig. 2(a)], with a correlation
filter made from the Fourier transform (FT) of a re-
ference image and placed in the Fourier plane. The
correlation plane is obtained from FT−1 of the pro-
duct of both spectra. This results in a more or less
intense central correlation peak depending on the de-
gree of similarity between the target object and the
image reference. Many approaches for designing the
correlation filter can be found in the literature ac-
cording to the specific objects that need to be recog-
nized [4,6,18,24].
B. Performance Measures for Filter Design
In order to quantify the correlation plane by the cor-
relation of a filter and a test image, different cor-
relation plane performance measures were used
[25,26]. We choose the PCE criterion [25,26], which is
defined by
PCE  !Energy in the correlation peak"∕
!overall in the correlation plane". (1)
Fig. 1. (Color online) Schematic of the principle of the VLC
scheme.
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In other words, the PCE must be interpreted as the
weight of the output signal (correlation peak) in the
correlation plane relative to noise. In practice, one
should take into account the width of the correlation
peak in the calculation of the PCE. In what follows,
PCE will be evaluated as
PCE  
Xx x0!t
x x0−t
Xy y0!t
y y0−t
jC#x; y$j2∕X
x N
x 1
Xy M
y 1
jC#x; y$j2; (2)
where (x0, y0) denote the position of the correlation
peak, C#x; y$ denotes the value of the correlation
plane at point #x; y$, t is set to the number of neigh-
boring pixels used, and #N;M$ denote the size (in pix-
els) of the correlation plane. A distinct advantage of
the PCE is that it permits evaluation of the relative
importance of the correlation peak with reference to
the noise of the correlation plane.
Among standard measures for parametrizing the
correlator performances, the ROC curve, which al-
lows the characterizing of the binary classifiers, was
selected [27]. The ROC curve can be represented by
plotting the fraction of true positives out of the posi-
tive true positive rate (TPR, or sensitivity) versus the
fraction of false positives out of the negative false
positive rate (FPR, or 1− specificity). We find it can
be more useful to consider adapted ROC curves [27].
We fix a weight according to the relative position of
the PCE with respect to threshold. We shall consider
ten zones separating the threshold and the maxi-
mum PCE values obtained for a target face and affect
the weight  0.1 for the first zone, 0.2 to the second
zone, and so on.
3. ASPOF: A Spectral Optimized Filter
The preceding analysis demonstrates the impact of a
reduced number of correlations to obtain a reliable
decision by using a composite filter. However, this fil-
ter needs to be optimized so that it can permit a mer-
ging of a large number of reference images within a
given filter. For that purpose we suggest a new com-
posite filter, the ASPOF. The ASPOF is an optimized
version of the segmented correlation filter [8]. Our
algorithm has been extensively tested by comparing
its performance with those of several composite
filters [28].
A. Segmented Composite Filter
The main idea behind the segmented composite filter
(SPOF) is that the high saturation regions of the re-
ference images are suppressed. Briefly stated, this is
achieved through two steps [8]. First, a segmentation
of the spectral plane of the correlation filter is rea-
lized into several independent regions. Second, each
region is assigned to a single reference. This assign-
ment is done according a specific energy criterion
Elu;vP
i; j
Eli; j
>
<
Eku;vP
i; j
Eki; j;
(3)
whereElu;v denotes the energy on the pixel #u; v$ of the
reference image (l) in the spectral domain. This criter-
ion compares the energy (normalized by the total en-
ergy of the spectrum) for each frequency of a given
reference with the corresponding energies of another
reference. Assignment of a region to one of the two
references is done according Eq. (3). Hence, the SPOF
contains frequencies with the largest energy.
B. ASPOF Algorithm
A serious limitation of the SPOF is that the regions
to which the winning references are assigned become
smaller as the similarity between the reference
images is increased. This effect eventually leads to
isolated pixels. This issue can be critical since this
paper deals with training sets of reference images
bearing a strong resemblance, i.e., database obtained
by rotating images within the range (−90°, !90°),
and we want to increase the number of reference
images in the filter. Our optimizing method from
the six-step scheme that defines the ASPOF follows.
(i) We first separate the reference image base
(fRi 1…Ng, where N denotes the number of used re-
ferences), into two subclasses: one, fR1i g, which con-
tains the reference images with i  1; 3; 5;…; N − 1,
and the other one, fR2i g, deals with the other indices
i  2; 4; 6;…; N (Fig. 3).
(ii) Next, in stage (ii), two segmented filters are
constructed, using an similar analysis method to
[29], for the two subclasses, H1SPOF and H
2
SPOF.
(iii) Selection and assignment optimized criterion
used for segmentation of the Fourier plane for both
filters are realized as follows:
H1SPOF  
8>>><
>>>:
Spectlu;v if
Elu;vP
i;j
El
i;j
≥ a
Eku;vP
i;j
Ek
i;j
with l ∈ '0; N − 1(
Not affected otherwise
. (4)
Fig. 3. (Color online) Technique used to classify the reference
images in two subclasses.
Fig. 2. Illustrating the saturation effect: (a) three 8 bit grayscale
images. (b) Image obtained by a classical linear combination of the
three images shown in (a). (c) Image obtained using an optimized
merging (spectral segmentation).
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Here Spectlu;v is the spectrum of the reference Rl at
position  u; v! and Elu;v is the energy of the reference
Rl at the position  u; v!. The constant a (here set to
1.2) is a pixel assignment coefficient. Basically, it
means that the pixel of the filter is assigned to a gi-
ven reference if and only if its energy relative to spec-
tral position  u; v! is larger than the energies of all
other references multiplied a times. Otherwise, it
is not assigned. In Eq. (4), the usefulness of the coef-
ficient a is motivated by the fact that sometimes
there exist areas of the spectral plane that are very
similar. Thus, by introducing this coefficient a, these
areas are not assigned to any spectrum according to
the segmentation criterion [Eq. (4)]. These areas will
be assigned according the neighborhoods of each
spectrum (Fig. 4). A similar operation for the second
filterH2SPOF is applied using the spectra of the second
subclass and considering again Eq. (4).
(iv) In this procedure, unclassified pixels, i.e., those
that do not satisfy Eq. (4), are assigned to one of the
two spectra by looking at their closest neighbors
(Fig. 4) in order to avoid isolated pixels. An isolated
pixel represents a pixel of a spectrum l that is sur-
rounded by pixels of the spectrum k. Isolated pixels
are detrimental to the segmented filter’s perfor-
mance, the effect being more and more important as
the number of references that define the filter is in-
creased. Faced with several options for the purpose
of decreasing this effect, we chose the following
scenario. The assignment of pixels that do not satisfy
Eq. (4) is realized according the schematic illustration
depicted in Fig. 4. This figure shows different situa-
tions; e.g., in Figs. 4(a) and 4(b) the considered pixel
is surrounded by pixels of only one spectrum.
Hence, the pixel is assigned to this spectrum. In
another situation, Fig. 4(c) illustrates the case of a
pixel surrounded by pixels belonging to the two spec-
tra. In this case, the algorithm searches for the im-
mediate neighborhood (3 × 3 pixels) of the pixel, and
the rule is to assign this pixel to the spectrum that
has the largest number of pixels. Figure 4(d) repre-
sents an example in the case that the surrounding
environment of the considered pixel contains exactly
the same number of pixels for the two spectra. In this
case, the algorithm searches for the spectrum that
has the largest number of pixels in an enlarged
neighborhood, i.e., 5 × 5 pixels.
(v) Next, the assignment step is repeated. Inter-
estingly, we observed that a single iteration is
necessary for letters.
(vi) Next, H1SPOF is multiplied with a symmetric
filter [denoted as filter1 1∕0! in Fig. 5], and H
2
SPOF
is multiplied with the corresponding filter2 0∕1! in
Fig. 5. Finally, we sum the two filters in the Fourier
plane. Overall, the ASPOF can be described by
HASPOF " p1H
1
SPOFfilter1 # p2H
2
SPOFfilter2, with p1
and p2 being two coefficients. In the following we will
study the effect of these two numbers on the perfor-
mance of the ASPOF.
C. ASPOF Parameterization
Two kinds of parameter were considered. On the one
hand, to illustrate how t in Eq. (2), i.e.,  2t# 1!2 pix-
els are required for the calculation of the PCE, can
impact the correlation performances, we consider the
letter A (with rotations between −90° and 90°) and
compare the performances of the phase-only filter
(POF), SPOF, amplitude-modulated phase-only filter
(AMPOF), and ASPOF. The fabrication of these fil-
ters was realized using with ten references, i.e., bin-
ary images of the letter A and ten rotation angles.
Figure 6 compares the PCE resulting from correlat-
ing the letters A and V with the four composite fil-
ters. Taking t " 1 pixel [Fig. 6(a)], the ASPOF is
found to be very discriminating. One way to increase
the robustness of the ASPOF is to increase t. It can be
seen that the ASPOF shows the best compromise
between robustness and discrimination factor when
?? ?
? ? ? ?
?
?
S  = Spectre 
l
S  = Spectre 
k
(a) (d)(c)(b)
Isolated pixel not assigned: 
before
Isolated pixel assigned: 
after
k
l
Fig. 4. (Color online) Optimized assignment procedure for
isolated pixels.
H
1
SPOF
H2
SPOF
H
1
SPOF H
2
SPOF
Asymmetric Segmented Phase Only Filter
Filter  (1/0)
1
0
0
11
Filter   (0/1)2
Fig. 5. (Color online) Merging technique based on the Fourier
plane symmetry property.
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t  10. For t larger than 10, the discrimination
quality decreases [Fig. 6(d)]. In the following, t is
set to 10. On the other hand, we further show how
p1 and p2 can influence the performances of the AS-
POF. Figure 7(a) shows the PCE values with
p1  p2  1, where we choose the same illustrating
example as above. By a trial and error method, we
found that the best performances were obtained by
taking p1  2 and p2  1.5 [Fig. 7(b)].
D. Composite Filters Used for Comparison with the
ASPOF
In this subsection, we will review various composite
filters in order to select some of them [POF, SPOF,
AMPOF, and trade-off maximum average correlation
height (OT-MACH)] that will be compared with the
ASPOF in order to demonstrate its robustness and
its good discrimination. We first study the effect of
the background. We considered different classical
composite filters (the full list is shown in Table 1).
A detailed comparative study of the discrimination
and robustness performances for standard composite
correlation filters employed for face recognition is
presented in the supplementary material [28].
As expected, the adapted composite filter is robust
against rotation and not discriminating. Moreover,
Fig. 6. (Color online) PCEs obtained with ten-reference POF, SPOF, AMPOF, and ASPOF. (a) t  1, (b) t  5, (c) t  10, and (d) t  20.
Fig. 7. (Color online) PCEs obtained with a ten-reference ASPOF
and t  10 pixels. (a) p1  p2  1, (b) p1  2 and p2  1.5.
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its low discriminating character is more and more
visible as the number of references is increased.
Our findings suggest that the composite POF is quite
robust but not very discriminating; see Figs. 8 and 9.
For obtaining these figures, we have correlated dif-
ferent rotations (from −90° to 90°) of the A and V
letters with different composite POF filters using dif-
ferent rotations of the letter A as reference images.
As seen in Fig. 8, the different PCE data show that
the correlation values have an average PCE value
larger than 3 × 10−3. It is important to point out that
the PCE values obtained from the correlation of
the letter V correlated with the same filters have an
average value less than 10−3 and support the conclu-
sions reported in [30]. In addition, a composite POF
shows robustness to noise, especially when the noise
is clearly identified. However, we find that the energy
contained in the correlation peak decreases signifi-
cantly, i.e., the PCE is decreased by a factor of 3 when
using a POF containing three references by contrast
with a POF realized with a single reference (Fig. 8).
This supports also the conclusions made in [30].
Figure (8) shows that, for an 11-reference POF, the
PCE is decreased by an order of magnitude that
renders unreliable the decision on the letter identi-
fication. Beyond 11 references, the weakness of the
magnitude of the PCE makes the recognition of the
images forming the filter very difficult. This is partly
due to the saturation. Indeed, when the number of
training images is large, saturation occurs because
the correlation filter is pixelated, i.e., since each pixel
is encoded with a fixed number of bits, increasing the
latter has the effect of slowing down the filtering
process and thus increasing the required memory
space. To overcome this saturation limitation, the
SPOF was proposed and validated in [8]. To further
show the interest in using a segmented filter with
respect to the saturation problem that affects the clas-
sical composite filter, we show in Fig. 2(b) the 8 bit im-
age of the sum (without segmentation) of the three
spectra corresponding to the reference images
[Fig. 2(a)]. Figure 2(c) shows the corresponding sum
with segmentation [8]. Our calculations clearly indi-
cate that the image with segmentation shows signifi-
cantly less saturation than that obtained without
segmentation.
For comparison, we performed simulations for a bi-
narized composite POF [28]. Overall, the behavior of
this kind of filter is very similar to that of a POF,
albeit with smaller performances. We should notice
that this conclusion is similar to that noted by
Mohammed et al. in [31]. The low performances of
the binarized POFare confirmed by a comparison be-
tween the results obtained by Mohammed et al. [31]
and those reported by Rahman et al. [30].
Overall, we found that the composite POF has a
good robustness against rotation but has a low dis-
crimination. To look at the discrimination of compo-
site filters in more detail, we shall consider the
inverse composite filter. Such a filter shows a strong
discriminating ability and a low robustness against
small changes of the target image with respect to the
reference image [28]. Figure 10 presents the correla-
tion results obtained for different rotations of the let-
ter A and several inverse filters. This leads to the
conclusion that this inverse composite filter is not
well adapted for the composite architecture.
Next, testing the compromise optimal filter, we ob-
served that its composite version is robust to noise
when the latter is clearly identified [28]. We also ob-
served that the optimal trade-off (OT) filter is not ro-
bust to image rotation when the images are noisy,
Table 1. Different Composite Filters Used in This Studya
Composite Filter Notation
Adapted filter HcompAd
POF H1compPOF , H
2
compPOF
Binary POF H1compBPOF , H
2
compBPOF
Inverse filter HcompIF
Compromise optimal filter HcompOT
Segmented filter H1SPOF, H
2
SPOF
Segmented binary filter H1BSPOF, H
2
BSPOF
MACE filter HcompMACE
AMPOF HcompAMPOF
aHcompAd denotes the adapted composite filter. It is realized
by considering a linear combination of reference images and
using the adapted filter definition. HComp POF is the POF
composite filter. We tested two different schemes for realiz-
ing the composite POF filter. In the first scheme (H1compPOF ), a
linear combination of reference images was used to create
the POF. The second scheme (H2compPOF ) involves performing
the POF for each reference and using the linear combination
of these POFs.H1comp BPOF and H
2
compBPOF are the binarized
versions of the filters H1compPOF and H
2
compPOF , respectively.
The composite inverse filter HcompIF is the inverse filter of
the linear combination of reference images. The optimal
composite filterHcompOT is realized by linearly combining re-
ference images. H1compSPOF denotes the segmented filter rea-
lized by doing segmentation and assignment with the
energy criterion. The calculation of filter H2compSPOF is done
by replacing the energy with the square of the real part
of the different references spectra to be merged. HcompMACE
is the composite filter of the minimum average correlation
energy (MACE) filter. HcompAMPOF is the composite version of
the AMPOF.
Fig. 8. (Color online) PCEs obtained with the composite POF. The
colors shown in the key denote the different filters as a function of
the number of references used.
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especially if the noise cannot be explicitly evaluated;
see Fig. 11 (different versions of this filter were con-
sidered in [28]).
The MACE filter was also studied [11,32]. Its cor-
relation performance is good when the target image
is similar to one of the reference images; see Region B
in Fig. 12. Nevertheless, the robustness of this filter
is very poor since the correlation peak disappears in
Regions A and C (Fig. 12). In [33], Iftekharuddin et al.
proposed and validated an optimized MACE filter,
the amplitude coupled MACE filter, that is robust to
rotation. However, like the classical MACE filter, the
optimized version is also sensitive to noise, especially
to structured noise.
Next, the AMPOF [34,35] was considered because
it is high discriminating performance. Awwal et al.
[35,36] suggested an optimization of the POF filter
based on the following idea: the more the spectrum
of the Fourier plane can be flattened, the sharper will
be the correlation peak. These authors introduced
the AMPOF (HAMPOF). As shown in our tests [28], the
AMPOF is not robust to rotation and is weakly ro-
bust to noise. However, the AMPOF is found to have
significantly superior correlation discrimination
capability. In [37], Iftekharuddin et al. studied a
discretized version of the AMPOF. The resulting
filter has good recognition performances of a noisy
object. In addition, the good discrimination perfor-
mances of the AMPOF led Iftekharuddin et al. [38] to
introduce an amplitude-modulated inverse filter
(AMIF) that is robust to Gaussian white noise. But,
the AMIF is very sensitive to face rotation. Thus, we
considered this AMPOF in order to compare it with
our new ASPOF. This is to highlight the good discri-
minatory performance of our ASPOF. Another filter
that was considered in this study is the OT-MACH
filter [39,40]. From these different comparisons, the
POF, AMPOF, and the MACH composite filters were
selected for the comparison of correlation perfor-
mances with our optimized ASPOF.
E. Performance Criterion Adapted to the ASPOF
Here we will modify the definition of the PCE, i.e.,
Eq. (2), since we assumed that only a single correla-
tion peak is considered and that the filter that led to
the correlation peak contains the total energy. These
assumptions should be reconsidered for the ASPOF.
Only half of the energy of the output plane is asso-
ciated with each filter since the ASPOF is composed
of two distinct filters. On the other hand, each filter
leads to a correlation peak. Hence, for various situa-
tions, two correlation peaks can appear in the output
plane [see, e.g., Fig. 13(a)]. To circumvent the pro-
blem connected to the energy lowering of the correla-
tion peak with the ASPOF, i.e., only half the filter
plane is used, the correlation peak magnitude could
be multiplied by a factor of 2. However, this “trick” is
insufficient. In fact the asymmetry feature of this fil-
ter leads to a correlation between the target image
and a part of our filter, while there is intercorrelation
Fig. 9. (Color online) Discrimination results: (a) the target image is the letter V. (b) PCEs obtained with a filter fabricated with reference
images of letter A. The colors shown in the key denote the different filters as a function of the number of references used.
Fig. 10. (Color online) PCEs obtained with the inverse composite
filter. The colors shown in the key denote the different filters
against the number of references used.
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with the second part. This can be observed in Fig. 13,
which shows three correlation planes of the target
image defined by the letter A.
As is apparent in Fig. 13, no correlation peaks are
visible with the composite filters and AMPOF. How-
ever, it should be noted that the correlation plane
Fig. 12. (Color online) PCEs obtained with a ten-reference MACE when the target images are noiseless. Several examples of the rotated
letter A are shown at the bottom of this figure. The inset shows two correlation planes. (Right) Autocorrelation obtained without rotation.
(Left) Intercorrelation obtained with the letter A oriented at −75°.
Fig. 11. (Color online) (a) Illustrating the letter A with additive background noise. (b) Same as in (a) with a rotation angle of −50°. (c) Il-
lustrating the letter A with structured noise. (d) Same as in (c) with a rotation angle of 50°. (e) Illustrating the letter A for a weak contrast.
(f) PCEs obtained with the OT composite filter taking α  0.6. The colors shown in the key denote the different filters versus the number of
references used.
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displayed in Fig. 13(a) shows two peaks: a first peak
arises from the autocorrelation between the target
image and the part of the ASPOF that contains
the reference image that is similar to the target
image, and the second peak can be identified as
due to the intercorrelation between the target image
and the other part of the ASPOF. Overall, the auto-
correlation plane is noised by the intercorrelation
plane. This effect has the effect of decreasing the
PCE values and consequently the identification per-
formances of the ASPOF. In addition, it may happen
that the target image is similar to two reference
images, with one of them being in the first part of
the ASPOF and the other one being in the second
part of the ASPOF. To address this difficulty, we de-
fined a different criterion, hereinafter denoted as the
adapted peak-to-correlation energy (PCEA), which
can be written as
PCEA  
Px x0!t
x x0−t
Py y0!t
y y0−t
j2C#x; y$j2
P
x N
x 1
Py M
y 1 jC#x; y$j
2 ! 3
!Px x0!t
x x0−t
Py y0!t
y y0−t
jC#x; y$j2
" . (5)
To further investigate this point, i.e., to separate the
autocorrelation plane from the intercorrelation one,
we have added a specific phase term to the two parts
of the ASPOF. This phase is chosen so that the cor-
relation can be placed at a given point in the output
plane. The respective correlation plane performances
of the different simulations are in very good agree-
ment with those gauged with the PCEA performance
metric.
4. Illustrating the ASPOF Performances
A. Robustness against Face Rotation
We considered the behavior of the ten-reference
HASPOF for the problem of identifying the letter A
with a rotation angle ranging from −20° to 25°. Then,
each letter A of the database (obtained by rotating
the A image over (−90°, 90°) in increments of 1° coun-
terclockwise) was correlated with the ten-reference
HASPOF. As shown by the green line in Fig. 14(a), the
letter A has been identified over (−20°, 25°). To em-
phasize the benefit of the optimization stage concern-
ing the isolated pixels [Stage (iv) of the algorithm] on
the filter behavior, it is instructive to contrast the re-
sults obtained for the HASPOF without taking into ac-
count this step in our algorithm as shown by the
green line in Fig. 14(b). In the latter case, it should
be noted that the PCE values are decreased by a fac-
tor of 2. It is evident that this optimization stage
allows us to decrease the influence of the isolated
pixels in the classical segmented filter HSPOF.
For comparison, we also plot in Figs. 14(a) and
14(b) the correlation performances obtained with
H1POF (blue line), HSPOF (red line), and HAMPOF (black
line) in the case of a noise-free target image.
Figures 14(a) and 14(b) show that HASPOF is charac-
terized by the largest PCE values in the correlation
region A, including those of the AMPOF. In addition,
HASPOF presents the most significant contrast be-
tween the correlation region A and the no-correlation
regions B and C. This shows that HASPOF is robust
in the correlation region and discriminating in the
no-correlation regions.
B. Robustness to Rotation and Noise
As we next demonstrate, the conclusions are robust
since the ASPOF remains effective when noise is con-
tained in the target image. The noise analysis proce-
dure was identical to that performed previously.
Figure 14(c) corresponds to a centered white noise
of variance set to 0.1, and Fig. 14(d) considers a
Fig. 13. (Color online) Output normalized Fourier planes ob-
tained by correlating of the same target image (letter A with a
rotation angle of −75°) with (a) ASPOF, (b) composite filter, and
(c) AMPOF.
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structured background noise. For each case, HASPOF
is a robust noise filter in comparison with the com-
posite filters that were considered previously. Differ-
ent tests involving other types of noise (not shown)
are consistent with this observation.
C. ROC Curves
The ROC curves in Fig. 15 demonstrate the effective-
ness of the ASPOF for image recognition. The data-
base consisted of ten reference images of the letter A
(binary image, 512 × 512 pixels) taking a range for
angle of rotation from −60° to 60°, i.e., −55°, −45°,
−30°, −15°, 0°, 15°, 30°, 45°, 55°, 60°. The correlation
planes are quantified using Eqs. (2) and (5) (we
choose t  10 pixels), and the recognition perfor-
mance of composite filters for this specific set of
reference images are studied and compared (supple-
mental material [28]). The merging of the two
Fig. 15. (Color online) ROC curves obtained with ten-reference composite filters: POF (red), SPOF (green), AMPOF (purple), and ASPOF
(navy blue). The sky-blue line shows the random guess.
Fig. 14. (Color online) Comparison between the different correlations of letter A (we consider rotation angles ranging between −90° and
90°) with the ten-reference composite filters: POF (blue line), segmented (red line), AMPOF (black line), and ASPOF (green line). (a) PCEs
obtained using the optimization stage concerning the isolated pixels, (b) PCEs obtained without the optimization stage concerning the
isolated pixels. (c) and (d) represent the PCEs obtained with noised target images.
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components of the ASPOF, i.e., HASPOF  aH
1
SPOF!
bH2SPOF, was also optimized by choosing a  2 and
b  1.5. Figure 15 shows the ROC curves obtained
with the capital letters A and V (by rotating the V
letter in increments of 1° counterclockwise from
−90° to 90°) for different composite filters. As can be
seen in the ROC curves of Fig. 15, the AMPOF gives
the closest results to a random guess. This reflects
the strong discrimination and the low robustness to
rotation of the AMPOF. From Fig. 15, we can see that
the overall performance of the segmented filter is
better than that of the AMPOF, but remains poor
because of the isolated pixels. The POF is able to
achieve better performance than the AMPOF; how-
ever, because of the saturation problem only a weak
difference between the good decisions and the
false alarms is observed (Fig. 14). This is in contrast
with the different performance points that can be
achieved with the ASPOF. On one hand, the results
of our tests clearly show the good recognition perfor-
mance of the ASPOF, i.e., TPR  0.92 corresponding
to FPR  0. On the other hand, it presents good
separation between good decisions and false alarms
(Fig. 14).
Fig. 17. (Color online) (a) ROC curves obtained by correlating faces of a given subject, e.g., Fig. 9(a), with six other individuals with five-
reference ASPOF (navy blue) and POF (red) composite filters. The sky-blue line shows the random guess. (b) ROC curve obtained with an
OT-MACH.
Fig. 16. (Color online) Example of face images from the PHPID that were captured under variable angle conditions, i.e., from top to
bottom, !15°, 0°, !15°; from left to right, −90°, 0°, !90°. (a) Target faces; (b) references.
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D. Application to Face Recognition
The final point we wish to mention here is that
the above ideas can be extended to the problem of
grayscale image identification. For this purpose we
considered six different subjects from the PHPID
[2]; an example is given in Fig. 16(a) with several
training images per person corresponding to differ-
ent face orientations. As above, it is possible to define
a five-reference ASPOF for a given subject (with vari-
able rotation angles, i.e., from top to bottom, −15°, 0°,
 15°; from left to right,  90°, 0°, −90) in the follow-
ing manner: three references were placed in the first
half of the ASPOF, and the remaining two references
were positioned in the other half part of the ASPOF.
In this example, we choose t ! 1 pixel, a ! 3, and
b ! 1.5. The values of these parameters are chosen
in relation with the considered application. The
five-reference images correspond to −45°, −30°, −15°,
15°, and 45° rotation angles [Fig. 16(b)]. ASPOF train-
ing set correlations in Fig. 17(a) were observed to pro-
duce good recognition performances in comparison to
those of the POF. It is likely that these differences ori-
ginate from the saturation problem, which is more
pronounced for the case of faces. The recognition per-
formance of the ASPOF was also compared to that of
the OT-MACH filter with a background noise. The
parameters for the OT-MACH are α ! 0, 25, β ! 1,
and γ ! 0, 1 [28, 39,40]. The results in Fig. 17(b) show
that the recognition performances are significantly
larger with the ASPOF. The result [Fig. 17(b)] of our
method demonstrates the good recognition perfor-
mance of the ASPOF, i.e., TPR ! 0.69 corresponding
to FPR ! 0 to be compared with TPR ! 0.33 and
TPR ! 0.47 for theOT-MACHandPOF, respectively).
5. Summary
In summary, we have developed a face recognition
system based on optical correlation for use in identi-
fication and classification. The system will be able to
detect, identify, and track various targets with
robustness and discrimination. The method has
two main stages: increase the number of reference
images in order to consider as much as possible tar-
get image changes, and use composite filters. The
main advantage of these filters is to merge the infor-
mation of many reference images in a single filter,
thus reducing the number of correlations to make
a reliable decision. However, the robustness and dis-
crimination performances decrease as the number of
reference images is increased, i.e., saturation. To
overcome this limitation, we have presented herein
a fairly thorough analysis of an optimized composite
filter, i.e., the ASPOF, for improving the effectiveness
of a VLC when used for face identification. The prin-
ciple of our filter consists in a specific segmentation
of the filter’s Fourier plane in several regions. Next,
each region was assigned to a single reference image.
This optimization stage allowed us to increase signif-
icantly the number of reference images of the seg-
mented filter. However, the main drawback of this
solution is to generate isolated pixels that yield to
low overall performances of this kind of filter. Next,
we have proposed a new type of optimized composite
filter, i.e., the ASPOF. We found useful to introduce a
new segmentation criterion to characterize the corre-
lation plane of this filter. Each of the stages has var-
ious parameters that must be optimized in order to
increase the robustness and discriminating ability
while increasing the number of reference images con-
tained in the filter. We have validated this technique
and applied it to several binary and grayscale image
identifications. Overall, our results are encouraging
and demonstrate that the ASPOF is characterized
by a good compromise between robustness and
discrimination.
Furthermore, we believe that the simplicity of the
technique provides sufficient appeal from the experi-
mental viewpoint. Of equal or potentially more
importance will be to optically or numerically imple-
ment it. We believe that it would be interesting to
explore this topic further—we discuss very briefly be-
low how this might be done. There are two key direc-
tions for improving the results presented here. First,
a careful optimization of the merging method is re-
quired to maximize the use of the filter’s Fourier
plane bandwidth. Second, we expect that these gen-
eral results will apply in three-dimensional face re-
cognition application as well. Work addressing these
avenues has been initiated.
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Abstract. An optimized technique, based on the fringe-adjusted joint
transform correlator architecture, is proposed and validated for rotation
invariant recognition and tracking of a target in an unknown input
scene. To enhance the robustness of the proposed technique, we used
a three-step optimization. First, we utilized the fringe-adjusted filter
(HFAF) in the Fourier plane, then we added nonlinear processing in the
Fourier plane, and, finally, we used a new decision criterion in the correla-
tion plane by considering the correlation peak energy and the highest
peaks outside the desired correlation peak. Several tests were conducted
to reduce the number of reference images needed for fast tracking, while
ensuring robust discrimination and efficient tracking of the desired target.
Test results, obtained using the pointing head pose image database, con-
firm robust performance of the proposed method for face recognition and
tracking applications. Thereafter, we also tested the proposed technique
for a challenging application such as underwater mine detection and
excellent results were obtained. © 2012 Society of Photo-Optical Instrumentation
Engineers (SPIE). [DOI: 10.1117/1.OE.51.9.098201]
Subject terms: correlation; nonlinear fringe-adjusted joint transform correlator; face
recognition; underwater mine recognition.
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1 Introduction
Correlation is a robust and efficient pattern recognition tech-
nique, which was widely studied in the literature.1 Correla-
tion based discrimination measures the degree of similarity
between a target image (unknown image to be recognized)
and a reference image (belonging to a known database). Two
families of optical architectures are used by most researchers
to implement the correlation technique which are the Vander-
Lugt correlator (VLC),2 and the joint transform correlator
(JTC).3 Unlike the JTC, VLCs require the implementation
of a complex-valued filter. The optical implementation of
the JTC architecture does not need to align the optical
setup, especially in the Fourier domain between the filter
and the image target spectrum (VLC). Moreover, the refer-
ence images can be updated in near real time.
In this paper, we utilized the JTC-based correlation archi-
tecture to realize a near real-time face tracking system. The
proposed system must be robust to changes in in-plane rota-
tion of the target, while ensuring accurate discrimination
between multiple targets. The main objective, of this paper,
is to accurately recognize and track the desired target, such as
the face of person in a given scene or to recognize under-
water mines from video sequences.
To enhance the performance of the proposed tracking
system, we used an optimized version of the JTC architec-
ture, namely the fringe-adjusted JTC (FJTC).4 This fringe-
adjusted JTC provides excellent correlation discrimination,
but the robustness of FJTC may not be sufficient for some
applications. Consequently, we added a nonlinearity func-
tion to the fringe-adjusted JTC architecture to enhance the
robustness and discrimination capability. In addition, special
attention is given to generate an optimized correlation output
by applying a decision criterion in the correlation plane. The
peak to correlation energy (PCE) criterion is not very suita-
ble for automatic decision making.5,6 The presence of auto-
correlation peak, and the presence of two correlation peaks,
can perturb the decision criterion. To address this limitation,
we used an adaptive FJTC architecture to suppress the zero-
order autocorrelation peak. Since the correlation
plane is symmetric, we work on one half of the correlation
plane and
modify the criterion to obtain values included in the interval
[0 1]. Test results are presented to verify the effectiveness of
the proposed technique.
2 Analysis
The JTC technique is one of the most widely used correlation
methods reported in the literature.1 This technique has been
adapted and used in many recognition and/or tracking appli-
cations.1–4,7,8 In this work, we have used this JTC method
for a very the demanding application of underwater mines
recognition. The underwater mines recognition application
requires an adaptive JTC method to overcome the various
problems caused by the specific conditions of underwater
imaging. We begin this section by reviewing the principles
of several main JTC architectures. The principle of the JTC
correlation architecture has been described in detail in the
literature.1–4,7,8 In the classical JTC, the known reference
image, r, and the unknown input scene, i, (image to be recog-
nized) are displayed side-by-side in the input plane of the
correlator, which are separated by a distance, 2x0, along the
x-axis between the target image and the reference image, to
form the input joint image, expressed as0091-3286/2012/$25.00 © 2012 SPIE
Optical Engineering 098201-1 September 2012/Vol. 51(9)
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fðx; yÞ ¼ iðxþ x0; yÞ þ rðx − x0; yÞ: (1)
After applying Fourier transform to Eq. (1) such as the input
plane, we can record the intensity or the joint power spec-
trum (JPS), F, using a square law device such as a CCD
detector array. In a classical JTC, an inverse Fourier trans-
form of the JPS yields the correlation output in the output
plane.3 This correlation output contains two important terms
which are a central autocorrelation peak, and two cross-
correlation peaks corresponding to the crosscorrelation be-
tween the unknown input scene, i, and the known reference
image, r. These two cross-correlation peaks are located on
either side of the central zero-order peak separated by a
distance, 4x0.
The classical JTC provides broad correlation peaks and
strong side lobes which can complicate the decision making.
Several JTC architectures have been developed to solve this
problem such as the binary JTC, nonzero-order JTC, and
fringe-adjusted JTC.4,7,9 In a binary JTC,7 the JPS is binar-
ized using a suitable threshold before applying the inverse
Fourier transform step. The binarized JPS is defined as
Fbinaryðμ;ϑÞ ¼
 
þ1 if Fðμ; ϑÞ ≥ threshold
−1 if Fðμ; ϑÞ ≤ threshold
: (2)
This architecture provides narrow correlation peaks. How-
ever, it is sensitive to noise, rotation and scale variations of
the target, and the impact of other artifacts. Moreover, the
binarization step requires on-line processing. Another inter-
esting JTC architecture is the nonlinear JTC where a non-
linear threshold is applied to the JPS before applying the
inverse Fourier transform to yield the correlation output,
expressed as:3
FNL ¼ F
k: (3)
In Eq. (3), the user sets the value of k depending on the appli-
cation. If k is set to 1, we obtain the classical JTC. The non-
linear JTC provides superior discrimination compared to the
classical JTC. It is more efficient when the value of k is lower
than 0.5.10,11
The last optimization we present, herein, is based on the
fringe-adjusted JTC. Alam et al.4,10,11 proposed to introduce
a real-valued filter, called fringe-adjusted filter (HFAF), in the
Fourier plane of the correlator, defined as:
HFAFðμ; ϑÞ ¼
Bðμ; ϑÞ
Aðμ; ϑÞ þ jRðμ; ϑÞj2
; (4)
where R, denotes the intensity corresponding to the Fourier
transform of the known reference image, B, is a constant or a
function used to control the gain, and, A, is a function used
for avoiding the pole problem and/or reducing the effects of
noise. The FJTC is a very efficient architecture, very simple
to implement and very convenient for many applications,
especially when the noise and background are known or
can be estimated. Moreover, many optimized versions of
this architecture are proposed and validated.1 However,
the FJTC architecture, based on spectral filtering, makes it
very sensitive to noise changes which are a very common
problem in underwater images. Examples of noise in under-
water images are presented in Fig. 1. Thus, to overcome this
problem and to make an efficient architecture, we need to
update the noise function used in the spectral filter for
each image, which may become a bottleneck for real-time
applications. Thus, it is necessary to make optimizations
to obtain a method such that it is less sensitive to noise
encountered in underwater imagery. To achieve this objec-
tive, we introduced a special image preprocessing step
and added nonlinearity to the JTC architecture to make it
more robust, while ensuring excellent discrimination.
Another class of architecture, called themulti object JTC or
nonzero-order JTC, has been found to be very useful for
enhancing the correlation discrimination.9,11 In this architec-
ture, the reference-only and the input-scene-only power spec-
tra are subtracted from the JPS in theFourier domain, given by:
jFNZðμ; ϑÞj
2 ¼ jFðμ; ϑÞj2 − jRðμ; ϑÞj2 − jIðμ; ϑÞj2
¼ jRðμ; ϑÞj2 − jIðμ; ϑÞj2
þ 2jRðμ; ϑÞjjIðμ; ϑÞjj cosðϕiðμ; ϑÞ − ϕrðμ; ϑÞ
þ 2ux0Þj − jRðμ; ϑÞj
2 þ jIðμ; ϑÞj2
¼ 2jRðμ; ϑÞjjIðμ; ϑÞjj cosðϕiðμ; ϑÞ
− ϕrðμ; ϑÞ þ 2ux0Þj; (5)
where I represents the input-scene-only power spectrum. In
this technique, the zero-order term and the autocorrelation
term, among similar input scene targets or nontarget objects,
are automatically eliminated while leaving the desired cross-
correlation peaks in the output plane.
In this paper, we propose and validate a nonzero-order
fringe-adjusted JTC architecture (NFJTC) to ensure robust
discrimination while simplifying the decision making. It
may be mentioned, that the nonlinearity increases the robust-
ness of the JTC architecture. Thus, we applied a special
Fig. 1 Grayscale images representing three studied targets that come from underwater videos: a spherical mine (a), a cylindrical mine (b) and a
Manta mine (c).
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nonlinear function to the NFJTC to increase the robustness
of the architecture.
To investigate the performance of the proposed technique,
let us consider two practical applications. The first applica-
tion involves recognizing and tracking a human face that
changes according to different rotation angles. The system
proposed, in this paper, allows robust tracking and discrimi-
nation of a face turning in different rotation angles rang-
ing from −90 deg to þ90 deg. Facial images contain
information as well as noise. In general, the noise is
known, and is quite similar, from one image to another in
the sequence. Once our system is validated, we applied it
for underwater mine detection and recognition.12 The main
problem, in this application, is the poor visibility which
can limit the visibility to only a few meters or less in turbid
waters.
3 Challenges of Underwater Imaging
A generic underwater image formation model is shown in
Fig. 2.13 In Fig. 2, light source (1) transmits light (2) towards
the object (6). On the trajectory to and from the object, light
is intercepted by undesired underwater particles (3), and light
rays (2), (5), (7) and (9) become exponentially dimmer due to
direct attenuation. Part of the light is also reflected towards
the camera by medium (3), resulting in the backscattered
component (4), which corresponds to the image of the
water volume. Finally, some light is slightly deviated by
medium (3) on its way back to the camera, resulting in
the forward scattered component (8) which adds blurring
to the image. Underwater images are very noisy images.
Moreover, for underwater imaging, this noise changes
from one image to another. This limits the efficiency of
image recording medium and requires a noise model to
reduce its impact. Detection and recognition can be signifi-
cantly perturbed by this noise component.
To address this challenge, we introduced a three-stage
preprocessing step as shown in Fig. 3. The first stage
removes the moiré effect which is generated due to the
use of analog cameras. It is modeled by a sine function fol-
lowing the procedure outlined in Ref. 14. Weak contrast
often reduces the efficiency of recognition methods. In
order to improve the underwater image contrast, we adapted
the preprocessing technique presented in Ref. 15. The overall
algorithm involved in the implementation of the second stage
is summarized in Fig. 4. The output image with enhanced
contrast is calculated as:
I ¼
ILPIs þ IdILP
ILP þ 1ILP
; (6)
where ILP, represents the original image filtered with a
FGaussian low-pass filter, Is represents the result of the sub-
traction of the ILP from the original image, and Id represents
the result of the division of the original image by ILP. Details
of this algorithm can be found in Ref. 15. Finally, in the third
stage, we calculate the phase image and we reduce noise with
a band pass filter created with a Gaussian wavelet as depicted
in Fig. 5.12
4 Analytical Modeling
To investigate the robustness of the proposed technique, we
selected several existing algorithms and compared their per-
formance by using three images as shown in Figs. 6 to 8. The
first two images came from one video sequence acquired by
a diver and represents an upside down Manta mine (MN
103). These two image frames are closely located in the
video (8 frames apart) where the mine-like characteristic
did not change significantly. These two images were used
to test the robustness of the proposed and alternate architec-
tures. Since these two images were shot within a small time-
frame and are similar, so the output of the filter should also
be similar. The discrimination of our system is tested by
applying JTC architectures on a mine image and the Lena
image as shown in Fig. 8.
At first, we compared the classical JTC and the nonzero-
order JTC on the manta mine image as shown in Fig. 6. We
used image frame 1082 of the test video as the reference
image and as the target image and the results are shown
in Fig. 9. From Fig. 9, it is evident that the suppression
of the autocorrelation peak simplifies the decision making.
Moreover, this suppression reduces the effect of noise in
the correlation plane.
Next, we investigated the performance of the nonzero-
order JTC for the above mentioned images as shown in
Figs. 6 to 8. We used PCE as the decision criterion in the
nonzero-order JTC correlation plane, defined as:5
Fig. 2 Diagram explaining the light propagation in an underwater
medium.
Fig. 3 Preprocessing steps to improve image quality.
Optical Engineering 098201-3 September 2012/Vol. 51(9)
Leonard et al.: Adaptive nonlinear fringe-adjusted joint transform correlator
Downloaded From: http://opticalengineering.spiedigitallibrary.org/ on 09/14/2012 Terms of Use: http://spiedl.org/terms
PCE ¼
Px¼x0þt
x¼x0−t
Py¼y0þt
y¼y0−t jCðx; yÞj2P
x¼N
x¼1
Py¼M
y¼1 jCðx; yÞj2
; (7)
where (x0,y0) denote the position of the correlation
peak, Cðx; yÞ denotes the value of the correlation plane
at point (x,y), t is set to the number of neighboring
pixels used, and (N, M) denote the size (in pixels) of the
correlation plane. The corresponding results are shown in
Fig. 10.
Figure 9 shows that the nonzero-order JTC architecture
yields helpful results for decision making. Figure 10
shows that the fringe adjusted JTC architecture observes
these constraints on PCE values better than the binary
JTC architecture. The nonlinear JTC architecture is a robust
one, such that, PCE values are close between Figs. 9 and 10
as shown in the left columns. However, it does not provide
robust discrimination as shown in Fig. 10. PCE values are
close for the cases of (i) two mines on the left, and (ii)
one mine and the Lena.
In this paper, our idea is to combine the attractive features,
of fringe-adjusted JTC and nonlinear JTC, in order to obtain
a robust architecture for correlation discrimination. In the
proposed architecture, called nonlinear fringe-adjusted
JTC (NNJTC), the JPS is modified to obtain the nonlinear
fringe-adjusted JPS. The mathematical steps needed to
obtain this nonlinear fringe-adjusted JPS are summarized
in Eq. (8):
Fig. 4 Image enhancement algorithm.15
Fig. 5 Initial image, phase image, phase and wavelet image.
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fðx; yÞ ¼ iðxþ x0; yÞ þ rðx − x0; yÞFFðμ; ϑÞ
¼ jIðμ; ϑÞj expðϕiðμ; ϑÞÞ expðjux0Þ þ : : :
þ jRðμ; ϑÞj expðϕrðμ; ϑÞÞ expð−jux0ÞGðμ; ϑÞ
¼ jFðμ; ϑÞj2 ¼ jIðμ; ϑÞj2 þ jRðμ; ϑÞj2
þ 2jIðμ; ϑÞjjRðμ; ϑÞjj cosðϕiðμ; ϑÞ : : :
− ϕrðμ; ϑÞ þ 2ux0ÞjFNZðμ; ϑÞ
¼ 2jIðμ; ϑÞjjRðμ; ϑÞjj cosðϕiðμ; ϑÞ − ϕrðμ; ϑÞ
þ 2ux0ÞjG1ðμ; ϑÞ
¼ FNZ · HFAFðμ; ϑÞG1ðμ; ϑÞ
¼ FNZ
Bðμ; ϑÞ
Aðμ; ϑÞ þ jRðμ; ϑÞj2
GNN−FAFðμ; ϑÞ
¼ ðG1ðμ; ϑÞÞk; (8)
where G, represents the classical JPS, FNZ represents non-
zero JPS, HFAF represents the FAF filter, G1 is the nonzero-
order fringe-adjusted JPS, GNN−FAF is the nonlinear and the
nonzero-order fringe-adjusted JPS and k denotes the degree
of nonlinearity. The value of k has been selected, after several
tests, to provide the best compromise between robustness
and discrimination. Before applying the NNJTC, we inves-
tigated the performance of the binary JTC and fringe-
adjusted JTC for underwater images discussed in the pre-
vious section.
5 Binary JTC and Fringe-Adjusted JTC
Performance Comparison
To compare the performance of nonzero-order binary JTC
and the nonzero-order fringe-adjusted JTC, we consider
the Lena image, Fig. 8, as the known reference image as
well as the unknown target image, which is a scenario of
perfect match between the reference and the target. To
mimic the effects of underwater imaging, we modified the
target image with underwater-like noise. At first, we added
blur as if the image is perturbed by forward scattered light.
Then we added nonuniform luminosity, which is a problem
when the underwater robot uses artificial light. The next
step was to combine the effects of blur and nonuniform
light into the final target image. For the last test, we manually
removed the background of the reference image. The target
image is the Lena image corrupted with blur and nonuni-
form light.
The correlation output results are presented in Table 1. It
is evident that the nonzero-order, fringe-adjusted JTC yields
better results compared to the binary JTC. The FJTC is
robust against different type of noise, such as underwater
noise depicted in Table 1. According to these results and
for underwater videos, the FJTC can provide better results
compared to the binary JTC.
6 Test Results
6.1 Face Recognition
At first, we applied the fringe-adjusted JTC for face recogni-
tion and tracking application. The objective is to detect and
track a person via face recognition in a video sequence as
shown in Fig. 11. Figure 12 presents the results obtained
with fringe-adjusted JTC where only one reference image
is used to construct the fringe-adjusted filter HFAF. It should
be noted that the face of the subject shown in Fig. 11 without
rotation. The reference image is introduced on one side of the
input plane. The background is defined as information out-
side a square around the face in the reference image consid-
ered. Then we display the target image on the other side of
Fig. 6 Manta mine, image no. 1082.
Fig. 7 Manta mine, image no. 1090.
Fig. 8 Lena.
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Fig. 9 Comparison of JTCs with zero order (left column) and nonzero JTCs (right column). (a) and (b): classical JTC. (c) and (d): binary JTC. (e) and
(f): nonlinear JTC. (g) and (h): fringe adjusted JTC.
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Fig. 10 Results of the robustness and the discrimination tests. Left column: comparison of the 2 mine images. Right column: comparison of the
mine image and Lena image. (a) and (b): classical JTC. (c) and (d): binary JTC. (e) and (f): nonlinear JTC. (g) and (h): fringe adjusted JTC.
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Table 1 Comparison of the binary JTC and the fringe adjusted JTC on images with underwater noises. a: Lena-Lena. b: Lena-blurred Lena.
c: Lena-Lena with non uniform light. d: Lena-Lena with blurred and nonuniform light. e: Modified Lena- Lena with blurred and nonuniform light.
Reference and target images Correlation plane, binary JTC Correlation plane, fringe adjusted JTC
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the input plane. The target faces are obtained from the data-
base presented in Fig. 11, one at a time starting from
−90 deg to þ90 deg in a sequential manner.16
We initialize the system with a known reference image,
such as the subject’s face (number 1), to be tracked so
that initial position of subject’s face is known. By comparing
this reference face with the target image, we ascertain the
presence or absence of the subject (number 1) in the target
image and the position of the subject’s face in the target
image. Thereafter, only the information around the position
of the face is selected in this target image. To achieve this, we
multiply the target image, with a filter equal to 1, around the
position of the face found and 0 elsewhere. Afterwards, we
introduce the preprocessed image as the reference image in
the fringe-adjusted JTC input plane. Then a new target
image, subject number 2, is introduced in the input plane
and the process is repeated until all images from the database
are processed. After various tests performed by using this
algorithm, we have identified a tolerance rotation angle
equal to 15 deg between the target image and reference
image in which the correlation remains robust. Beyond
this value between the reference and target images, the cor-
relation becomes less robust and may lose track of the sub-
ject’s face. With a tolerance angle equal to 15 deg, the
tracking problem of a person, with in-plane rotation between
−90 andþ90 deg, consists of correlating 13 pairs of images:
ð−90;−75Þ;ð−75;60Þ; :::;ð−15;−0Þ;ð0;þ15Þ:::ðþ60;þ75Þ,
and ðþ75;þ90Þ.
The tracking results of subject number (1) are shown in
Fig. 12 (blue curve). The PCE criterion was used for decision
making in the correlation plane.5 Figure 12 also shows the
results when subject number 2, such as an undesirable sub-
ject present in the input scene (false alarm: red curve). The
results, depicted in Fig. 12, show that the proposed fringe-
adjusted JTC yields good results. However, for some cases,
the values of the two cases are too close for making a robust
system. A robust system is a system where the values of
Fig. 11 Examples of facial rotation (−90 deg to þ90 deg). Subject number (1), Base PHPID.16
Fig. 12 Results obtained with a FA-JTC using only one reference
image position without any rotation in the HFAF Filter to define the
background noise.
Table 1 (Continued).
Reference and target images Correlation plane, binary JTC Correlation plane, fringe adjusted JTC
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recognition are close to 1. A discriminated system is a system
where the false alarms are close to 0, with significant differ-
ence between true and false alarms.
To optimize the performance of the fringe-adjusted JTC
system, we propose to utilize an adaptive fringe-adjusted fil-
ter (HFAF) in the Fourier plane.
17 In this technique, the back-
ground noise is calculated for each reference. For this
purpose and after finding the position of head in the target
image at time t0, we multiply the target image with a filter
that has a value of 0 around the position of the face and 1
elsewhere. One can also replace the 0 value with the average
of the values around the 0 value zone.
The target image obtained at time, t0, becomes the refer-
ence image at time, t1, in the proposed tracking system.
Thereafter, we introduce the preprocessed image as the back-
ground noise in the fringe-adjusted filter formulation. The
results obtained after the first iteration are shown in
Fig. 13 which clearly shows that the adaptive fringe-adjusted
JTC improves discrimination performance considerably,
when compared to the first case. Figure 13 shows a system
that has a better robustness and discriminatory, but we think
that we can find a system and a criterion that increase robust-
ness and discriminatory.
To further increase the performance of the proposed sys-
tem, we propose to incorporate a decision criterion in the
correlation plane which involves the following optimizations
steps:
Step 1: Enhanced PCE decision criterion (P): we propose to
take into account the correlation peak energy as well
as the five highest peaks excluding the highest cor-
relation peak. The Enhanced PCE decision (P) cri-
terion is defined as:
P ¼
 Pi¼i0þt
i¼i0−t
Pj¼j0þt
j¼j0−t jCði; jÞj2
"
−
nP
5
k¼1
$ P
i¼ikþt
i¼ik−t
P
j¼j0þt
j¼k−t jCði;jÞj2
"%
5
o
Pi¼i0þt
i¼i0−t
Pj¼j0þt
j¼j0−t jCði; jÞj2
; (9)
where (i0, j0) denote the position of the correlation peak,
Cði; jÞ denotes the value of the correlation plane at point
(i, j), t is set to the number of neighboring pixels used
around the considered peak, (ik, jk) are the positions of
five highest peaks excluding the correlation peak.
Step 2: Apply additional nonlinearity in the Fourier plane of
FJTC similar to Eq. (3).10 After many trial runs in
our laboratory, we set the value of k to 0.75.
Figure 14 shows the different test results obtained with
our tracking system based on the optimized fringe-adjusted
JTC. By comparing the results presented in Figs. 12 and 13,
it is evident that the proposed technique yields better discri-
mination. Indeed, the difference between the two curves (red
and blue) is much larger. The robustness has also improved
as shown by the shorter range of values of the blue curve
compared to the previous tests.
For noisy images, we searched for a robust criterion that
provides values close to 1 in case of recognition and values
close to 0 in case of false alarm. An idea is to compare the
highest peak of the correlation plane to other high peaks. Con-
sequently, we remove the autocorrelation peak in order to com-
pute a criterion only with inter-correlation peaks and noise.
Since the correlation plane is symmetric, we can work on
one half of the correlation plane. Our objective is to find the
maximum value, M, of the new correlation plane.We set a first
threshold, M−3dB to the value of the correlation peak M
divided by
ﬃﬃﬃ
2
p
, and n this value corresponds to 3 dB and
to 50% of the correlation peak energy. We compute the cumu-
lative sum (S1) of the pixels around the correlation peak and
with values higher thanM−3dB. Next we compute the sum (S2)
of all the pixels excluding the highest correlation peak with
values higher than 0.75 ×M−3dB, as shown in Fig. 15. Finally,
we introduce a distance metric defined as:
Fig. 14 Results obtained with a nonlinearity in the Fourier plane of the
FA-JTC and the new criterion.Fig. 13 Results obtained using the adaptive fringe-adjusted JTC.
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C ¼ S1 − S2
S1
: (10)
The distance criterion yields values in the interval [0 1]. In case
of recognition, we obtain a high correlation peak with negli-
gible noise, therefore, the value S2 will be very low. In case of
false alarm, the correlation plane will be very noisy and the
highest correlation peak will be surrounded by high peaks
and the value S2 will be very close to the value S1.
We applied this criterion to the previous test and the cor-
responding results are shown in Fig. 16. This criterion pro-
vides recognition values close to 1 and false alarm values
close to 0. Thus, the robustness and discrimination ability
of the proposed technique is very high. Using the aforemen-
tioned procedure, users can set a threshold for automatic
decision making.
6.2 Underwater Mine Recognition
In the previous section, we validated the proposed architec-
ture and criterions for face recognition applications. In this
section, we applied the proposed technique for underwater
mine detection. As there are a lot of images, we used com-
posite filter techniques to fuse close references and reduce
the size of the database.12 For this application, we selected
five filters to recognize mines in a specific region of an
underwater video sequence. As explained earlier, underwater
images are perturbed by the medium and need preprocessing.
Without preprocessing, correlation results will not provide
desired output since target related contours will not stand
out. The preprocessing step consists of resizing the image
to reduce computation time. Then, we enhance the contrast
of images using the procedure described in Ref. 14.
To obtain the contour image, we chose to compute the
phase of the image. In fact, edges correspond to sharp
phase changes.18 To achieve this, we compute the `Fourier
transform of the image where the image can be expressed
as Spetrum ¼ ρ · eiθ. The amplitude information is con-
tained in ρ and the phase information is contained in the
exponential function. To keep only the phase information,
all values are divided by their amplitude ρ yielding
Spetrum ¼ eiθ. Next, we use a band pass filter, constructed
with a Gaussian wavelet, to reduce the remaining noise. The
results of this preprocessing step are shown in Fig. 5.
From this contour image database, we conducted five
composites filters for mine recognition in the mine-presence
zones as illustrated in Fig. 17. Each filter is constructed with
five reference contour images. With these five composite fil-
ters and preprocessed images, we tested the performance of
the nonzero-order fringe adjusted JTC and the nonzero-order
nonlinear fringe adjusted JTC. We set the nonlinearity factor
k to 0.85 and corresponding correlation outputs are shown in
Table 2. From Table 2, it is obvious that the nonzero-order
fringe adjusted JTC provides a high false alarm rate while the
nonzero-order nonlinear fringe adjusted JTC provides mod-
erate recognition rate.
To enhance the decision performance further by increas-
ing the recognition rate and decreasing the false alarm rate,
we decided to add an optimization step. We assume that for
10 images before the present target image if we have five
correlations, it means that a mine should be detected in
the present target image. Knowing that the mine is fixed
Fig. 17 Results of the optimized nonlinear fringe-adjusted JTC,
k ¼ 0.85.
Fig. 16 Results obtained with a nonlinearity in the Fourier plane of the
FA-JTC and the last criterion.
Fig. 15 Computation of our new criterion.
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and knowing the navigation parameters, a mine, which is
detected in one image frame, is highly unlikely to disappear
in the following image frame. Our choice of 10 images has
been made after several tests in order to find the right com-
promise between robustness and computing time. Using this
concept, our optimization consist in considering only the last
10 raw decisions, coming from last 10 images, for a given
present target image. Using last 10 nonoptimized results
leads us to decrease the false alarm rate. In fact, if we use
the optimized results, the detector never stops detecting
after five detections, even if the five detections are false.
However if we use our raw data, this optimization leads
to a stop of detection, five images after the last image
where a mine has been detected. On the test results, we
can see that the recognition rate has improved while the
false alarm rate has decreased, as illustrated in Table 3. In
Fig. 17, we see regions where a mine is supposed to be
detected and regions where the algorithm is supposed to
find nothing. The results presented Table 3 and Fig. 17
shows that we managed to increase the recognition rate to
65.52 percent and we decrease the false alarm rate to
10.13 percent.
Fig. 18 Images with presence of the camera support.
Table 3 Results of the nonlinear fringe-adjusted JTC with optimiza-
tion.
Method
Recognition
(%)
False alarm
(%)
Optimized nonlinear fringe
adjusted JTC, k ¼ 0.85
65.52 10.13
Fig. 19 Difference between mine size in the 2 video sequences.
Table 2 Results of the different JTCs for mine recognition.
Method
Recognition
(%)
False alarm
(%)
Fringe adjusted JTC 93.10 56.44
Nonlinear fringe adjusted JTC,
k ¼ 0.85
52.07 16.29
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Nevertheless, our optimized algorithm detected some
objects, in the last region of the video sequence, where
there is no mine. This can be explained by the presence
of the camera support in target images as shown in
Fig. 18. We did not add a mask to suppress this man-
made object because there are images with no camera sup-
port and images with camera support, but it did not occupy
the same proportion of the image as shown in Fig. 18, how-
ever, this constraint can be avoided when recording the
images.
To show the robust performance of our proposed
approach, several tests were conducted and the results were
compared with nonoptimized methods. To do this, we
selected a video sequence where the same mine is recorded,
but the distance between the viewer and the mine is shorter in
this case compared to the previous case shown in Fig. 19.
Results obtained, in terms of recognition and false alarm
probabilities, are summarized in Table 4. The visualization
of the robustness of the optimized NNJTC is shown in
Fig. 20. The nonzero-order fringe adjusted JTC still provides
a high false alarm rate while the nonzero-order nonlinear
fringe adjusted JTC presents good recognition rate. The
optimization allows an increase of the recognition rate
and a decrease of the false alarm rate, when compared to
the nonlinear fringe adjusted JTC.
7 Conclusion
In this paper, we proposed and validated the first version of a
robust recognition and tracking system based on the fringe
adjusted JTC architecture. In the proposed technique, we
introduced nonlinearity to the fringe adjusted JTC, and also
used an adaptive correction criterion in the correlation plane.
On the face recognition application, we show that a rota-
tion angle of 15 deg between the target image and the refer-
ence image does not disable the recognition ability of the
system, while considerably reducing the number of correla-
tions necessary and, therefore, increasing the processing
speed of the system. Moreover, the adaptive decision criter-
ion, used in the output plane, minimized the number of false
correlation peaks in the correlation plane thus reducing the
false alarms. Finally, the addition of nonlinearity in the Four-
ier plane makes it possible to adapt or find a compromise
between the robustness and discrimination of our tracking
system by adjusting the degree of nonlinearity (k). For under-
water mine recognition application, the proposed NNJTC
architecture yields promising results.
Acknowledgments
This paper complements our paper "Nonlinear fringe-
adjusted JTC-based face tracking using an adaptive decision
criterion".19 The raw mine images used in this publication
were provided by the GESMA (Groupe d’Etudes Sous Mar-
ines de l’Atlantique) under the TOPVISION project coordi-
nated by Thales Underwater Systems SAS. This project is
related to Techno-Vision Program, which was launched by
the French Ministry of Defense. Detailed information can
be found in the website http://topvision.gesma.fr.This
work is also partly supported by the Regional Council of
Brittany.
References
1. A. Alfalou and C. Brosseau, “Understanding correlation techniques
for face recognition: from basics to applications,” Face Recognition,
M. Oravec, Ed., ISBN: 978-953-307-060-5, INTECH. Available from:
http://sciyo.com/articles/show/title/understanding-correlation-techniques-
for-face-recognition-from-basics-to-applications.
2. V. VanderLugt, “Signal detection by complex spatial filtering,” IEEE
Trans. Info. Theory 10(2), 139–145 (1964).
3. C. S. Weaver and J. W. Goodman, “A technique for optically convolving
two functions,” Appl. Opt. 5(7), 1248–1249 (1966).
4. M. S. Alam and M. A. Karim, “Fringe-adjusted joint transform correla-
tion,” Appl. Opt. 32(23), 4344–4350 (1993).
5. J. L. Horner, “Metrics for assessing pattern-recognition performance,”
Appl. Opt. 31(2), 165–166 (1992).
6. I. Léonard, A. Alfalou, and C. Brosseau, “Spectral optimized asym-
metric segmented phase-only correlation filter,” Appl. Opt. 51(14),
2638–2650 (2012).
7. B. Javidi and C. J. Kuo, “Joint transform image correlation using a bin-
ary spatial light modulator at the Fourier plane,” Appl. Opt. 27(4), 663–
665 (1988).
8. L. Guibert et al., “On-board optical joint transform correlator for real-
time road sign recognition,” Opt. Eng. 34(1), 135–143 (1995).
9. C. T. Li, S. Yin, and F. T. S. Yu, “Nonzero-order joint transform corre-
lator,” Opt. Eng. 37(1), 58–65 (1998).
10. M. S. Alam, “Fractional power fringe-adjusted joint transform correla-
tion,” J. Opt. Eng. 34(11), 3208–3216 (1995).
11. M. S. Alam and M. A. Karim, “Multiple target detection using a mod-
ified fringe-adjusted joint transform correlator,” J. Opt. Eng. 33(5),
1610–1617 (1994).
12. I. Leonard, A. Arnold-Bos, and A. Alfalou, “Interest of correlation-
based automatic target recognition in underwater optical images: theo-
retical justification and first results,” Proc. SPIE 7678, 767800 (2010).
13. S. Q. Duntley, “Light in the sea,” JOSA, 53(2), 214–233 (1963).
Table 4 Robustness results of the different JTCs.
Method
Recognition
(%)
False alarm
(%)
True to
false alarm
ratio (%)
Fringe-adjusted JTC 88.52 59.93 1.48
Nonlinear fringe- adjusted
JTC, k ¼ 0.85
34.07 12.33 2.76
Optimized nonlinear
fringe-adjusted JTC,
k ¼ 0.85
41.11 5.48 7.5
Fig. 20 Results of the optimized nonlinear fringe-adjusted JTC,
k ¼ 0.85.
Optical Engineering 098201-13 September 2012/Vol. 51(9)
Leonard et al.: Adaptive nonlinear fringe-adjusted joint transform correlator
Downloaded From: http://opticalengineering.spiedigitallibrary.org/ on 09/14/2012 Terms of Use: http://spiedl.org/terms
14. D. N. Sidorov and A. C. Kokaram, “Suppression of moiré patterns via
spectral analysis,” Proc. SPIE, 4671, 895 (2002).
15. A. Arnold-Bos, J.-P. Malkasse, and G. Kervern, “Towards a model-free
denoising of underwater optical images,” in Proc. of the IEEE confer-
ence on Ocean (Europe), IEEE, Europe (2005).
16. N. Gourier, D. Hall, and J. L. Crowley, “Estimating face orientation
from robust detection of salient facial features,” in Proc. of Pointing
2004, ICPR, International Workshop on Visual Observation of Deictic
Gestures, Cambridge, United Kingdom (2004).
17. M. S. Alam and A. Bal, “Dynamic target tracking with fringe-adjusted
joint transform correlation and template matching,” Appl. Opt. 43(25),
4874–4881 (2004).
18. A. Oppenheim and J. Lim, “The importance of phase in signals,” Proc.
IEEE 69(5), 529–541 (1981).
19. I. Léonard, A. Alfalou, and M. S. Alam, “Nonlinear fringe-adjusted
JTC-based face tracking using an adaptive decision criterion,” Proc.
SPIE 8134, 81340M (2011).
Isabelle Leonard received the engineering diploma in optronic from
the French engineering school Polytech'Paris-Sud in 2009. Since
2009, she is a PhD student at Institut Supérieur d'Electronique et
du numérique (ISEN). Her research interests deal with image proces-
sing and underwater medium. She has published over 7 refereed jour-
nal articles or conference papers.
Ayman Alfalou received his PhD in telecom-
munications and signal processing from
École nationale supérieure des télécommuni-
cations de Bretagne (ENSTB)-France and
the University of Rennes 1 in 1999. He
held a one-year post-doctoral position at
ENSTB during which he designed and rea-
lized a compact and high-rate optical correla-
tor. Since 2000, he has been a professor of
telecommunications and signal processing at
ISEN-Brest. At ISEN, he founded the Vision-
L@bISEN. His research interests deal with optical engineering, opti-
cal information processing, signal and image processing, telecommu-
nications and optoelectronics. He has supervised several PhD, MSc,
and engineering school students. He has published over 110 refereed
journal articles or conference papers and special sessions. He is a
senior member of SPIE, OSA, IEEE, and a member of IoP.
Mohammad S. Alam is a professor and
Chair at the University of South Alabama
(USA). His research interests include ultra
fast computing architectures and algorithms,
image processing, pattern recognition and
tracking, biometric recognition, infrared ima-
ging systems, and smart energy manage-
ment and control. He is the author or co-
author of over 475 refereed journals, confer-
ence publications, or project reports, 15 book
chapters, and a book on IPTV (IEC Press).
He received numerous excellences in research, teaching and service
awards. He served or serves as the PI or Co-PI of many research
projects totaling over $14M, supported by NSF, FAA, DoE, ARO,
AFOSR, SMDC, NASA, WPAFB, BP and ITT industry. He has orga-
nized and chaired many international conferences and serves as a
Guest Editor for several professional journals. He is a Fellow of
OSA, SPIE, IoP, IET, a Life Fellow of the Bangladesh Computer
Society (BCS), and of the Institution of Engineers Bangladesh
(IEB), and a Senior Member of IEEE.
Andreas Arnold-Bos graduated from École nationale supérieure de
l'aéronautique et de l'espace (SUPAERO) [(now Institut Supérieur de
l'aéronautique et de l'espace (ISAE)], Toulouse, France, in 2004, with
the engineering degree of aerospace engineering, as well as a mas-
ter's degree in Signal and Image Processing. From 2004 to 2007 he
worked towards a PhD thesis on radar engineering at the École Natio-
nale Supérieure des Ingénieurs des Études et Techniques d'Arme-
ment in Brest, France. In 2007, he joined Thales Underwater Systems
as a full-time R & D engineer while simultaneously pursuing his PhD
thesis, which he successfully defended in 2010. His past and current
interests involve radar and sonar engineering, underwater optics and
autonomous systems.
Optical Engineering 098201-14 September 2012/Vol. 51(9)
Leonard et al.: Adaptive nonlinear fringe-adjusted joint transform correlator
Downloaded From: http://opticalengineering.spiedigitallibrary.org/ on 09/14/2012 Terms of Use: http://spiedl.org/terms
Improvement of automatic man-made object detection in
underwater videos by using of navigational information
Isabelle LEONARD(1), Andreas ARNOLD-BOS(2), Ayman ALFALOU(1),
Nicolas MANDELERT (2)
(1) De´partement Vision L@bISEN, ISEN, 20 rue Cuirasse´ Bretagne, 29228 BREST CEDEX 2,
FRANCE
E-mail: {isabelle.leonard,ayman.al-falou}@isen.fr
(2) General Sonar Studies, Thales Underwater Systems, Route de Sainte Anne du Portzic, CS
43814, 29238 BREST CEDEX 3, FRANCE
E-mail: {Andreas.Arnold-Bos,nicolas.mandelert}@fr.thalesgroup.com
SHORT ABSTRACT: In order to detect man-made objects in underwater video, we propose and
validate a novel method based on background subtraction methods. The other main contribution
is the introduction of a priori elements deduced from positioning sensors. These elements allow to
enhance the visibility of underwater objects thanks to the calculation of the sun position in relation
to the vehicle position, the detection with the distance from the object and the post-processing with
constraints defined on the vehicle movements. These constraints allow to reject false detections and
to better know the position of the detected object. We tested our algorithm on data acquired at sea
and show that we improve detection results and decrease false alarm rate, comparing to our former
work. Both algorithms have been applied on the same videos. We still have to increase the true
detection rate while reducing processing time i.e. processing time should be close to video rate.
Keywords: underwater images, mine detection, background subtraction, use of navigational infor-
mation.
1 INTRODUCTION
Underwater mines represent an important threat. This threat is generally addressed using a system
with four steps: a detection step, a classification step, an identification step, and a neutralization
step [1]. Nowadays, the trend is to design autonomous systems (Autonomous underwater vehicles,
AUV) to avoid the involvement of clearance divers. Some of these AUVs are equipped with optical
video camera besides sonars and positioning sensors. In case of identification mission, detection and
guidance are done by sonar. When the vehicle is close to the mine, the video camera is activated.
However, video images are affected by the underwater medium. Scattering and absorption cause
images with weak contrast: objects are difficult to distinguish on the ocean floor. Besides, real time
preprocessing and detection algorithms are necessary to improve identification results and closed-
loop vehicle guidance.
In this article, our vehicle is supposed to be able to automatically identify a mine using a video
camera. For that, we assume that the vehicle knows approximately the position of the target object,
using sonar navigation data. Thus, first of all, our system has to detect this object and position the
mine exactly.
We present a novel method based on background subtraction and an adaptation of our detection
method to use navigational information. Videos are analyzed image per image. One of the contri-
butions of this article is the use of navigational information in order to improve true detection rate.
Another key point of our method is to consider the temporal aspect, i.e. the link between successive
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images.
First we will detail our problematic and present some performance criteria. Then we will detail our
proposed algorithm and our first experimental results. Finally, we will compare the performances of
our algorithm with a state-of-art algorithm.
2 PROBLEM STATEMENT
This work takes place in the underwater mine detection domain. This underwater medium affects the
light used to illuminate the target scene through absorption and scattering phenomena. The visibility
range reaches only a few meters. This limits the use of video cameras in underwater applications.
Moreover, underwater images have a weak contrast, require preprocessing steps and restraint the
efficiency of edge detection methods. Accordingly, we are interested in background subtraction
methods less sensitive to underwater medium than edge detection methods.
Furthermore, we must take processing time constraint into account. In fact, our system should be
embedded on an AUV. This vehicle guides itself depending on the results obtained with the detection
and identification steps. Thus, the processing time should be close to the video recording rate.
Our preliminary tests, using experimental data acquired at sea, showed the good algorithm efficiency.
3 HOW TO MEASURE ALGORITHM PERFORMANCES?
First of all, we have to define some parameters to test the detection algorithm performances. The
first parameter is the definition of mine presence zones. The other parameters are used to calculate
the detection probabilities. To compute these probabilities, we create for each experimental image
an annotation file, containing among others the viewer-object distance and the position of the region
of interest located around the target object.
3.1 Definition of mine presence zones
In this article we work on underwater videos. We apply our algorithm on the video, a posteriori, not
during the video acquisition. But in order to guide the underwater vehicle when the algorithm is be
embedded on it, we will have to define mine presence zone. We can ask a human operator to select
zones where there is an object. But this solution is not a robust one and especially not a repetitive
method. Indeed, the presence zone detection differs in a random movement, at the beginning and
the end of the zone, depending on the operator and the video. Some people wait for the entire object
when others need few millimeters to detect it. Therefore, we are looking for a subjective method.
For that, we carefully investigated our videos and chose a distance criterion. We empirically fixed a
maximum viewer-object distance to 6 meters. According to visibility and turbidity, this distance is a
satisfactory compromise.
3.2 Detection probabilities
Our new algorithm is able to detect several objects in an image. For that, we have to distinguish
true and false detections. Moreover, we wish to test detection performances of our algorithm and
compare them with another one (our former detection algorithm). To solve this problem (distinguish
true and false detections), we defined several probabilities, summarized in figure 1.
Fig. 1: Definition of different used probabilities
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These probabilities are defined as follows:
• if our algorithm detects an object with correct location, we have a true positive detection,
noted Ptp (cf. figure 2)
Fig. 2: Example of a true positive detection
• if our algorithm detects an object with wrong location (cf. figure 3a) or in an empty image (cf.
figure 3b), we have a false alarm or a false positive detection, noted Pfp (cf. figure 3)
(a) Example of a true detection and a false alarm (b) Example of a false alarm
Fig. 3: Example of false alarm detection
• if we miss a detection in an image with an object (cf. figure 4), we have a false negative
detection noted Pfn
Fig. 4: Example of a missed detection
• if no object is detected in an empty image (cf. figure 5), we have a true negative detection,
noted Ptn
As we define the mine presence-zone parameter according to viewer-object distance, we present our
detection results according to the same viewer object distance too. However, we cannot calculate
probabilities for each single distance. For that, we group distances by intervals equal to 0.5 meter:
we group all our detection results for a given video with a viewer-object distance from 0 meter to
0.5 meter and so on. Thanks to annotation files, we know the viewer-object distance for each image.
Thus we know how many images and how many true objects correspond to each distance interval.
For each distance interval, each probability is defined as:
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Fig. 5: Example of a true negative detection
number of detection objects in the considered distance interval corresponding to the probability definition
number of all objects in the distance interval
(1)
4 ALGORITHM
Underwater images have a poor contrast caused by light absorption, which increases with water
turbidity. To increase the mine detection rate, we have to preprocess images. We presented our
preprocessing in a previous article [2]. To limit the moire´ effect and the processing time, we resize
the images. Then we apply the edge enhancement proposed by Arnold Bos et al. [3, 4]. Finally, we
use Phong’s model [5] to reduce the sun reflection on the sea floor.
According to Phong [5], the received intensity Ir is the combination of the ambient light Ia (a
constant), the scattered light Id and the specular light Is. In the underwater realm, the absorption
balances this combination:
Ir = e
−c.z(Ia + Id + Is) (2)
where c represents the absorption coefficient and z the distance between the object and the viewer.
The specular intensity depends on the viewer and light source positions. The scattered light depends
on the light source position [5]. The equation 2 can also be written as:
Ir = e
−c.z(Ia + (−
→
L
→
N)Ie + (
→
R
→
O)Ie) (3)
where Ie is the emitted intensity, the vector
→
L represents the source-object vector, the vector
→
N is
the vector perpendicular to the object, the vector
→
R represents the reflected light and the vector
→
O
represents the object-viewer vector. These vectors are explained on figure 6.
Fig. 6: Definition of angles and vectors used to calculate the received intensity
Navigational information contain the AUV position and time of video recording. Thus we know the
viewer position and we can calculate the sun position thanks to Reda and Andreas algorithm [6].
On figures 7a and 8a, we present preprocessed images.
In our previous publication [2], we used the phase of the image spectrum to detect mine edges. We
obtained good results. However, this method has a very low detection rate especially when we have
images with weak contrast, as shown on table 1. The detection probability (table 1, 4th column) is
low (below than 35%) while the false alarm rate (table 1, 5th column) is very high (above 45%).
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Mine Number of Number of images Ptp Pfp Pfn Ptn
studied images with a mine
Manta 25205 18275 18.87% 71.64% 42.34% 14.74%
Cylinder 49251 37564 32.42% 46.72% 20.96% 33.21%
Sphere 11376 7919 31.45% 69.94% 25.95% 7.10%
Other objects 13905 10222 17.92% 71.15% 26.90% 14.35%
Empty videos 17389 0 8.97% 74.90%
Table 1: Results obtained with the method proposed in [2]
To improve these rates, we are interested in other kinds of methods. Edge detection methods are not
always the most efficient methods when the contrast is limited. Region subtraction and especially
background subtraction methods can solve this problem. This is not a new method in the underwater
domain [7]. Moreover, these methods have demonstrated their good detection performances in other
domains, e.g. Edgindton et al. [7] proposed and validated a new system based on these methods to
detect animals. Thus, we adapted our algorithm based on these methods to detect correctly most of
the true objects: we increase the true detection rate. Based on the background subtraction methods,
we decided to use several images to create correctly a background image. In fact, we observe that
the detection is more robust when we create the background image using mean images instead of
using only one image to create the background. For that, we select the first hundred images of the
video (where there is no object). We preprocessed these images and create the background image by
averaging the images.
We decided to compare preprocessed images (cf. figures 7a and 8a) to preprocessed images with
background subtraction (cf. figures 7b and 8b). Then we compared both images and looked for
corresponding high intensity and very low intensity zones. Thresholds have been fixed empirically.
Figures 7c and 8c show the results of the different steps.
Figures 7a and 8a present the preprocessed images. The images with background subtraction are
shown in figures 7b and 8b. The comparison results are on figure 7c and 8c. On these examples,
mines are clearly visible. On figure 7c, we obtain only the spherical mine. However, on figure 8c,
the mine is truly detected but other zones are also presented, corresponding to difference between
the sea floor and the images used to create the background, at the beginning of a given video. Thus
there are some false alarm detections (cf. figure 8c).
(a) Preprocessed image (b) Preprocessed image with back-
ground subtraction
(c) Result of the image comparison
Fig. 7: Result of our algorithm on spherical mine image
The results obtained with this method are presented on table 2. Detection probability (table 2, 4th
column) is higher than detection probability previously obtained (cf. table 1), above 30%. The false
alarm rate (table 2, 5th column) decreases. The true negative detection rate (Ptn, table 2, last column)
is higher than 90% for mine Manta and spherical mine. The different results presented on table 2
show a good improvement compared to table 1, but the developed method is not the best one since
all the probabilities are not close to the optimal probabilities.
It can be noted that we also improved the processing time. Our algorithm has been run using Matlab,
version R2007a, using an Intel Core 2 Quad CPU cadenced at 2.66Ghz. The processing time is 0.08s
per image, which is close to the video rate.
Further analysis of our results shows that detection can be changed between two consecutive images,
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(a) Preprocessed image (b) Preprocessed image with back-
ground subtractiond
(c) Result of the image comparison
Fig. 8: Result of our algorithm on Manta mine image
Mine Number of Number of images Ptp Pfp Pfn Ptn
studied images with a mine
Manta 25205 18275 32.86% 20.83% 26.19% 96.61%
Cylinder 49251 37564 49.41% 62.37% 16.48% 31.61%
Sphere 11376 7919 43.23% 2.10% 56.41% 99.40%
Other objects 13905 10222 46.82% 71.94% 34.72% 13.96%
Empty videos 17389 0 4.13% 95.87%
Table 2: Results obtained with our proposed method
when neither the underwater vehicle moves nor the mine. So we thought that we could improve the
detection probabilities thanks to use of a special constraint application. The constraints we apply
come from navigational information concerning the vehicle movement data: position (x, y and z)
and orientation (tilt, roll and head). Mines are not supposed to move. The vehicle has no abrupt
movements. Moreover, when the mine has been detected in the center of the considered image, it
is not likely to disappear. Consequently, detection stops can be avoided by navigational information
and detection position analysis.
These results need a comparison with other results obtained with a state-of-art algorithm. We chose
an algorithm developed by Cybernetix and Thales [8]. This algorithm preprocesses the image and
segments it to obtain contour images. More details are provided in [8]. The results obtained with
state-of-art algorithm are presented in table 3.
Mine Number of Number of images Ptp Pfp Pfn Ptn
studied images with a mine
Manta 25205 18275 19.78% 3.54% 70.51% 99.02%
Cylinder 49251 37564 42.91% 10.68% 40.42% 84.20%
Sphere 11376 7919 36.05% 3.83% 54.04% 99.64%
Other objects 13905 10222 18.30% 9.63% 73.02% 82.55%
Empty videos 17389 0 8.57% 91.43%
Table 3: Results obtained with a state-of-art method
We particularly worked on videos containing spherical mines. Consequently, our detection probabil-
ity (Ptp, 4th column in table 2) and true negative detection probability (Ptn, last column of table 2)
are higher than reference algorithm probabilities (table 3, columns 4 and 7) and false alarm rate and
false non detection rate are lower. Our algorithm is more competitive on empty videos. For objects
on the sea floor, our background image is not well optimized but we reach a false non detection rate
lower than the reference algorithm. On the videos used in this work, we detect a lot of false objects
but these false detections can be filtered out during the identification step.
5 CONCLUSION
In this article, we present a novel method based on background subtraction, on comparison and on
the use of navigational information. Our algorithm works in three steps. First we preprocessed
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our images. Besides classical preprocessing using only information present on the image, we use
Phong’s model and the sun position to limit the light effects. Then we detect objects. To do this we
use the background subtraction algorithm. Navigation information are necessary to learn background
when the distance is sufficiently high to be sure of the absence of the object (Object position has been
indicated by the sonar detection). Finally, we increase the detection rate and decrease false alarm
rate with post-processing. The use of navigational information and fusion of it with detection results
form a novel result improvement method. Knowing the vehicle’s motion, we can define constraints
on the detected object in images.
We tested our algorithm on data acquired at sea and show that we improve detection results and
decrease false alarm rate, comparing to our former works. All algorithms have been applied on the
same videos. Detection results obtained with the presented algorithm are higher than those obtained
with the algorithm based on the phase of the image spectrum and with the reference algorithm. False
alarms on empty videos are reduced. False negative probabilities have been decreased between the
proposed algorithm and the reference algorithm. In a word, we detect more underwater mines than
the reference algorithm.
There still are some improvements to bring on the background image, especially when objects are
on the sea floor. Then further work will consist in identifying the detected objects. This second step
will help to reduce the false alarm rate.
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